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Exact 2D effective actions for rotating black holes
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3D AdS gravity

BTZ

3D Einstein-Hilbert gravity

Syp = % ( / d*xv/~g5 (Rlgs] — 2As) + / ey 2Khzl)

A circle reduction using the Kaluza-Klein ansatz
dsg = 2V (dz + Aadw“)2 + gapdz®da®

leads to the 2D Einstein-Maxwell-Dilaton model

- 2 /=g e 2 Ll owp pab —
SQD72H§ (/dx ge (R[g}—i—L2 yia Fu F )+ dtv/—7y e V2K

In the UV this model exhibits a generalized conformal structure [Taylor '17]

Analogous to non-conformal branes [Kanitscheider, Skenderis, Taylor '08], e.g. D4
branes can be uplifted to M5 branes.

The existence of a UV fixed point allows us to define a notion of a conformal
anomaly in the lower dimensional non-conformal theory.
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The (ungauged) STU model in 4D

Subtracted Geometries

m The 4D action
S4D :L/ d4x\/—g(R[g} — é[) not'n — §627’6 xOHx — le_?’"F0 FOnv
262 2 " 2 " 4 v

3
— eI 4+ xF ) (F X FO) )

1
52 )., dixy/=ge" P (XPF, Fy + 3X*F, Fpo + 3XFuw Fpo )
4

is a consistent truncation of the STU model and admits a class of asymptotically
conformally AdS, xS? black hole solutions, provided F,,, carries non-zero
magnetic flux. Generically they are rotating and electrically charged.

m Such solutions are known as subtracted geometries [Cveti¢, Larsen '12; Cvetic,
Gibbons '12] and have been obtained by various methods from the corresponding
asymptotically flat black holes (e.g. Harrison transformations [Virmani '12; M. Cvetic,
Guica, Saleem ’13]).
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Subtracted geometries as a decoupling limit

m In a suitable parameterization, subtracted geometries correspond to turning off
certain integration constants in the harmonic functions that enter in the
asymptotically flat black hole solutions [Baggio, de Boer, Jottar, Mayerson '13].

m This procedure does not involve any scaling limit and allows for a simpler
parameterization of the resulting solutions [An, |.P, Cveti¢ '16]:

B2/¢? Buw

=" X = —- cosf
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oo B (VrFr= kdt + (2wsin® 0de)
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T RutemZg WV kdt+rdg)
€2d 2 —r_ —
ds? = V/r + (2w?sin% 0 - o T+)k2dt2 + £2d6?
(=) —r3) :

" rsin? 0 (d¢> W kdt) 2
Vr + 202 sin? 0 r
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Kaluza-Klein reduction ansatz

m The 4D truncation of the STU model can be consistently Kaluza-Klein reduced on
S2 by means of the one-parameter family of KK ansétze [Cvetic, 1.P:1608.07018]
e 21 = e 2 £ A2B%sin?0, X = AB cos 6
e 2149 = e 2Y A 4 AB?sin? 0d¢, A+ yxA° = Bcos0dé
sin? 0

Nds2 — ds2 2 2, o smv
eldsy =ds; + B <d9 + 1+ A2B2e2¢ sin? 0

(d¢ — AA<2>)2>

where \ is an arbitrary parameter. For any value of \, the resulting 2D theory is
the Einstein-Maxwell-Dilaton theory we considered above — A drops out in 2D!

m By comparing the KK ansatz with the 4D black hole solutions we see that
X\ = w3 /B3, i.e. \is the angular parameter of the 4D black hole.

m The parameter X allows any solution of the 2D EMD theory to be uplifted to a
family of 4D solutions, i.e. it acts as a solution generating mechanism.
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Web of theories
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5D AdS gravity

Kerr-AdS5 with equal angular momenta

m 5D Einstein-Hilbert gravity:
12
B (5 RG) 4 22
/ - ( e

m We include the asymptotically flat case ¢5 — oo

where /5 is the AdS5 radius

m For finite 5 a holographic description can be provided within ' = 4 SYM, but the
effective action for near-extremal black hole excitations cannot be obtained
analytically, except very near the IR
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Kerr-AdS; with equal angular momenta

m We focus on the Kerr-AdS; black hole with two equal angular momenta and its
Myers-Perry limit ({5 — oo)

m The rotation breaks the isometry group as
SO4) =2 SU2)L x SU(2)r — SU(2), xU(1)r
m The corresponding metric can be written as

dsg = ds% +e U1 dQ% +e U2 (03 + A)2

where 22 .
ds% = 702 T@A0 — EA(?‘)eszUlclt2
A= Audt = % (TZZECLQ - T22fa2> eV24t
and ) )
Uz — r24+5a2 + 252?:211&2) L eV = r -i-Ea
E=1-%, A(T):l—l-ﬁ— 2mr”

2 (r2+4a?)?

SN
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Kaluza-Klein reduction ansatz

m Our KK ansatz is (note Weyl rescaling of 2D metric)
ds%5) = ew+xds%2) + RZe™2¥ X402 + R2e—2X (03 + A)2
where 1, x and A depend only on 2D base

m Inserting this in the 5D action leads to the 2D effective theory
1 R?
Iop = — | d?ay/—=ge ¥ (R— = e x—Y 2
K3 4

3 1 _ 12
_ §(VX)2 o (463¢ Y 3x) + EBWX)
1 _ 16x%R3
where e Rl B

and R is an arbitrary length parameter

m Have checked that this is a consistent truncation! Not a standard sphere
reduction — internal manifold is not supported by flux (cf. [Gouteraux, Smolic, Smolic,
Skenderis, Taylor '11])

= A holographic understanding of this 2D theory can provide direct insight into the
microstates of the Kerr-AdSs black hole!
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Outline

The space of 2D solutions
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3D AdS gravity: Running dilaton solutions

m The general solution with running dilaton takes the form

/ 2
o 5(t>euw¢(1+ m B/ o)~ L s

4B%(t) (1)
V== () e ¥
B (t)
_ a(t) AL=2e"/ LB (1) +m — B2(t) /o (1) — 2Q/L
Ar = p(t) + 55 (0) Ot log <4L262u/L62(t) +m— B2(t)/a2(t) + 2Q/L>

where «a(t), 5(t) and u(t) are arbitrary functions of time, while m and Q are
arbitrary constants.

m This solution is regular provided m > 0.
m The leading asymptotic behavior of this solution is
Yoo = =2 ()e* F+0O(1), eV ~ B()e/ F+O(emE), Ay = p(t)+0(e7>/ )

and so the arbitrary functions «(t), 8(t) and p(t) should be identified with the
sources of the corresponding dual operators.
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3D AdS gravity: The hairy 2D black hole

m For constant sources a., 8o, po and generic m > 0 and |Q| < mL/2, thisis a
non-extremal asymptotically AdSs black hole. It becomes extremal when
Q=+mL/2.

m The Hawking temperature is

aofBo v/m2L? —4Q?

T nLY2 /mL ¥ 2Q + vmL —2Q

which indeed vanishes when m = 2Q/L.

m The Bekenstein-Hawking entropy is not given by the area law in 2D, but can be
computed e.g. using Wald’s formula. For 2D black holes with a non trivial dilaton
profile ones finds that the entropy is given by the value of the dilaton on the outer
horizon [Myers '94; Cadoni, Mignemi *99]:

2 o—(us) _ 27TL 1/2

S = (\/mL T2Q+/mL — 2@)

¢
) K3
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3D AdS gravity: Constant dilaton solutions

m Another family of solutions is [Castro, Grumiller, Larsen, McNees '08 ]

e =1Q

— _amewE L PO i
\/77 (t) L+\/m ~

At=l~i(t)\/—< ()u/L

e—u/i)

where @(t), A(t) and fi(t) are arbitrary functions, Q > 0 is an arbitrary constant,
and L = L/2.

=i
53

m As above, the functions a(t) and ji(t) are going to be identified with sources of

local operators, but we shall see that the function E(t) corresponds to the
one-point function of an irrelevant scalar operator of dimension 2.

m Notice that the gauge field diverges at the boundary « — +oco. This is a generic
property of rank p > d/2 antisymmetric tensor fields in AdS,, and leads to
certain subtleties in the holographic dictionary.
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3D AdS gravity: The bald black hole

m For constant &, fz and 3 < 0 this is a non-extremal asymptotically AdS; black hole
with
Top = —~——, S
T TLLQ)vA 2
m Uplifting to 3D (along a null circle) gives instead

R s T (.5
TBDWZ(\/W+\/LTQ,)7 SSD*%(\/@‘F ﬁ), M3D,4K§Z<LQ_LQ)

m This black hole becomes extremal when Bo =0.

\V —@of 2
- 2D=K—§\/LQ, Map =0.

m The two black holes cannot be compared directly since they satisfy different
boundary conditions. The hairy black hole is asymptotically AdS» yvjth AdS radius
L, while the bald solution is asymptotically AdS2, with AdS radius L = L/2.

m However, they both uplift to the BTZ black hole in 3D, with AdS3 radius L.
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3D AdS gravity: An RG flow

m Since the two classes of solutions have different AdS radii, one expects that there
is an RG flow from the running dilaton solution to the constant dilaton solution.

m For the extremal solutions this is indeed the case. Setting
m — B?/a? =2Q/L > 0 and u = —a/j3 and expanding the hairy solution for
u — —oo gives

e~V = /L + 2u/L+O(e4u/L)
— aﬁ 2u/L _ﬁ 2u/L 4u/L)
V== 7\/@ e (1 2LQ€ + O(e )
2
At:_%e?u/[/ (1—%62U/L+O(G4U/L))

m The limit 8 — 0 keeping g fixed results in an exact bald solution with
a = af/+/LQ. This limit sets m = 2Q/L and . — —oo, and corresponds to the
“Very-Near-Horizon Region” [Strominger '98].
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5D AdS gravity: Structure of 2D solutions

m The gauge field can be integrated out:
Fop = Q™ egy,  F? = —2Q2e0VH0x
where Q ~ Js. Different boundary conditions can be imposed if not integrated out!

m For /5 — oo, x can be consistently set to a constant with «) non-trivial. Such
solutions uplift to Taub-NUT in 5D with a 4D Reissner-Nordstrém base

m The attractor solutions are obtained for x and ¢ both constant and @ # 0. They
correspond to the very-near horizon region of extremal Kerr-AdS5 and to the IR
fixed point in the dual quantum mechanics

m For finite ¢5 the scalar field x cannot be decoupled and the 2D equations of motion
cannot be integrated completely. We will focus on the general near IR solutions
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5D AdS gravity: IR fixed point solutions

m The constant values of the scalars are determined by the two equations

42
e—2%0 — ¢=3x0 _ R 2Q e3X0

2 2
1 — RYQ%eSx0 4 Zi;e*% (2 - R'Q%e%x0)? = o
5

m In the radial (Fefferman-Graham) gauge
ds? = dp® + v (p, t)dt?, Ap=0
the general attractor solution takes the form

=0 = a(t)e’/2 4 p(t)er/t
AY = p(t) — Qaedxot3vo (oz(t)epu? _ ﬁ(t)e*p/b)

where y:+ = —(v/—7)? and

1 1
5% = ﬁegwo(l + 12q), q= gew’o (R*Q2%e3x0 — ¢—3x0) (g — 0asls — o)
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5D AdS gravity: Perturbations near IR fixed point

m Small fluctuations on top of the attractor solutions can be parameterized as
Y=e W —e?0,  X=x-x0, V-m=vV-7-vV—n0
and satisfy a system of coupled linear equations that can be solved exactly

m From the linearized equations we read off the AdSs masses of the scalar
fluctuations, and hence the conformal dimension of the dual operators:

1 1+ %
Ay =2, AX:2<1+5 5‘1)

where 1
2 < 8(3+\/105) <Ay <3

with A x = 3 corresponding to the Myers-Perry black hole (¢/5 — oo)
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m In the Fefferman-Graham gauge the general near IR solutions take the form

YV =v(t)e!/ b2 4 9(t)e P/t

X_Qi 2v0y)
1+2q

Ax
24262w0 c1 C(t) 1-Ax eiAXP/ZZ

3, - @A, 1) 0t

+ ¢(t)eBx—Dr/ (1 4 ) —

(1 4+10g+8¢%) oy, [ — o, (O
V=1 = 05290129 12(1)6 {\/ YoV + 2450: ( o )} + (¢(t) terms)
where

B(t)zfﬁiat( (co+ (a“') =)

_ 48 (Orv)? £2 T—hy
ﬂ(t)——;(co-ﬁ- oz ) —gclg X

and ¢y, ¢ are arbitrary constants
m Perturbation theory is valid for

|l,(t)‘ep/€2 << 8721/)07 \C(t)le(AX*””/‘Z? << x0
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Outline

AdS; holography
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Radial Hamiltonian formulation of the dynamics

m Inserting the radial ADM decomposition
ds? = (N? + N¢NYdu? + 2Nidudt + i dt?
of the metric in the 2D action gives the radial Lagrangian

1
2N?2

1 2 . " 2y ¢ 2 —
L= 2 /dt\/—'yN (—NK(’L/) — N'Owp) — e E F,t + 73~ 200, ) e
where K =~ K;; and the extrinsic curvature K. is given by

1
Kit = — (A — 2D+ N,
= 5N (et tN¢)

with the dot denoting a derivative with respect to the radial coordinate u, and Dy
standing for the covariant derivative with respect to the induced metric ~+.
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m The canonical momenta are

5L 1 1 .
e O 1 vt (G Nt
T A (w W)
5L 1 1
t_ Ok _ e 3V At
TTSA a2V O NT
5L 1
_ oL _ —
Ty = — =——=vV—ve YK
YT T YT

m The canonical momenta conjugate to N, N; and A,, vanish identically and, hence,
these fields are Lagrange multipliers imposing the first class constrains

2
__ K 24t NV -2 - _
H = \/je (27r7r¢ + eV 7rt> m% (L Dt) e =0

Ht = —2Dtﬂ'tt -+ ﬂ'wat’d) =0
]: = —Dtﬂ't =0
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Holographic dictionary

m The canonical momenta can alternatively be expressed as gradients of Hamilton’s
principal function S as

w 08, 35S 8
ot _ _

=) T =—_——, Ty =—
0yt 0AL v o

where S[v, 1, A] is a functional of the induced fields ~::, A; and + and their
t-derivatives only and coincides with the on-shell action.

m S[v, 1, A] coincides with the on-shell action:
Canonical momenta are one-point functions — do not need on-shell action!

Boundary counterterms can be obtained by solving the Hamilton-Jacobi equation for S.
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Holographic dictionary for running dilaton solutions

m For the running dilaton solutions the boundary counterterms are

1
St = - / dtv/—v L1 (1 — uo L) e ¥
K3

m The renormalized one-point functions are given by the renormalized radial
canonical momenta:

where

T =27, Op=-7y, J' =-7'

1
%E = lim e¥/F (&le_w — e_wL_l)

2,@% U—00
w/L
7 = lim & wt
uU—r 00 —’y
1
I /L= _ 71
Ty = = uhﬁmooe“ e (K L )
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Holographic dictionary for running dilaton solutions

m Evaluating these expressions using the general solutions with running dilaton
gives the one-point functions

L 2 1 L 12 IV "
—-m (3-05). =52 o -in (55 -2E5 422
2K3 K5 @ 2K3

8 Ba? B  Ba? a3 E)

m All three operators are crucial to describe the physics. In particular, these
one-point functions satisfy the Ward identities

KT — Oydilog B =0, DIt =0

1 N L /
o= (5-5) - o (5) =+

2 3
2 (e} « Ry

m From these relations we deduce that the scalar operator O, is a marginally
relevant operator and the theory has a conformal anomaly due to the source of
the scalar operator.
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m The renormalized on-shell action can be obtained (up to a constant that depends
on global properties) by integrating the relations

o 0Sren o E 0Sren t_ _léSrcn

T Sa w_ozzS,B7 T a ou

using the above expressions for the one-point functions.

m This gives the exact generating function:

L ma  B% 0 2uQ
Srenla, B, p] = BT /dt (7 + Ba + %) + Sglobal

B Sgiobal iNVolves terms evaluated on the horizon and its explicit form is given in
[Castro, Larsen, 1.P.:1807.06988].
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Residual local symmetries
m Under bulk diffeomorphisms and U(1) gauge transformations the non-dynamical
components of the bulk fields transform as

6§guu = Efguu = éuv 6£gtt = L{gut = 7tt (Et + 8t£u)
(8¢ +0A)Au = LAy + 00 Ay = E' AL + A

where L, denotes the Lie derivative with respect to the vector £¢.
m To preserve the Fefferman-Graham gauge we must demand
ﬁgguu = ﬁ&gut =0, (£§ + 5A)Au =0

which determines the form of the residual local symmetries to be
€ = o(t), € = e(t)+do(t) / dir' (@, 1), A= p(t)—o' () / dantt (3, ) Ay (3, 1)
Ju Ju

where e(t), o(t) and ¢(t) are arbitrary functions of time.
m Under these residual symmetries the dynamical fields transform as

Sevir = Leyu+2Ku®,  (Le+0p)Ar = Le Ay+E A+ A, Setp = Lep+€49).
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Schwarzian effective action

m All three sources can be generated by the residual gauge transformations:
a = e’ (1+e'+e0')+0(e?), B =€ (14e0')+0(%), p =@ +&'¢' +ep"+0(e?),

where the primes ’ denote a derivative with respect to ¢.

m Inserting these expressions in the renormalized action and absorbing total
derivative terms in Sgioba1 We obtain

L
Sven = 5 [ Gt ({r.1} = m/2) + Syop, 0 = log 7,
2

where the Schwarzian derivative is given by

7_/// 3 7_//2

=" -2

2 72

m The Schwarzian derivative action is a manifestation of the conformal anomaly!
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Holographic dictionary for constant dilaton solutions

m The holographic dictionary for constant dilaton solutions is a bit more subitle,
mainly due to the fact that the AdS, gauge field diverges close to the boundary:

Ay ~ ﬁ(t) o a(t) eu/z

m Two different boundary counterterms have been proposed to cancel the
corresponding divergences of the on-shell action:

m [Castro, Grumiller, Larsen, Mc Nees '08]
~ / dt/—7A A"
m [Grumiller, McNees, and Salzer ’14; Grumiller, Salzer, Vassilevich '15]
~ —/dt A, +/dtmm

m Although both types of counterterms cancel the divergences of the on-shell action,
neither respects the symplectic structure on the space of solutions, which can
lead to inconsistencies at the level of correlation functions.
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Holographic renormalization as a canonical transformation

= In order for the variational problem to be well posed the boundary counterterms
must correspond to a suitable canonical transformation [I. P.'10].

m For the usual gauge field asymptotics the counterterms satisfy

65
6(Sreg+5cth,A,w}):/dt (wt+ “)Mﬁum

6A:

so that Sct[v, A, 1] is the generating function of the canonical transformation

At At o At
o) 7\t T ﬂ.t+%ac:
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m Since the gauge field modes are reversed for constant dilaton solutions, the

generating function of the relevant canonical transformation is

— /dt 7t Ay + Set [y, 7, )

where

L 2\2
Sct = 2L /dt( Ve ¥+ ( ii’)y 63’/’7rt7rt)

m This implements the canonical transformation
Ay —7t —nt
7t - Al;cn A — JSCt

1 8Sct 1 _
o Aren — A, 5 A TN~ Tt
71" H%Q7 t t 57Tt t+ \/m Y M()

preserving both the symplectic structure and the gauge symmetries.

such that
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Normalizability and boundary conditions
[O’Bannon,|.P., Probst: 1510.08123]

m Abelian vector field (generically massive)

1
s == [at*tay=g (Lrund ™ + g2 g™ anar )

m Equation of motion
V™ fran —m2an =0
= The two linearly independent asymptotic solutions for a.,, are of the form e’=" with

d—2 d—2\?
by =——"— =+ B 2,
+ B ( 2 ) +mg

m Dropping a boundary term from the action we define the new norm (cf. [Klebanov,
Witten: hep-th/9905104] for scalars)

1
E/dd+1z —gap g™ (V"™ frn —mian)

we find that both modes are normalizable provided

(d-2)7? d(4—d)

§m3< 1
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Boundary counterterms and holographic dictionary

m Since Q is constant it does not define a local dual operator, but zi(¢) does define a
local current. The renormalized generating functional in the theory that possesses
a local current operator is

Sren = lim (Sreg + St — / dt 7t A+ / dt ntA;e“>

m [f the finite term that implements the Legendre transformation is omitted one
obtains the generating function of a theory without a current operator. This is a
choice of boundary conditions.

= The renormalized one-point functions obtained from this renormalized action are

2 B 1
T =27t =0, Ow:—m:—ﬁg, jt:—%t:fzg
n%LOé Ky

= In particular, the non-extremality parameter j3 of the constant dilaton solutions is
identified with the VEV of the (irrelevant) scalar operator O;.
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Ward identities

m Besides the current conservation D; 7t = 0, the Ward identities are trivially
satisfied, but become non-trivial once a perturbative source v for the scalar
operator is turned on:

T 1/2 ~/
AT + 007 = 0@), T -0, = LD, (2) +O()
K/QQ o

m These imply that O,, has dimension 2, while the conformal anomaly matches that
of the running dilaton solutions.

m The stress tensor is nonzero if and only if a source for the irrelevant scalar
operator is turned on.
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Outline

Conclusions
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Conclusions

m 2D dilaton gravity captures the effective dynamics of near extremal black holes

m Consistent KK truncations are crucial for studying the RG flow away from IR fixed
point and for generating solutions in higher dimensions

m Both modes of gauge fields in AdS2 are normalizable, which allows for more
general boundary conditions

Future directions
m When does the AdS, radius depend on AdSs Maxwell charge?

m Classification of supersymmetric boundary conditions
m 2D reductions of various supergravities

m Reduction of e.g. N' = 4 SYM to 1D using bulk consistent KK reduction
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