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I) Introduction & punchline:
® 2d-4d conformal connection through matrices N =2, SU(N.)

for instanton partition function Z,,. N; = 2N,
e e abelian,
Zd 4d two-derivative appx.

Liouville DF integral rep.
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& Toda & dSgy
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“Matrices” == at q expansion 105 1

B-deformed



® |n this talk, we start out from the simplest prototypical example of the one-
matrix model representing the SU(2) N~=2 instanton partition function 7;,,;
and the irregular conformal block as the limiting cases of the above picture.

ms, Mg — OO

® Our goal is the derivation of discrete Painlevé system associated with this
matrix model and the double scaling limit via the method of orthogonal
polynomial, but for this to be true, we find it necessary to work on another
partition function Z with the same contour for all integrations and having
one less parameters (hence ignoring the filling fraction)
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® Painleve history in Physics

 Ising correlation fn. Barouch-McCoy-Wu ('73) ...
« matrix model for 2d gravity Brezin-Kazakov, Douglas-Shenker, Gross-Migdal ('90)

« matrix model for 2d-4d (non)conformal connection
Nf=4, CFT Gamayun-lorgov-Lisovyy ("12)
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" Quite generically, the partition function of the 3-deformed one-matrix model
corresponds to 4d, N = 2, SU(2) gauge theories with N; hypermultiplets is

N N
Zi(lgg) = Nwy) (H /C<Nf) dw[) A" e (ﬂZW(Nf)(wIO |
=] I F=1

For N.=4, choose as

W (w) = ay log(w) + aglog(w — o) + az log(w — 1).

In order for this to represent the instanton sum 7;,..; from the BPZ 4pt conformal
block, we need to specify “the filling fraction”, i. e.
N =Ny + Ngr, Ngof C§4) paths are [0, qo]

Ny of ¢\Y) paths are [1, o]
1
c=1-6Qp Qp=vf-—
seven parameters aq, as, as, a4, 8, N, Ng with ay + as + ag + a4 + 2\/BN = 20QE.
gauge theory side: €1 @ i Mz M3 M4
987 983 gs7 98) 987 Js
0d-4d dictionary from the lowest order in the q, expansion: 105

b,

a —m 1 1
\/ENL = 2, ay =—(mg—ma+e€), az=—(mas+ma),
9s Js gs
a+m i 1
\/ENR . rnl , a3 =—(my+ms3), ag=—(m; —ms+e).
9s 9s 9s 5




® The “right” object

to study in this work is not Z;,, but

Zins (NL:NR)
ZN(N’IMIJJR) - E , (ML)NL (I’LR)NR ]:]' 'N !
Nz,Ng>0 e
Ny +Nr=N

1
= (const)m / / (the same integrand)
+Jo @

/ _/VLL/ +/'LR/ :
C G5 Cr

namely the same contour C for all integrations.

Here

This is the recipe suggested in the recent Painlevé ref.
Gamayun-lorgov-Lisovyy, Bershtein-Shchechkin, Gavrylenko-Lisovyy, ...,
in particular, the argument in

Mironov-Morozov, 1707.02443



® Furthermore, one can set, for instance,

/LL:L,LLR:O <~ NL:N,NR:O,

which amounts to ignoring the filling fraction, and working with one less parameter.



1)

Start from Ny =4 Ziq |IOYone

® Ny = 3 limit: my4 — oo with A3 = 4gomy4 fixed,

namely, the go — 0 limit with 2ges = go(— a1 + az) = 22

and a0 = a1 + as fixed:

Q142 + a3 + ag + 2\/EN = 2QE,

qo3
)__

W3 (w) = aq42 logw + azlog(w — 1 "

® Ny =2 limit: m3 — oo with Ay = (m3A3)/2 fixed,

namely, the goz — 0 limit with g2, = 1qo3(as — aq) = (£2)?

and asz.4 = ag + ay fixed:

Q142 + azyq + 2\/EN = 2QE,

1
W (w) = azyalogw — qoz (’w + E) :



® N, =2contour: omitting the argument, IOYone

The integration contours of Ny = 2 matrix model. The contour Cy reduces to C.

® parameter counting
« originally 6 net parameters at N;=4, letting gy aside
* now 4, aside qo2 or As
« 3 =1 & ignoring the filling fraction, .-. 2
These are 2d or m. m. 4d gauge

N = — (ml +m2)/gs

M = a3+4—|—N:(m1—m2)/gS



® From Z;, t0 Z = unitary m. m. with log potential

From now on, we set =1, N.=2, and

M to be an integer

Therecipeat Ny =4 with up, =1, upg =0 =

amounts to ignoring the filling fraction and working in the same contour
C=C_ =unit circle for all integrations and having one-less parameters:

N
(=1 )i R —1) de
e 1 U~ P O o

I=1

~N! (ng zi?{();[) (w)Aw™) exp (Z WU(wI)) )

L
Wy (w) = W (w) + Nlogw = —qo2 ('w + 5) + M log w
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|V) Let du(z) := d.z exp(WU(z)).

] N
Then Z; ) = ﬁ/Hdu(zz) A(z)A(z1).

1=
® monic orthogonal polynomials
» Definitions and properties

/dﬂ(z)pn(z)ﬁm(l/z) = hnOnm,

where

n—1

z):z”%—ZAgl)zk, Dn(l/2) =2~ vLZB,ﬂ z~
k=0

Introduce the moments p,, for the measure

Bl = fdp(z)z”, (n € Z).

: (n) (n) ._
Define K, by I} := det(uj_@rk)lgi,jgn, (n>0,k€Z).
Then o M1 I R 17 Ho  H—1 p—2 - fon
H—1 Ho H1 o Hn-—1 M1 Ho H—1 = Hen41
1 ; " g . y =
pn(2) = — : : : % > || pn(l/z) = —
TTL n
H_nt1 MH—n42 H_ny3 - M1 Hn—-1 HMHpn—-2 Hn-3 -*° H_1
1 z 22 e i 1 71 g% i g

where 7, = ]an) = det(,uj_z-)lgi,jgn. 1



. . . . ]C(n—l—l)
The normalization constants ., are given by h,, = L — =0

T ]C(()n) '
The constant terms of these polynomials will play important roles.

(n)

K
,  Bn:=pa(0)= B = (-1)"="L.
Kg” K:)

Using Tg Tt 1Tl = (}C(n)) K(n+1),c(n 1) ,an)lc(_nl)

An = pn(0) = AGY = (-1)"

we obtain =1—-A,B,.

hn—l
 Partition function and the orthogonal polynomials
The partition function is evaluated as

1 N N-1 i
_ 1
Zy(Ny = F/Hdu(z@)A(z)A(z )= H hi = H T: = TN.
i=1 k=0 k=0

Also 2, i
Zy(n) = hy H (1 N AJ’BJ') K
=1
» Recursion relations for orthogonal polynomials
The orthogonal polynomials p,,(z) obey the following relations:

2pn(2) = put1(2) + D CL pr(2),
k=0
K:("fFl)ﬁ:(k)

Hlies
k:(”)ﬁ:(k4‘1) __ilk

where €\ = (—1)"F Ani1Be,  (0<k<n).




» String equations
Start from for k € Z and ¢, m > 0,

0= / dz% [ﬁ exp(WU( ))pg(z)ﬁm(l/z)]

211
0
— [ (@) T W @pim(1/2) + [ dile) 25 (00(2) (1)),
Consider the following three cases: (i) (k,4,m) = (—1,r
and (iii) (k,4,m) = (1,n—1,n).
[ W @pn(n1(1/2) = 1l — o),

[ )= Wi @pa@)at1/2) = 0

[ ) 2 W @pns(2)n(1/2) = =l — B
® Unitary matrix model with logarithmic potential

1 1 .
5 (z -+ —) + M log z. gs = gs/Na, M integer.
gs \" 2 -

« Moments and related quantities \We can evaluate
pn = (1) gy (1/95),s
where I,(z) is the modified Bessel function of the first kind:
Note that K\" = (—1)" (MM)K}\;ZF;C,

where K;gn) = det(Ij_@'+V(1/gs))1<_ L (1/6 C,TL:O,]_,Q,)
- <t,J5n

WU(Z) = —

n,n—1), (i) (k,£,m) =

(0,m,n)
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£ B
(n) (n)
) K K
Bu=5al0) = (1" 55 = 265"
. . Ko Ky
« String equations X . v
Wi(z) = — l—=]+=,

the string equations for this potential
(C(n) +G(n 1)) b= m (1 B hn—l) 7

299 hn
C(n) C(n) M=0
298 ( * ) * ;
(n) (n— 1) _ B hn—1
22(0 +C, _ )+M n(l I ),
Using ———=1-AnBn, OV =-AnBy, C{™ = —ApBni1,
n—1
2ngs An 204y By
we obtain A =—A,_ — , B = —B,,_ =
n+1 n1+1_Aan n+1 n1+1_Aana
Aan—l—l = An—l—an =2 Mgs
K(n) K(n)_
An (M) A{.:)l ’ B (M) f\/éfn)l ’ (M = C)
KM KM

indeed solve the string equations



- Equations for R2 = A, B,
Let A,, = R,D,, and B, = R,/ D,,.

N-1
ZU(N) = hé\r H (1 = R?)N_j.
j=1

D, 1y
The 3rd string eq. turns into R, R, 11 ( —- +1)
Dn—i—l Dn

= 2.M g

This leads to
D, Mg+ /RAR2,, + Mg

Dn—|—1 -Rn Rn—l—l ,
Duyr  —Mgo+/RAR2, + M g2
Dn N Rn Rn—|—1 .

Substituting these relations into the remaining string eqs, we obtain
(1— R2) (/B2 B2y + M2 g2 +\/RZR2_, + M2g2) =2ng, R2.
This is equivalent to
0=n |€2(1 - €)% — 12 €2 + (*(L - &)°]

I

W 2 M €n (1 — €n)*(nt1 — 26n + En—1) — %6(1 ~85) (Eore— Gl s

where &, = R,,%, M =Ngs, ( = Mgs.

This deserves the name “discrete Painlevé” as we will see. 15



® the planar continuum limit

(&ny My C) — (€,m,(C), the 2nd line of the last eq. ignored
3 out of 4 roots in ¢ degenerate to zeroat 1 = +1, { = 0.

Infact, &= a’U, n= 41— (1/2)a’t, ¢ = +a’z. We obtain

2

< 6

® \Vith the introduction of the homogeneous coordinates
(X:Y:Z:W)=(E:n:(:1)0f P,
union of )y = () and
—VEXZ L XX —WR (X —W)22Z2 =1,
singular K3 surface

whose meaning is still not known to us.

16



® Susceptibility

Look at the critical behavior of free energy:

_ g duwy 5
- - i, ZR0 =~ i o 3 Vs -6

where z = n/N. n= Sz =1—a%, S = Ng,,

a2 N tr ¢ y
F~—§(1—S)/a (1—t—) log (1 — a®Ul(t; z)) dt

— R

tr = (1 —S)/a? is fixed in the limit S — 1, @ — 0.

_ Q\3 rtr ~
P “tRf) / (1 - %) U(t: 2)dt = Cltr; 2)(1 — §)° = Cltm: 2)(1 — )2,

hence v = —1 independent of 2.

17



® relation to alt-dPlIl & Plll for generic Ny = 2

With the help of referee (anonymous), we could present the following:

Let
Ly — An—i—l/Any Yn — Bn+1/Bn

» Our recursion relations become known eq called “alt-dPlII”

2(n+1)gs 2N g 1
— + = = —fip + — +2ng, —2M gy,
1 4+ Tp&pt1 14+ zpxn— " Tn 2 s

2(n + 1)93 2n g, 1
1+ YnYn+1 14 YnYn—1 " YUn = 29

Fokas et al. (1993)
Nijhoff et al. (1996)
Forrester, Witte (2002)

18



« “alt-dPII” is closely related to (differential) PlII.

t=1/g

git) = —t% log (e_t/‘ltMg/‘lK](é,V)).

o(t) satisfies a variant of the Painlevé Il equation

1

(ta")2 o vlfug(a’)z +0'(40’ —1)(oc —to') — 6—4(1)1 = v2)2

with

p= M4+ N=—2" o M4N= 2T

Js Js -

0,

19



V)

Letz =n/N, a®> = 1/N,
M =Sz=1-—(1/2)a®t, (=a*SM,
E(x) = E(n/N) = &, = a® u(?).
These define the double scaling limit.

The dressed coupling constant is

1 1 -

K

~ being the susceptibility.

20



In the d.s.l., the string eq. at the discrete level becomes PII:

2 2
= — —tu— —,
- 21U ik 2 = 2u°

which can be written as a Hamiltonian system:

pu = —u'/u and

1
Hi(u,pu;t) = —=p2u+=u’ — =tu+ —.

By a canonical transformation (u, p.,) — (v, p,) With w = —p,, and p,, = v+ (M /p,),

1 1
Hy = §P3+§(’02+t)10v+MU,

1 1 1
1 3
= — —t -—M].
v 2v +2 v+(2 )
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