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Motivations

Recently, there are lots of discussions on quantum
thermalization in the context of AdS/CFT duality, inspired by
the holographic entanglement.

One of the key issues is how we can characterize the local
(dis-)similarity between a typical pure state and thermal state,
and how general it should be?

The general principle/criterion is formulated as the eigenstate
thermalization hypothesis (srednicki Or

On the bulk side, the story becomes how we can characterize
the microstates of a black hole, or can we tell them locally?
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In this talk, | will discuss two issues on quantum
thermalization in the context of AdS3/CFT2.

We will examine 1/c behaviors through short-interval
expansion of entanglement entropy.

In CFT side, 1/c effects will fine-grain the microstates and
lead to expected failure of ETH for integrable models.

In the bulk side, 1/c ~ G effects encode quantum gravity
corrections.



1. Are all CFT states geometric?

e A folklore in 3D gravity, all the geometries are described by the
Banados metrics: it L. . L ,

9
ds? = 2+ —Ldz?+—£d7* + (,_T + -”TL,,L,,)dzd,-z.

y? 2 2
 The holomorphic function L,(2) is related to the vev of boundary
stress tensor: (T(2))p = —5Lo(2), (T(2))p = —5L,(3).

* This seemingly suggests that every CFT state corresponds to a
Banados metric.

* However, a simple example shows the opposite: the linear
supposition of the CFT quantum states. This is because the
bulk gravity is classical.

® Can we formulate a general criterion for (non-)geometric states?



Geometric state criterion

e By studying the (short-interval expansion of)
entanglement entropy, we find some states have no bulk
description a la Banados metric.

e This is based on following simple observation: If a CFT
state of order c stress tensor can be described by the
Banados metric (order one in 1/c expansion), then

A
SRT ~ E ~ O(C)

e The criterion for a CFT2 state to be bulk geometric, its
entanglement/Renyi entropy calculated from CFT should
be also order ¢ at most in the large c limit.



2. Can we locally distinguish the
microstates of a black hole?

By ETH or canonical typicality, a typical state locally looks
like thermal state.

In dual gravity, this means that black hole microstate
geometry (aAdS metric) locally looks like BTZ black hole.

Can we distinguish the black hole’s microstates?

In our previous Works 1610.01362, 1703.08724 & 1708.05090, W€
showed that the EE of heavy primary states are the same
as the EE of thermal state at leading order of c.

Can we have quantify this (in-)distinguishability?



Holevo information

If we encode a random variable X (with outcome
probability denoted by p;) into a quantum state »= sz-pi

By measuring the quantum state to obtain the outcome Y,
then the maximum of the mutual information I(X;Y) is the
Holevo information.

Apply this to the local distinguishability of black hole
microstates, the Holevo informationis  y, =54 - piSa;

X A 1s monotonically increasing with A.

0 < XA < SBH — Sthermal = sz logpz



e To calculate XA, the difficulty lies on how to take thermal
average of EE for all CFT state.

* To bypass this, Bao & Ooguri take the facts in the large c limit:
(i) light sates are sparse, (ii) heavy states locally look thermal
(not true for non-geometric states) (iii) verified by holographic EE

OEOION

ba< w2 7/2 < a < L ¢ <,

()
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e One should expect the plateaux will be lifted by Iﬁtted by 1/c
effect as | will show below.



Entanglement Entropy in 2D CFT
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Renyl entropy . e cus e

* Renyi entropy is defined as ¢ 1

S, = — logtrap’y.
" n—1 = PA

e Asn —>1, we have entanglement entropy:

S = —tra(palogpa).

e For 2D CFT, it can be obtained by 2-point function of
twist operators of n-fold CFT on Riemann surface R
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OPE & Enumerating Quasi-primaries

T( )7-( Z — 2hT ZdK )hKerap(I)K(w)’
C}ZZK‘F —1 1
Gimgg o ks oo B2 @k (@w

ax = normalization of quasiprimary operator ®

 Assuming translational symmetry, we have

 Counting the quasiprimaries of n-fold CFT:

nn+1) , nn*+3n+8) o n(n+1)(n*+5n+30)

1 —2)tr ™ =1 :
lx + (1 — x)tr x7°] + nx® + 5 x” + c x° + o4 x® +
(I)j[é Tk /le X,‘gk = <Xi71 s Xl‘gk>73 = <X1>R s <Xk>72 with
by,..x, = Z d‘ﬁljﬁck with some constraints for 0 < 51, -+, < n — 1.
J1y 50k
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EE in small interval expansion
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Explicitly,
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5 log i Car(T), + *arr(T), + Carrr(T)?
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EEs

e For the ground state of a CFT on a circle of size L.:
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Geometric vs Non-geometric
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Conditions on expectation values of
quasiprimaries

e As shown, the expectation values of the quasiprimaries
dictates the entanglement/Renyi entropy.

 Requiring the Renyi entropy of A in a state p to be at most
order c yield the following constraints:

(1), = ca(w) + Aw) + 2 1 o(3). c.f. n—>1 for EE:
(A), = Ca(w)? + cd(w) + e(w) + O(%), (T), = ca(w) + O(c"),
(B), = [’ (w)” - ga(w)a"(m] +e¢(w) + O(cP), (A), = Ca(w)® + O(c).
(D), = Pa(w)® +3Pa(w)bw) - a(w)dw)] + enw) + O(),

(€)= o) + Gla(w)a®(w) - 70/ (w)a® W)} +O()

(M) = Saw) o (w)? ~ Sa(w)a”(w)] + [~ ol (w)*5w) ~ 2a(w)a’ () (1) + gaw)*8" (w)

+oa(w)a” (w)B(w) + o' (@) () — F0" (W)d(w) — Sa(w)d” (w) + o a(w)iw)] +0(),
(

5!
(L), = cta(w)® + 26%a(w)?[35(w) — da(w) B(w)] + [12a(w)*B(w)? + da(w)®y(w)

with a(w), B(w), v(w), §(w), e(w), {(w), n(w) being arbitrary order c°
holomorphic functions.
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Examples

Heavy primary states are geometrical as can be checked
straightforwardly.

Thermal states (dual to BTZ) satisfy the constraints as
expected. The above twos are consistent with the ETH.

A more nontrivial example is the "coherent” CFT state,

which is dual to a bulk moving particle:
_ZOEO 2h¢ B
pote = - (F222) ol 0) 0161 /).

<0

This coherent state example suggests existence of some
kind of correspondence principle for the geometric states.
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Correspondence Principle

 We look for the quantum observables (.g..kdv currents) Whose
one-point functions w.r.t. geometric states obey the
classical counterpart of the equations of motion.

1—c Se + 22

Quantum KdV equations: 7 - ~3(IT) = =T - 3AL
6" 3 25(2¢ + 7)(Tc+68) ,  2c — 23 14
P — _ 7 " _ o(2c¢ cTo C— 2 o €7 % p
= — Jo=T, J —T", Jo=D - B - - TW,
A }EBO Ck: (Jar(w)), 2 1=A+ 15 ‘ 108(70¢ + 29) 08 AT 0
5(3¢ + 46)(350c? + 2315¢ — 361) 49(3c + 46)(5¢% + 46¢ +99) . 5e+ 94
_ Jg =T - H+ €+ D"
Qok—1 = / J2k ° 39(1050¢2 + 3305¢ — 251) 2860(105¢ + 11) 234
~490¢” 4 6713¢® + 6887¢ + 53032 gr o et D(Te+89) () 7c® +68c — 315 )
1404(70c¢ + 29) 11880 9072

U=U" 1+6UU".
1
JS=U, J{=U% J=U>~ §U’2,

1
JE=U*4+UU" + gUU<4>.
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non-examples

* As the classical gravity cannot reflect the quantum linear
superposition principle, we expect the superpositions of

the primary states are non-geometric. This is indeed the
case.

 Besides, we find the following descendant states are non-
geometric:

™)) with hg +m ~ O(c),
] . 3

th hy ~ O I _ 1"
QE> Wi @ (C)v ¢ = (T¢) 2(h¢ T 1)¢
¢(m>> with hy +m ~ O(c),
T™)Y with m ~ O(c),
A with m ~ O(c).
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Implications

e |n perturbative quantum gravity, the metric is corrected by
G~1/c correction, and thus we will not expect these effect
will turn the non-non-geometric states into the geometric
ones.

e By Cardy’s formula, we find that the fraction of primary
states is negligible in the thermodynamical limit. If most of
the descendant states are non-geometric, they will be
also non-thermal. This will then implies the canonical
typicality of quantum thermalization fails in the large ¢ 2D

CFTs.
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Holevo information of microstates
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Thermal average of EEs

e To find the 1/c correction to the Holevo information, we
need to find the thermal average of EEs over all states
(inclu. primaries and descendants).

e |n the small interval expansion of EE, this can be done by
finding the thermal average of one-point functions (and its
powers) of quasiprimaries. This relies on the following:

Zpi<‘)(>m — <X>57 X=T,A,

wcl

r O% 128 ZXZ
ZP¢<T>L-X¢=<2W) e ™ 2p ) g

L cL

s
exp 128

e (21N (90,)"Z(q) . s s s : e
> i), = (T) 7@ with Z(q) = ¢ 21[1+q¢" +¢° +2¢" +0(¢°)], q:=e <1

L/2
S, =g [ dsx@YO) = mA=0.

—L/2



High T case:

me(mel + 2473) . mle(n?e? L? + T2me 3L + 864/3%)
i) = = ; i(T),, = — T ’
Zp ( >" (,,3- ZP 36311 ! Z]' ( >,,, 21639 L2 |
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)i — o .
P 1296383 |
Z )y - mOe(mtel LY + 24073 P L3 4+ 17280m2 ¢2 32 L? + 414720m ¢33 L + 248832031)
P e = 77763101 ’
- (5e + 22) - moe(5e + 22)(mel 4 483)
z.-:l)' Ao, = 18() 3 Z" - 108035 L ’
. (-.)( -+ 22)(71’ c? L2 + 120meSL + 288();1"”
1 T "N o— T '
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: 38880310 L
Z (A2 = w7 e(He 4 22)[Tre(5e + 22)L + 480(7e + 74) i]
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To the order we considered, it vanishes in the thermodynamic limit, i.e., L — oo but with 3, ¢ fixed

+ -+ 0. NB: order ¢ !!

XA =
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Low T case:

m2e 8w  12n%¢7  24n3¢? :.
> _pilT)y, = (T)7 - - - +0(q°)

- ~ 6L2 L2 L2 1.2
Zl’i(T>2 _ '7r:1r'2 B i\.’Tr‘l((: — 24)¢° B 47t (e — 36)¢° B 87t (e — 56)q +O()
. P 36LA 3L 7 7
- 70¢3  278(cc — 48c + T68)q%  70(c? — T2+ 1728)¢%  275(c? — 112¢ + 3840)¢* .
S plT), = o - ( 48c + 76 Jg© 2c + 17 Jg° 270 ‘ )q L O
p' 216L° 3L° L6 16 |

i NB: order 1/c !!

B 32¢°> 24¢°  64¢* NS
XA = [156 + 5%6 + 5%6 +0(q )] (f)
128(c — 16)q* = 32(c—24)¢®>  256(c — 40)q* NI
[ 352 v 32 T ;e o )} (f)
+O(£8)
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Long-interval cases

 For the long-interval case, we use the fact Sp; =54,
and the know result for thermal state EE:

S5 = S log (ﬁ <inlh ”_5) LTl ra s exp Y, c.f. Chen & Wu, 1412.0761, 1506.03206

3 e 15 30

where I(x) is the mutual inforamtion of two intervals on a complex plane with cross ration z.

High T case: NB: order ¢ correction!!

mel  2m3(4nL — 7B)¢*  32mo05  8mt(32w%L% — 1437 BL)°

_— - o o o 11
XB = "33 31584 | 34658 | 13513536 L2 o+ O, 1),
Low T case:
B 32mB(6% 4+ L?)(48° + L?) , 3 ] (T4 5
xB = S(L) — T q° + O(q )} (f) + O(£°)
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Micro-canonical ensemble (MCE)

e \We can also consider the Holevo information in the MCE
with fixed high energy E, i.e., ,, -9 -E) . om) - \%M 2nel ity

QUE) 3

e \We can obtain the multi-point functions/EEs in MCE by
inverse Laplace transform of the ones in Canonical
ensemble (CE), similar to the trick deriving the Cardy’s
formula for Q(E).

. 7T3£4[7TCL(I3 — Il) -+ 24)\]2]

I . ¢« o o 12
Short-interval: XA = SA0NLI, + -+ 0(0)

NB: order ¢ !

Long-interval: x5 = S(L)+ O(¢"?)
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Implications & Conclusions

We see that the Holevo information got 1/c corrections but is consistently
vanishing as interval size goes to zero.

Recall that Holevo information=average of relative entropy over all states,
including descendants.

Since most of states are descendants (at least in the thermodynamic limit),
many of which we shown are non-geometric and should contribute with

higher order of c. fgzzp((g)) e EWVEEVE )] L e

Thus, our results implies there is a subtle cancellation of non-geometric
state’s contributions in the average of relative entropy to yield order c
Holevo information.

This implies that even the non-perturbative quantum gravity effect looks
wild, it is miraculously to yield averaging classical geometry of BTZ.
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