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Motivations
• Recently, there are lots of discussions on quantum 

thermalization in the context of AdS/CFT duality, inspired by 
the holographic entanglement.


• One of the key issues is how we can characterize the local 
(dis-)similarity between a typical pure state and thermal state, 
and how general it should be?


• The general principle/criterion is formulated as the eigenstate 
thermalization hypothesis (Srednicki) or canonical typicality (Popescu 

et al). 


• On the bulk side, the story becomes how we can characterize 
the microstates of a black hole, or can we tell them locally?
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• In this talk, I will discuss two issues on quantum 
thermalization in the context of AdS3/CFT2.


• We will examine 1/c behaviors through short-interval 
expansion of entanglement entropy. 


• In CFT side, 1/c effects will fine-grain the microstates and 
lead to expected failure of ETH for integrable models.


• In the bulk side, 1/c ~ G effects encode quantum gravity 
corrections. 



1. Are all CFT states geometric?
• A folklore in 3D gravity, all the geometries are described by the 

Banados metrics:


• The holomorphic function        is related to the vev of boundary 
stress tensor:


• This seemingly suggests that every CFT state corresponds to a 
Banados metric.


• However, a simple example shows the opposite: the  linear 
supposition of the CFT quantum states. This is because the 
bulk gravity is classical.


• Can we formulate a general criterion for (non-)geometric states?
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Geometric state criterion

• By studying the (short-interval expansion of) 
entanglement entropy, we find some states have no bulk 
description a la Banados metric.


• This is based on following simple observation: If a CFT 
state of order c stress tensor can be described by the 
Banados metric (order one in 1/c expansion), then  


• The criterion for a CFT2 state to be bulk geometric, its 
entanglement/Renyi entropy calculated from CFT should 
be also order c at most in the large c limit.
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2. Can we locally distinguish the  
microstates of a black hole? 

• By ETH or canonical typicality, a typical state locally looks 
like thermal state.


• In dual gravity, this means that black hole microstate 
geometry (aAdS metric) locally looks like BTZ black hole. 


• Can we distinguish the black hole’s microstates?  


• In our previous works 1610.01362, 1703.08724 & 1708.05090, we 
showed that the EE of heavy primary states are the same 
as the EE of thermal state at leading order of c. 


• Can we have quantify this (in-)distinguishability?
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Holevo information
• If we encode a random variable X (with outcome 

probability denoted by     ) into a quantum state


• By measuring the quantum state to obtain the outcome Y, 
then the maximum of the mutual information I(X;Y) is the 
Holevo information.


• Apply this to the local distinguishability of black hole 
microstates, the Holevo information is


•       is monotonically increasing with A. 


•

!7

pi
<latexit sha1_base64="ZNCRJmwbiY1dfawc+ELEfeXLFUE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYe0L/pu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AFRijdA=</latexit><latexit sha1_base64="ZNCRJmwbiY1dfawc+ELEfeXLFUE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYe0L/pu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AFRijdA=</latexit><latexit sha1_base64="ZNCRJmwbiY1dfawc+ELEfeXLFUE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYe0L/pu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AFRijdA=</latexit><latexit sha1_base64="ZNCRJmwbiY1dfawc+ELEfeXLFUE=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5hKYdDzvp3S2vrG5lZ5u7Kzu7d/4B4etUySacabLJGJ7oTUcCkUb6JAyTup5jQOJW+H49tZvf3EtRGJesRJyoOYDpWIBKNorYe0L/pu1at5c5FV8AuoQqFG3/3qDRKWxVwhk9SYru+lGORUo2CSTyu9zPCUsjEd8q5FRWNugny+6pScWWdAokTbp5DM3d8TOY2NmcSh7YwpjsxybWb+V+tmGF0HuVBphlyxxUdRJgkmZHY3GQjNGcqJBcq0sLsSNqKaMrTpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzZHOi/PufCxaS04xcwx/5Hz+AFRijdA=</latexit>

⇢ =
X

i

pi⇢i
<latexit sha1_base64="9VLFW73+I9XpPWQ+ZGIGzRUREQY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9haaEKYTCft0HmEmYlQYhf+ihsXirj1N9z5N07aLLT1wIUz59zLvXPilFFtPO/bqSwtr6yuVddrG5tb2zvu7l5Hy0xh0saSSdWNkSaMCtI21DDSTRVBPGbkPh5dF/79A1GaSnFnxikJORoImlCMjJUi9yBQQ3kZ6IxHFKa2indEI7fuNbwp4CLxS1IHJVqR+xX0Jc44EQYzpHXP91IT5kgZihmZ1IJMkxThERqQnqUCcaLDfHr/BB5bpQ8TqWwJA6fq74kcca3HPLadHJmhnvcK8T+vl5nkIsypSDNDBJ4tSjIGjYRFGLBPFcGGjS1BWFF7K8RDpBA2NrKaDcGf//Ii6Zw2fMtvz+rNqzKOKjgER+AE+OAcNMENaIE2wOARPINX8OY8OS/Ou/Mxa6045cw++APn8weKa5XH</latexit><latexit sha1_base64="9VLFW73+I9XpPWQ+ZGIGzRUREQY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9haaEKYTCft0HmEmYlQYhf+ihsXirj1N9z5N07aLLT1wIUz59zLvXPilFFtPO/bqSwtr6yuVddrG5tb2zvu7l5Hy0xh0saSSdWNkSaMCtI21DDSTRVBPGbkPh5dF/79A1GaSnFnxikJORoImlCMjJUi9yBQQ3kZ6IxHFKa2indEI7fuNbwp4CLxS1IHJVqR+xX0Jc44EQYzpHXP91IT5kgZihmZ1IJMkxThERqQnqUCcaLDfHr/BB5bpQ8TqWwJA6fq74kcca3HPLadHJmhnvcK8T+vl5nkIsypSDNDBJ4tSjIGjYRFGLBPFcGGjS1BWFF7K8RDpBA2NrKaDcGf//Ii6Zw2fMtvz+rNqzKOKjgER+AE+OAcNMENaIE2wOARPINX8OY8OS/Ou/Mxa6045cw++APn8weKa5XH</latexit><latexit sha1_base64="9VLFW73+I9XpPWQ+ZGIGzRUREQY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9haaEKYTCft0HmEmYlQYhf+ihsXirj1N9z5N07aLLT1wIUz59zLvXPilFFtPO/bqSwtr6yuVddrG5tb2zvu7l5Hy0xh0saSSdWNkSaMCtI21DDSTRVBPGbkPh5dF/79A1GaSnFnxikJORoImlCMjJUi9yBQQ3kZ6IxHFKa2indEI7fuNbwp4CLxS1IHJVqR+xX0Jc44EQYzpHXP91IT5kgZihmZ1IJMkxThERqQnqUCcaLDfHr/BB5bpQ8TqWwJA6fq74kcca3HPLadHJmhnvcK8T+vl5nkIsypSDNDBJ4tSjIGjYRFGLBPFcGGjS1BWFF7K8RDpBA2NrKaDcGf//Ii6Zw2fMtvz+rNqzKOKjgER+AE+OAcNMENaIE2wOARPINX8OY8OS/Ou/Mxa6045cw++APn8weKa5XH</latexit><latexit sha1_base64="9VLFW73+I9XpPWQ+ZGIGzRUREQY=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBN0IRTcuK9haaEKYTCft0HmEmYlQYhf+ihsXirj1N9z5N07aLLT1wIUz59zLvXPilFFtPO/bqSwtr6yuVddrG5tb2zvu7l5Hy0xh0saSSdWNkSaMCtI21DDSTRVBPGbkPh5dF/79A1GaSnFnxikJORoImlCMjJUi9yBQQ3kZ6IxHFKa2indEI7fuNbwp4CLxS1IHJVqR+xX0Jc44EQYzpHXP91IT5kgZihmZ1IJMkxThERqQnqUCcaLDfHr/BB5bpQ8TqWwJA6fq74kcca3HPLadHJmhnvcK8T+vl5nkIsypSDNDBJ4tSjIGjYRFGLBPFcGGjS1BWFF7K8RDpBA2NrKaDcGf//Ii6Zw2fMtvz+rNqzKOKjgER+AE+OAcNMENaIE2wOARPINX8OY8OS/Ou/Mxa6045cw++APn8weKa5XH</latexit>

�A = SA �
X

i

piSA,i

<latexit sha1_base64="8tynxOE4bpWMdLPTJW00uXTBrcE=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiuNAyI4JuhFY3Liu1F+gMQybNtKFJZkgyQhm6cuOruHGhiFufwZ1vY9rOQqs/HPj4zzkk5w8TRpV2nC+rsLC4tLxSXC2trW9sbtnbOy0VpxKTJo5ZLDshUoRRQZqaakY6iSSIh4y0w+H1pN++J1LRWNzpUUJ8jvqCRhQjbazA3vfwgAa1y0ZQO/FUygMKE1ONIKsd03Fgl52KMxX8C24OZZCrHtifXi/GKSdCY4aU6rpOov0MSU0xI+OSlyqSIDxEfdI1KBAnys+mZ4zhoXF6MIqlKaHh1P25kSGu1IiHZpIjPVDzvYn5X6+b6ujCz6hIUk0Enj0UpQzqGE4ygT0qCdZsZABhSc1fIR4gibA2yZVMCO78yX+hdVpxDd+elatXeRxFsAcOwBFwwTmoghtQB02AwQN4Ai/g1Xq0nq036302WrDynV3wS9bHN2epl8s=</latexit><latexit sha1_base64="8tynxOE4bpWMdLPTJW00uXTBrcE=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiuNAyI4JuhFY3Liu1F+gMQybNtKFJZkgyQhm6cuOruHGhiFufwZ1vY9rOQqs/HPj4zzkk5w8TRpV2nC+rsLC4tLxSXC2trW9sbtnbOy0VpxKTJo5ZLDshUoRRQZqaakY6iSSIh4y0w+H1pN++J1LRWNzpUUJ8jvqCRhQjbazA3vfwgAa1y0ZQO/FUygMKE1ONIKsd03Fgl52KMxX8C24OZZCrHtifXi/GKSdCY4aU6rpOov0MSU0xI+OSlyqSIDxEfdI1KBAnys+mZ4zhoXF6MIqlKaHh1P25kSGu1IiHZpIjPVDzvYn5X6+b6ujCz6hIUk0Enj0UpQzqGE4ygT0qCdZsZABhSc1fIR4gibA2yZVMCO78yX+hdVpxDd+elatXeRxFsAcOwBFwwTmoghtQB02AwQN4Ai/g1Xq0nq036302WrDynV3wS9bHN2epl8s=</latexit><latexit sha1_base64="8tynxOE4bpWMdLPTJW00uXTBrcE=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiuNAyI4JuhFY3Liu1F+gMQybNtKFJZkgyQhm6cuOruHGhiFufwZ1vY9rOQqs/HPj4zzkk5w8TRpV2nC+rsLC4tLxSXC2trW9sbtnbOy0VpxKTJo5ZLDshUoRRQZqaakY6iSSIh4y0w+H1pN++J1LRWNzpUUJ8jvqCRhQjbazA3vfwgAa1y0ZQO/FUygMKE1ONIKsd03Fgl52KMxX8C24OZZCrHtifXi/GKSdCY4aU6rpOov0MSU0xI+OSlyqSIDxEfdI1KBAnys+mZ4zhoXF6MIqlKaHh1P25kSGu1IiHZpIjPVDzvYn5X6+b6ujCz6hIUk0Enj0UpQzqGE4ygT0qCdZsZABhSc1fIR4gibA2yZVMCO78yX+hdVpxDd+elatXeRxFsAcOwBFwwTmoghtQB02AwQN4Ai/g1Xq0nq036302WrDynV3wS9bHN2epl8s=</latexit><latexit sha1_base64="8tynxOE4bpWMdLPTJW00uXTBrcE=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMEiuNAyI4JuhFY3Liu1F+gMQybNtKFJZkgyQhm6cuOruHGhiFufwZ1vY9rOQqs/HPj4zzkk5w8TRpV2nC+rsLC4tLxSXC2trW9sbtnbOy0VpxKTJo5ZLDshUoRRQZqaakY6iSSIh4y0w+H1pN++J1LRWNzpUUJ8jvqCRhQjbazA3vfwgAa1y0ZQO/FUygMKE1ONIKsd03Fgl52KMxX8C24OZZCrHtifXi/GKSdCY4aU6rpOov0MSU0xI+OSlyqSIDxEfdI1KBAnys+mZ4zhoXF6MIqlKaHh1P25kSGu1IiHZpIjPVDzvYn5X6+b6ujCz6hIUk0Enj0UpQzqGE4ygT0qCdZsZABhSc1fIR4gibA2yZVMCO78yX+hdVpxDd+elatXeRxFsAcOwBFwwTmoghtQB02AwQN4Ai/g1Xq0nq036302WrDynV3wS9bHN2epl8s=</latexit>

0  �A  SBH = Sthermal := �
X

i

pi log pi

�A
<latexit sha1_base64="sgdi4O6QqhQ0JLIXNjs7fFVGq0M=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjQ4biO51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDP6CO5g==</latexit><latexit sha1_base64="sgdi4O6QqhQ0JLIXNjs7fFVGq0M=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjQ4biO51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDP6CO5g==</latexit><latexit sha1_base64="sgdi4O6QqhQ0JLIXNjs7fFVGq0M=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjQ4biO51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDP6CO5g==</latexit><latexit sha1_base64="sgdi4O6QqhQ0JLIXNjs7fFVGq0M=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHqsevFYwX5Au5Rsmm1js8mSzAql9D948aCIV/+PN/+NabsHbX0h8PDODJl5o1QKi77/7a2srq1vbBa2its7u3v7pYPDhtWZYbzOtNSmFVHLpVC8jgIlb6WG0ySSvBkNb6f15hM3Vmj1gKOUhwntKxELRtFZjQ4biO51t1T2K/5MZBmCHMqQq9YtfXV6mmUJV8gktbYd+CmGY2pQMMknxU5meUrZkPZ526GiCbfheLbthJw6p0dibdxTSGbu74kxTawdJZHrTCgO7GJtav5Xa2cYX4VjodIMuWLzj+JMEtRkejrpCcMZypEDyoxwuxI2oIYydAEVXQjB4snL0DivBI7vL8rVmzyOAhzDCZxBAJdQhTuoQR0YPMIzvMKbp70X7937mLeuePnMEfyR9/kDP6CO5g==</latexit>



• To calculate       , the difficulty lies on how to take thermal 
average of EE for all CFT state. 


• To bypass this, Bao & Ooguri take the facts in the large c limit:
(i) light sates are sparse, (ii) heavy states locally look thermal 
(not true for non-geometric states) (iii) verified by holographic EE


• One  should expect the plateaux will be lifted by lifted by 1/c 
effect as I will show below.
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Entanglement Entropy in 2D CFT
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 Renyi entropy  c.f. Calabrese & Cardy (2004) 

• Renyi entropy is defined as


• As n —>1, we have entanglement entropy:


• For 2D CFT, it can be obtained by 2-point function of 
twist operators of n-fold CFT on Riemann surface     : 
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n-fold CFT n-fold CFT1-fold CFT



OPE & Enumerating Quasi-primaries

• Assuming translational symmetry, we have 


• Counting the quasiprimaries of n-fold CFT:
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T (z)T̃ (w) =
cn

(z � w)2hT

X

K

dK

1X

p=0

cpK
p!

(z � w)hK+p@p�K(w),

cpK :=
Cp

hK+p�1

Cp
2hK+p�1

, dK =
1

↵K`hK
lim
z!1

z2hK h�K(z)iRn,1 ,

↵K = normalization of quasiprimary operator �K

trA⇢
n
A =

cn
`2hT

X

K2CFTn

dK`hK h�KiR

[x+ (1� x)tr xL0 ]n = 1 + nx2 +
n(n+ 1)

2
x4 +

n(n2 + 3n+ 8)

6
x6 +

n(n+ 1)(n2 + 5n+ 30)

24
x8 + · · ·

�j1···jk
K = X j1

1 · · · X jk
k ) hX j1

1 · · · X jk
k iR = hX1iR · · · hXkiR with

bX1···Xk :=
X

j1,··· ,jk

dj1···jkX1···Xk
with some constraints for 0  j1, · · · , jk  n� 1.
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EE in small interval expansion
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S(n)
A =

c(n+ 1)

12n
log

`

✏
� 1

n� 1
log

⇣
1 +

nX

k=1

X

{X1,··· ,Xk}

`hX1+···+hXk bX1···XkhX1iR · · · hXkiR
⌘

=) SA =
c

6
log

`

✏
+

1X

k=1

X

{X1,··· ,Xk}

`hX1+···+hXkaX1···XkhX1iR · · · hXkiR with aX1···Xk := � lim
n!1

bX1···Xk

n� 1
.

aT = �1

6
, aTT = � 1

30c
, aTTT = � 4
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,

aAA = � 1

126c(5c+ 22)
, aTTA =

1
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, aTTTT = � c+ 8
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,

aTAA = � 16

693c2(5c+ 22)
, aTTTA =

3
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, aTTTTT = �16(c+ 5)

3465c4
,

aBB = � 25

123552c(70c+ 29)
, aDD = � 70c+ 29

18018c(2c� 1)(5c+ 22)(7c+ 68)
,

aTAB = � 10

1287c2(70c+ 29)
, aTAD =

5

3003c2(5c+ 22)
, aAAA =

4(5c+ 64)

3003c2(5c+ 22)2
,

aTTTB =
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9009c3(70c+ 29)
, aTTTD = � 2

9009c3
, aTTAA = � 585c+ 10804

90090c3(5c+ 22)
,

aTTTTA =
2(33c+ 784)

45045c4
, aTTTTTT = �2(11c2 + 380c+ 1480)

45045c5
.

Explicitly, 
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c

6
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`

✏
+ `

2
aT hT i⇢ + `

4
aTT hT i2⇢ + `

6
aTTT hT i3⇢
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8
�
aAAhAi2⇢ + aTTAhT i2⇢hAi⇢ + aTTTT hT i4⇢

�

+ `
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�
aTAAhT i⇢hAi2⇢ + aTTTAhT i3⇢hAi⇢ + aTTTTT hT i5⇢

�

+ `
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�
aBBhBi2⇢ + aDDhDi2⇢ + aTABhT i⇢hAi⇢hBi⇢ + aTADhT i⇢hAi⇢hDi⇢

+ aAAAhAi3⇢ + aTTTBhT i3⇢hBi⇢ + aTTTDhT i3⇢hDi⇢ + aTTAAhT i2⇢hAi2⇢
+ aTTTTAhT i4⇢hAi⇢ + aTTTTTT hT i6⇢

�
+O(`14).



EEs

• For the ground state of a CFT on a circle of size L:


• For a low temperature state on a circle: 
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hT iL =
⇡
2
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, hAiL =

⇡
4
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⇡
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c
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h
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L
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+

h
� c
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+
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+

2q3
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⇡`

L

⌘4
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h
� c

17010
+

8q2

945
+

4q3
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+

8(c� 16)q4
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+O(q5)

i⇣
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L
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h
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+

4q2

4725
+

2q3

1575
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h
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+

8q2
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+

4q3

31185
� 104(295c+ 1312)q4
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i⇣
⇡`

L
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+
h
� 691c
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5528q2
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+
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i⇣
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L
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+O(`14)

q := e�2⇡�/L << 1



Geometric vs Non-geometric
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Conditions on expectation values of 
quasiprimaries

• As shown, the expectation values of the quasiprimaries 
dictates the entanglement/Renyi entropy. 


• Requiring the Renyi entropy of A in a state    to be at most 
order c yield the following constraints: 
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⇢

with ↵(w), �(w), �(w), �(w), ✏(w), ⇣(w), ⌘(w) being arbitrary order c0

holomorphic functions.

hT i⇢ = c↵(w) + �(w) +
�(w)

c
+O

⇣ 1

c2

⌘
,
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2
↵(w)2 + c�(w) + ✏(w) +O

⇣1
c

⌘
,
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2
h
↵
0(w)2 �

4

5
↵(w)↵00(w)

i
+ c⇣(w) +O(c0),
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3
↵(w)3 + 3c2↵(w)[�(w)� ↵(w)�(w)] + c⌘(w) +O(c0),

hEi⇢ = c
2
n
↵
00(w)2 +

10

63
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o
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hHi⇢ = c
3
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h
↵
0(w)2 �

4

5
↵(w)↵00(w)

i
+ c

2
h
� ↵

0(w)2�(w)� 2↵(w)↵0(w)�0(w) +
4

5
↵(w)2�00(w)

+
8

5
↵(w)↵00(w)�(w) + ↵

0(w)�0(w)�
4

5
↵
00(w)�(w)�

2

9
↵(w)�00(w) +

13

9
↵(w)⇣(w)

i
+O(c),

hIi⇢ = c
4
↵(w)4 + 2c3↵(w)2[3�(w)� 4↵(w)�(w)] + c

2[12↵(w)2�(w)2 + 4↵(w)3�(w)

�12↵(w)�(w)�(w) + 3�(w)2 � 6↵(w)2✏(w) + 4↵(w)⌘(w)] +O(c)

c.f.  n—>1 for EE:
hT i⇢ = c↵(w) +O(c0),

hAi⇢ = c
2
↵(w)2 +O(c).



Examples
• Heavy primary states are geometrical as can be checked 

straightforwardly. 


• Thermal states (dual to BTZ) satisfy the constraints as 
expected. The above twos are consistent with the ETH.


• A more nontrivial example is the ``coherent” CFT state, 
which is dual to a bulk moving particle:


• This coherent state example suggests existence of some 
kind of correspondence principle for the geometric states.
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⇢�(z0) =
1

↵�

⇣1� z0z̄0
z̄0

⌘2h�
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Correspondence Principle
• We look for the quantum observables (e.g.,KdV currents) whose 

one-point functions w.r.t. geometric states obey the 
classical counterpart of the equations of motion.
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Quantum KdV equations:

Classical KdV equations:

J⇢
2k(w) ⌘ lim
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6k
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hJ2k(w)i⇢
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non-examples
• As the classical gravity cannot reflect the quantum linear 

superposition principle, we expect the superpositions of 
the primary states are non-geometric. This is indeed the 
case.


• Besides, we find the following descendant states are non-
geometric:

!20

|�(m)i with h� +m ⇠ O(c),

|�̃i with h� ⇠ O(c),

|�̃(m)i with h� +m ⇠ O(c),

|T (m)i with m ⇠ O(c),

|A(m)i with m ⇠ O(c).

�̃ := (T�)� 3

2(h� + 1)
�00



Implications

• In perturbative quantum gravity, the metric is corrected by 
G~1/c correction, and thus we will not expect these effect 
will turn the non-non-geometric states into the geometric 
ones.


• By Cardy’s formula, we find that the fraction of primary 
states is negligible in the thermodynamical limit. If most of 
the descendant states are non-geometric, they will be 
also non-thermal. This will then implies the canonical 
typicality of quantum thermalization fails in the large c 2D 
CFTs. 
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 Holevo information of microstates
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Thermal average of EEs

• To find the 1/c correction to the Holevo information, we 
need to find the thermal average of EEs over all states 
(inclu. primaries and descendants).


• In the small interval expansion of EE, this can be done by 
finding the thermal average of one-point functions (and its 
powers) of quasiprimaries.  This relies on the following:
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X

i

pihX i⇢i = hX i� , X = T,A,

X

i

pihT ir⇢i
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⇣2⇡
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r
�(exp

⇡cL
12�

P
i piXi)

exp
⇡cL
12�

,

X

i

pihT ir⇢i
=

⇣2⇡i
L

⌘2r (q@q)rZ(q)

Z(q)
, with Z(q) = q

� c
24 [1 + q

2 + q
3 + 2q4 +O(q5)],

X

i

pihX i⇢ihYi⇢i =
1

L

Z L/2

�L/2
dxhX (x)Y(0)i� (= [T,A] = 0.

q := e�
2⇡�
L ⌧ 1
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High T case:

�A =
2⇡3

`
4

45�3L
� 8⇡4

`
6(⇡cL+ 12�)

945c�5L2
+ · · ·+O(`12).

To the order we considered, it vanishes in the thermodynamic limit, i.e., L �! 1 but with �, ` fixed

NB: order c0 !!
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Low T case:

�A =
h32q2

15c
+

24q3

5c
+

64q4

5c
+O(q5)

i⇣
⇡`

L

⌘4

+
h128(c� 16)q2

315c2
+

32(c� 24)q3

35c2
+

256(c� 40)q4

105c2
+O(q5)

i⇣
⇡`

L

⌘6

+O(`8)

NB: order 1/c !!
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Long-interval cases

• For the long-interval case, we use the fact                   , 
and the know result for thermal state EE:
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SB,i = SA,i

SB =
c

3
log

⇣ �

⇡✏
sinh

⇡`

�

⌘
+

⇡cL

3�
� I(1� exp�

2⇡`
� ),

where I(x) is the mutual inforamtion of two intervals on a complex plane with cross ration x.

High T case:

�B =
⇡cL

3�
� 2⇡3(4⇡L� 7�)`4

315�4L
+

32⇡5
`
5

3465�5
+

8⇡4(32⇡2
L
2 � 143⇡�L)`6

135135�6L2
+ · · ·+O(`11, 1/c).

Low T case:

�B = S(L)�
h32⇡�(�2 + L

2)(4�2 + L
2)

15L5
q
2 +O(q3)

i⇣
⇡`

L

⌘4
+O(`5).

c.f.  Chen & Wu, 1412.0761, 1506.03206

NB: order c0 correction!!
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Micro-canonical ensemble (MCE)

• We can also consider the Holevo information in the MCE 
with fixed high energy E, i.e.,


• We can obtain the multi-point functions/EEs in MCE by 
inverse Laplace transform of the ones in Canonical 
ensemble (CE), similar to the trick deriving the Cardy’s 
formula for         .
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pi =
�(E � Ei)

⌦(E)
, with ⌦(E) =

r
⇡cL

6E
I1
⇣r2⇡cLE

3

⌘
,

⌦(E)

Short-interval: �A =
⇡
3
`
4[⇡cL(I3 � I1) + 24�I2]

540�4LI1
+ · · ·+O(`12)

Long-interval: �B = S(L) +O(`12)

There are also non-universal contribution from non-identity families. 

NB: order c !!



c=30 here!
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Implications & Conclusions

• We see that the Holevo information got 1/c corrections but is consistently 
vanishing as interval size goes to zero.


• Recall that Holevo information=average of relative entropy over all states, 
including descendants. 


• Since most of states are descendants (at least in the thermodynamic limit), 
many of which we shown are non-geometric and should contribute with 
higher order of c. 


• Thus, our results implies there is a subtle cancellation of non-geometric 
state’s contributions in the average of relative entropy to yield order c 
Holevo information.


• This implies that even the non-perturbative quantum gravity effect looks 
wild, it is miraculously to yield averaging classical geometry of BTZ. 
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