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�(A)�(B) � ~/2|h[A,B]i|

Question; [un]known information

❖ How different is the quantum 
uncertainty when it is 
expressed in entropy?

❖ How does the quantum state of 
light behave differently when it 
is optimized by Shannon 
entropy?

H(A) +H(B) � �2 ln c

c(A,B) = max
ij

hai|bji or 1/
p
⇡e~

S(⇢) = Tr[⇢ ln ⇢]



Comparison between the UR’s I

❖ The entropic uncertainty 
relation is optimized to 
characterize the state in the 
same plane of the 
measurements.

❖ The Heisenberg’s uncertainty 
relation defines spin coherent 
state.
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FIG. 1. A pure state representation in a Bloch sphere. A
prepared state is denoted by | i = cos ✓|0i+ sin ✓ei'|1i, with
polar angle 0  ✓  ⇡ and azimuthal angle 0  '  2⇡.
The north and south poles are chosen to correspond to eigen-
vectors of �z. Varying ' from 0 to ⇡/2 with a fixed ✓, we
can consider state vectors on a circle (Dashed blue). When
✓ = ⇡/2, it becomes a circle on x-y plane (Dashed red).

and entropies. For the X measurement, they are

�(X) =
q

1� hX̂i =
q

1� (pX+ � p
X
� ) (9)

H| i(X) = �p
X
+ ln pX+ � p

X
� ln pX� (10)

and similar relations can be found for the Y measure-
ment. The entropy H| i(X) is H⇢(X) when a state ⇢ is
a pure state given by ⇢ = | ih |. With these formulae, a
direct comparison of the uncertainty relationship (2) and
(4) can be made as follows.

The uncertainty relations can be reformulated by the
normalization, meaning that both sides of the relations
are divided by their own lower bound. The normalized
relations have same bound 1, such that

H| i(X) +H| i(Y )

�2 log c
� 1,

�(X)�(Y )

|h[X,Y ]i|/2 � 1, (11)

where c =
p

(1 + sin 2�)/2 for 0 < � < ⇡/2 and
|h[X,Y ]i|/2 = | cos 2� cos ✓|. The inequalities can be
compared directly as they saturate to the same constant
value.

Let us consider when angle � = 0, when two observ-
ables are orthogonal. In this case, the lower bound of (4)
is given by a constant 1, whereas that of (2) is determined
as a function of ✓, | cos ✓|. Then the left hand sides (LHS)
of relations (11) are determined as a function of polar an-
gle ✓ and azimuthal angle '. In Fig. 2 these functions
are plotted versus ' for fixed angles ✓ = 0, 3⇡/8, 4⇡/9
and ✓ ⇠ ⇡/2. It means that we take into account state
vectors in a circle located half way between the north
pole and the equator, depicted by the dashed blue line
on Fig. 1, and determined by ✓.

This result is noteworthy. Fig. 2 shows that the en-
tropic uncertainty relation (EUR) (Blue) tends to move
into an optimized regime as polar angle ✓ approaches ⇡/2
from 0 ((a)�(d) in Fig. 2). In contrast, Robertsons un-
certainty relation (Orange) diverges. Geometrically, it

(a) ✓ = 0 (b) ✓ = 3⇡/8
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(c) ✓ = 4⇡/9 (d) ✓ ⇠ ⇡/2
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FIG. 2. Figures illustrating how EUR and Robertson’s un-
certainty relations behave with the probabilities of outcomes
of observables X(0) and Y (0). To compare two relations, we
plot the LHS of the inequalities (11) against azimuthal angle
' for chosen values of polar angle ✓ to be (a) 0, (b) 3⇡/8, (c)
4⇡/9 and (d) ⇡/2. The EUR is optimised as ✓ goes to ⇡/2
whereas the Roberson’s uncertainty relation diverges. Rela-
tions (2) and (4) have a minimum value when ✓ = 0 and
✓ = ⇡/2 for fixed �, respectively.

can be argued that when the state vector | i is placed in
the plane of two observables (the red plane in Fig. 1), the
EUR in the first inequality (11) is optimised whereas the
Robersons uncertainty relation in the second inequality
of (11) is optimised when | i is aligned along the z-axis.
Especially, the state aligned along the z-axis becomes a
spin coherent state whose variances of the two measure-
ments �x and �y are equivalent, as a constant = 1.

Similar behavior can be found in the case of two non-
orthogonal obersevables too. For non-orthogonal observ-
ables, i.e. � 6= n⇡/2 where n is an integer, it can be found
that the EUR has a minimal value for a state vector lying
on the x-y plane, meaning ✓ = ⇡/2. At the same time,
the uncertainty relation based on the standard deviation
diverges at ⇡/2, since its lower bound vanishes when | i
is given by an eigenvector of observables.

Consequently, it can be said that neither of the two
relations is stronger in the case of discrete observables in
general. Depending upon the state provided, the EUR
and the Robersons uncertainty relation characterize the
trade-o↵ relationship di↵erently. The EUR is the optimal
relation when the state is located in the same plane as
the two measurements, while the Robersons uncertainty
relations is optimized when the state is in the plane or-
thogonal to both observables. For the case of continuous
variable measurements, the situation is changed slightly
in that the EUR for position and momentum observables
is stronger than the relation based on standard deviation
[19].
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polar angle 0  ✓  ⇡ and azimuthal angle 0  '  2⇡.
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vectors of �z. Varying ' from 0 to ⇡/2 with a fixed ✓, we
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and entropies. For the X measurement, they are
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� ) (9)
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FIG. 2. Figures illustrating how EUR and Robertson’s un-
certainty relations behave with the probabilities of outcomes
of observables X(0) and Y (0). To compare two relations, we
plot the LHS of the inequalities (11) against azimuthal angle
' for chosen values of polar angle ✓ to be (a) 0, (b) 3⇡/8, (c)
4⇡/9 and (d) ⇡/2. The EUR is optimised as ✓ goes to ⇡/2
whereas the Roberson’s uncertainty relation diverges. Rela-
tions (2) and (4) have a minimum value when ✓ = 0 and
✓ = ⇡/2 for fixed �, respectively.

can be argued that when the state vector | i is placed in
the plane of two observables (the red plane in Fig. 1), the
EUR in the first inequality (11) is optimised whereas the
Robersons uncertainty relation in the second inequality
of (11) is optimised when | i is aligned along the z-axis.
Especially, the state aligned along the z-axis becomes a
spin coherent state whose variances of the two measure-
ments �x and �y are equivalent, as a constant = 1.

Similar behavior can be found in the case of two non-
orthogonal obersevables too. For non-orthogonal observ-
ables, i.e. � 6= n⇡/2 where n is an integer, it can be found
that the EUR has a minimal value for a state vector lying
on the x-y plane, meaning ✓ = ⇡/2. At the same time,
the uncertainty relation based on the standard deviation
diverges at ⇡/2, since its lower bound vanishes when | i
is given by an eigenvector of observables.

Consequently, it can be said that neither of the two
relations is stronger in the case of discrete observables in
general. Depending upon the state provided, the EUR
and the Robersons uncertainty relation characterize the
trade-o↵ relationship di↵erently. The EUR is the optimal
relation when the state is located in the same plane as
the two measurements, while the Robersons uncertainty
relations is optimized when the state is in the plane or-
thogonal to both observables. For the case of continuous
variable measurements, the situation is changed slightly
in that the EUR for position and momentum observables
is stronger than the relation based on standard deviation
[19].
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polar angle 0  ✓  ⇡ and azimuthal angle 0  '  2⇡.
The north and south poles are chosen to correspond to eigen-
vectors of �z. Varying ' from 0 to ⇡/2 with a fixed ✓, we
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a pure state given by ⇢ = | ih |. With these formulae, a
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FIG. 2. Figures illustrating how EUR and Robertson’s un-
certainty relations behave with the probabilities of outcomes
of observables X(0) and Y (0). To compare two relations, we
plot the LHS of the inequalities (11) against azimuthal angle
' for chosen values of polar angle ✓ to be (a) 0, (b) 3⇡/8, (c)
4⇡/9 and (d) ⇡/2. The EUR is optimised as ✓ goes to ⇡/2
whereas the Roberson’s uncertainty relation diverges. Rela-
tions (2) and (4) have a minimum value when ✓ = 0 and
✓ = ⇡/2 for fixed �, respectively.

can be argued that when the state vector | i is placed in
the plane of two observables (the red plane in Fig. 1), the
EUR in the first inequality (11) is optimised whereas the
Robersons uncertainty relation in the second inequality
of (11) is optimised when | i is aligned along the z-axis.
Especially, the state aligned along the z-axis becomes a
spin coherent state whose variances of the two measure-
ments �x and �y are equivalent, as a constant = 1.

Similar behavior can be found in the case of two non-
orthogonal obersevables too. For non-orthogonal observ-
ables, i.e. � 6= n⇡/2 where n is an integer, it can be found
that the EUR has a minimal value for a state vector lying
on the x-y plane, meaning ✓ = ⇡/2. At the same time,
the uncertainty relation based on the standard deviation
diverges at ⇡/2, since its lower bound vanishes when | i
is given by an eigenvector of observables.

Consequently, it can be said that neither of the two
relations is stronger in the case of discrete observables in
general. Depending upon the state provided, the EUR
and the Robersons uncertainty relation characterize the
trade-o↵ relationship di↵erently. The EUR is the optimal
relation when the state is located in the same plane as
the two measurements, while the Robersons uncertainty
relations is optimized when the state is in the plane or-
thogonal to both observables. For the case of continuous
variable measurements, the situation is changed slightly
in that the EUR for position and momentum observables
is stronger than the relation based on standard deviation
[19].



Comparison between the UR’s II
❖ Continuous variable entropy is upper 

bounded by logarithm of the standard 
deviation & the inequality is saturated by 
Gaussian state.

❖ The composite entropies are lower bounded by uncertainty and upper 
bounded by Gaussianity. [Entropic UR is general than Heisenberg UR]

ln(⇡e~)  H(x) +H(p)  ln(2⇡e�x�p)

H(x)  ln(
p
2⇡e�x)

Sum of Neg-entropies

2

and entropic UR is a Gaussian state. Our simple proof
is based upon the optimality

——————Introduction——————————-
The question that had been answered within our
formalism are

• The only function of probability which satisfies
the minimum Heisenberg uncertainty relationship
is Gaussian state. (Because of the optimality of
entropy.)

• Question: Which state satisfies the minimum En-

tropic uncertainty relationship? (Gaussian state or
not?) It is conjectured that it is the Gaussian state.

• Sum of neg-entropy J (x) + J (p); Are they right
notion of nongaussianity?

• With the neg-entropy, lower bound of the Heisen-
berg uncertainty relationship should be modified.

Here, we claim that the Heisenberg uncertainty crite-
ria (1) for a quantum continuous variable state should
be modified with the notion that how much the quantum
state is deviated from the Gaussian profile and the pure
state. Similar proposal had been made by N. Cerf, how-
ever, our quantitive definition of the deviations is com-
pletely di↵erent and complete. The Heisenberg uncertain
relation is need to be refined with the non-gaussian dis-
tance (8) as

�x�p � ~
2
exp

h
N (⇢) + S(⇢)

i
(4)

where N (⇢) = J (x)+J (p) is the non-gaussian distances
of the state ⇢ and S(⇢) is von Neumann’s entropy of the
state ⇢[15]. The inequality (4) is straightforward from the
definitions of nongaussian distance N (⇢) and the Neg-
entropy J (x) whose definitions are to be followed. For-
mal definition of the measure of the distance is given as
di↵erential entropy J (x) which is

J (x) = HG(x)�H(x) (5)

⌘ log �x

p
2⇡e�H(x) (6)

where �x is the variance of measurement x for a given
state ⇢. From its definition, it is not di�cult to conclude
that (1) J (x) = 0 for a gaussian p(x) = Tr(x̂⇢) and (2)
J (x) > 0 for any non-gaussian p(x).

Recently, a characterization of quantum nongaussian-
ity for a given quantum system had been studied by
Genoni et. al. [11] and Mandilara et. al. [12]. The char-
acterization of the Gaussianity has been made as a dis-
tance between a given state and a Gaussian state which
has a same variance with the original state. In fact, the
gaussianity had been defined for a given quantum state
apart from the performed measurement.

Assuming that Hx +Hp � log(⇡e) + S(⇢) holds in the
continuous variable case, one can derive

�x�p � 1

2
eJx+Jp (7)

We have to check the proof of the finite-dimensional case:
see arXiv:1402.1143.
Neg-entropy and gaussian distance - Under the

premises that a gaussian state is optimized with respect
to the Shannon’s entropy, one can consider a measure
of distance which characterizes a nongaussian state. Ne-
gentropy is based on the information-theoretic quantity
of (di↵erential) entropy. At a fixed variance, the di↵er-
ence of Shannon entropies between a given state and a
gaussian state with same variance can be taken as non-

gaussian distance. Formal definition of the measure of
the distance is given as di↵erential entropy J (x) which
is

J (x) = HG(x)�H(x) (8)

⌘ log �x

p
2⇡e�H(x) (9)

where �x is the variance of measurement x for a given
state ⇢. From its definition, it is not di�cult to conclude
that (1) J (x) = 0 for a gaussian p(x) = Tr(x̂⇢) and (2)
J (x) > 0 for any non-gaussian p(x). The concept of the
distance was originally introduced by E. Schrödinger un-
der the name of “negative entropy”[7]. Originally, the
quantity is introduced to describe the entropy of living
systems as its entropy is increasing in an equilibrium
state. It characterizes the entropic distance from the
gaussian state [14] and it is later called as neg-entropy.
Combining the negentropies of the two conjugate vari-

ables can be considered as an quantum nongaussianity.
It is because quantum state has more than one variable
which are incompetible each other. From the definition,
the bound of the nongaussianity can be identified by the
inequality,

0  J (x) + J (p)  ln(2�x�p/~). (10)

The quantum nongaussianity becomes zero when the
probability distribution for the both of the quadratures
are gaussian and it is upper bounded by quantity from
the quadrature variances.
Quantum nongaussianity-

Issues here,,,

• Can there be a state saturate the entropic uncer-
tainty relationship which are not a gaussian state?

• In the equal footing, it is also questionable which
non-gaussian state saturates the refined nongaus-
sian uncertainty relation.

• If it is not saturated what will be the physical
meaning of the gap between the non-gaussian lower
bound and the values of the quantum uncertainties?

The examples - · The entropy of a quantum state is
concave such that if there exists a state saturating in-
equality then the state must be pure state. So here, in
testing our new refined nongaussian uncertainty relation,
we only consider the examples which are non-gaussian
pure states.
The typical examples of pure states are as following.



NG1-Number state

❖ The wave function for the 
quadrature is give by Gaussian 
times Hermit polynomial

❖ The Heisenberg uncertainty is 
linearly increased as N 
increased.

❖ Entropic uncertainty/Neg-
entropy is also increasing log-
linearly along N.
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NG2-Laplace distribution

❖ Exp(-\lambda |x|)
❖ Fourier transformed to Lorenz 

distribution;                              
1/(p^2+\lambda^2)

❖ Quantum uncertainty is 
constant over \lambda

❖ Entropic uncertainty is quite 
saturated to the lower bound.

-3 -2 -1 0 1 2 3

0.5

1.0

1.5

2.0

0 1 2 3 4 l
2.2

2.4

2.6

2.8

3.0

Entropy

3

0.2 0.4 0.6 0.8 1.0
a

0.55

0.60

0.65

0.70

0.75

DX DP

FIG. 1: Schrodinger Cat state
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FIG. 2: Photon added coherent state. This figure should be

replaced by the other at some point.

• Number or Fock state |ni

• Schrodinger Cat state |↵i+ |� ↵i

• Photon added coherent state â
†|↵i

• Photon subtracted squeezed state âŜ(⇠)|0i where
Ŝ(⇠) ⌘ exp[⇠(â†)2 � ⇠

⇤(â)2].

• A state with Possonian distribution | i =
R
dx

q
�
2 e

��x/2|xi where x > 0. The uncertainty

relation of the state is well-behaving.

• thermal state

• mixture of thermal and squeezed state

I. A NON-GAUSSIAN QUANTUM STATE ;
STATE WITH LAPLACE DISTRIBUTION

Let us consider an example of non-gaussian quantum
state which satisfies Schrödigner equation. A quantum

state with a wave function which is given by a Laplace
distribution

 (x) =

r
�

2
e
��|x|/2 (11)

has its conjugate wave function in the form of the
Cauchy-Lorentz distribution from the fourier transforma-
tion as

'(p) =

r
�

⇡

2�

4p2 + �2
. (12)

The functions  (x) and  (p) can be quantum probabil-
ity densities whose modulo square become probability
functions. This form of the probability densities satis-
fies the requirement of quantum statistics as far as  (x)
and '(p) are in the conjugation relationship through the
fourier transformation (??). This is a typical example of
an asymmetric pure non-gaussian state However, it is not
very clear whether the state satisfies the minimum uncer-
tainty relation which is required in quantum mechanics.
Let us investigate the statistical properties of the quan-

tum state. It can be easily seen that they have zero mean
values and their variances are

hx2i = 2

�2
, hp2i = �

2

4
(13)

as they satisfies the Heisenberg minmum uncertainty re-
lation �x�p = 1/

p
2 > 1/2 when the Plank constant are

set to one ~ = 1. The entropies from the the distributions
| (x)|2 and |'(p)|2 are obtainable as

H(x) = 1� log(�/2), H(p) = log(4⇡�)� 2. (14)

Thus, it can be found that the state also satisfies the
entropic quantum uncertainty relationship,

H(x) +H(p) = log(8⇡)� 1 > log(⇡e). (15)

At the same time, the uncertainty relations for the Gaus-
sian state with same variances �x =

p
2/� and �p = �/2

are to be HG(x) +HG(p) = log(
p
2⇡e). It generates the

sequencies of uncertainties as

log(⇡e) < log(8⇡/e) < log(
p
2⇡e) (16)

which are (i) the lower bound of the entropic uncer-
tainty, (ii) entropic uncertainty for the Laplace distribu-
tion and (iii) entropic uncertainty for the Gaussian state
with same variances.
Since the wave functions are deviated from the Gaus-

sian state, the neg-entropies are not trivial and it read
that J (x) = log(

p
⇡)�1/2 and J (p) = 5/2� log(4

p
2⇡).

The sum of the neg-entropy corresponds to the di↵er-
ence between the entropic uncertainty of the Laplace
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p
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ues for the Heisenberg uncertainty reads
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=
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tive:

J(X) = HG(�x) � H(X), (5)

also known as neg-entropy [14]. This can be used to quantify
the deviation between a probability distribution and its Gaus-
sian reference (i.e. the Gaussian distribution with the same
variance), since clearly J(X) = 0 if and only if X is Gaussian
distributed and J(X) > 0 for any non-gaussian X. J(X) can
thus be taken as a possible quantification of non-Gaussianity
of the classical random variable X.

III. APPLICATION TO ENTROPIC UNCERTAINTY
RELATION

In the previous section, a formal definition and its proper-
ties of neg-entropy have been presented. The properties na-
trually provide casual proof that, for any random variable X,
the Shannon entropy of an arbitrary profiled CV state has an
upper bound as

H(X)  HG(�x) = ln(
p

2⇡e�x).

At the same time, for a single variable, no lower bound to
H(X) exists, and arbitrary negative values can be achieved;
the upper bound can instead be used to define the relative
entropy or Kullback-Leibler divergence [15]. An equivalent
statement is that J(X) � 0, but J(X) has no upper bound
[16]. Contrarily, due to the entropic uncertainty relation in
Eq. (2), a lower bound does however exist when considering
the combined entropies of two canonically conjugate quantum
variables, which will be discussed shortly.

In order to quantify the non-Gaussianity in a quantum state,
one should use the combined neg-entropy. For the case of
quantum state, non-Gaussian properties in more than one
quadrature are needed to be tested as like entropic UR in
(2). Using the quantification, our main result can be ob-
tained simply by rewriting Eq. (2) in terms of the combined
neg-entropies. Noting that H(X) = HG(�x) � J(X) (and the
analogue expression for P), we have HG(�x) + HG(�p) �
ln(⇡e) + J(X) + J(P) from (2) and (5). Taking exponentials
on both sides and performing some simple algebra, we obtain

�x�p �
1
2

eJ(X)+J(P). (6)

Eq. (6) is equivalent to entropic UR, but it has instructive form
with modification. It shows explicitly that entropic UR im-
plies the Heisenberg uncertainty relation, and that a necessary
condition for a state to saturate the latter is to have Gaussian
marginals. Hence, in continuous variables there is a hierarchy
between the two types of uncertainty relation, di↵erently from
the finite-dimensional case [8, 9, 17]. More importantly, we
identify that the “gap” between the two uncertainty relations
is exactly quantified by the (exponentiated) non-Gaussianity
of the two variables. In fact, Eq. (6) can also be seen as an up-
per bound to the combined neg-entropies of X and P for given
variances �x,�p:

J(X) +J(P)  ln(2�x�p). (7)
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(c) Photon added coherent state.
The bound becomes zero as the

state approaches to gaussian state.
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(d) Schrodinger Cat state. The
di↵erence between B and N

becomes constant at the large ↵.

FIG. 1: The change of uncertainty are plotted as the parameters of
the states are increased. The uncertainty bound B (red dashed) are
always larger than quantum non-gaussianity N (blue line) although
their behavior at the asymptotic limit are di↵ered by the state profiles.

We remark that the combination J(X) + J(P) depends on
the quantum state under consideration, as well as on the
choice of the canonically conjugate observables to be mea-
sured. This is in sharp contrast to typical studies of quantum
non-Gaussianity [18, 19], as they are concerned with quanti-
ties that depend solely on the quantum state ⇢ but not mea-
surements. For the purpose of the present study, an interesting
hybrid of classical and quantum concepts appears to provide
the most relevant quantification of non-Gaussianity. For sim-
plicity, from now on, we shall refer to the quantity

N ⌘ J(X) +J(P)

simply as quantum neg-entropy or gaussian distance as in the
spirit of classical non-Gaussianity. In the following section,
we will investigate the quantative behavior of the property for
the case of well-known non-Gaussian CV quantum states.

IV. SPECIFIC QUANTUM STATE EXAMPLES

Formulating entropic UR in Eq. (7) raises an interesting
question: what is the maximum value of N achievable for
a given value of the uncertainty product �x�p? In what fol-
lows, we shall present some typical examples of non-Gaussian
states of a single-mode CV system, and study their neg-
entropy N against the upper bound

B ⌘ ln(2�x�p)

which is provided in Eq.(7). The choice of pure states is dic-
tated by the fact that the entropies H(X) and H(P) are strictly
concave functions of the state. Hence, the entropic UR as well
as its reformulation (7) can only be saturated by pure gaussian
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tive:

J(X) = HG(�x) � H(X), (5)

also known as neg-entropy [14]. This can be used to quantify
the deviation between a probability distribution and its Gaus-
sian reference (i.e. the Gaussian distribution with the same
variance), since clearly J(X) = 0 if and only if X is Gaussian
distributed and J(X) > 0 for any non-gaussian X. J(X) can
thus be taken as a possible quantification of non-Gaussianity
of the classical random variable X.

III. APPLICATION TO ENTROPIC UNCERTAINTY
RELATION

In the previous section, a formal definition and its proper-
ties of neg-entropy have been presented. The properties na-
trually provide casual proof that, for any random variable X,
the Shannon entropy of an arbitrary profiled CV state has an
upper bound as

H(X)  HG(�x) = ln(
p

2⇡e�x).

At the same time, for a single variable, no lower bound to
H(X) exists, and arbitrary negative values can be achieved;
the upper bound can instead be used to define the relative
entropy or Kullback-Leibler divergence [15]. An equivalent
statement is that J(X) � 0, but J(X) has no upper bound
[16]. Contrarily, due to the entropic uncertainty relation in
Eq. (2), a lower bound does however exist when considering
the combined entropies of two canonically conjugate quantum
variables, which will be discussed shortly.

In order to quantify the non-Gaussianity in a quantum state,
one should use the combined neg-entropy. For the case of
quantum state, non-Gaussian properties in more than one
quadrature are needed to be tested as like entropic UR in
(2). Using the quantification, our main result can be ob-
tained simply by rewriting Eq. (2) in terms of the combined
neg-entropies. Noting that H(X) = HG(�x) � J(X) (and the
analogue expression for P), we have HG(�x) + HG(�p) �
ln(⇡e) + J(X) + J(P) from (2) and (5). Taking exponentials
on both sides and performing some simple algebra, we obtain

�x�p �
1
2

eJ(X)+J(P). (6)

Eq. (6) is equivalent to entropic UR, but it has instructive form
with modification. It shows explicitly that entropic UR im-
plies the Heisenberg uncertainty relation, and that a necessary
condition for a state to saturate the latter is to have Gaussian
marginals. Hence, in continuous variables there is a hierarchy
between the two types of uncertainty relation, di↵erently from
the finite-dimensional case [8, 9, 17]. More importantly, we
identify that the “gap” between the two uncertainty relations
is exactly quantified by the (exponentiated) non-Gaussianity
of the two variables. In fact, Eq. (6) can also be seen as an up-
per bound to the combined neg-entropies of X and P for given
variances �x,�p:

J(X) +J(P)  ln(2�x�p). (7)
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FIG. 1: The change of uncertainty are plotted as the parameters of
the states are increased. The uncertainty bound B (red dashed) are
always larger than quantum non-gaussianity N (blue line) although
their behavior at the asymptotic limit are di↵ered by the state profiles.

We remark that the combination J(X) + J(P) depends on
the quantum state under consideration, as well as on the
choice of the canonically conjugate observables to be mea-
sured. This is in sharp contrast to typical studies of quantum
non-Gaussianity [18, 19], as they are concerned with quanti-
ties that depend solely on the quantum state ⇢ but not mea-
surements. For the purpose of the present study, an interesting
hybrid of classical and quantum concepts appears to provide
the most relevant quantification of non-Gaussianity. For sim-
plicity, from now on, we shall refer to the quantity

N ⌘ J(X) +J(P)

simply as quantum neg-entropy or gaussian distance as in the
spirit of classical non-Gaussianity. In the following section,
we will investigate the quantative behavior of the property for
the case of well-known non-Gaussian CV quantum states.

IV. SPECIFIC QUANTUM STATE EXAMPLES

Formulating entropic UR in Eq. (7) raises an interesting
question: what is the maximum value of N achievable for
a given value of the uncertainty product �x�p? In what fol-
lows, we shall present some typical examples of non-Gaussian
states of a single-mode CV system, and study their neg-
entropy N against the upper bound

B ⌘ ln(2�x�p)

which is provided in Eq.(7). The choice of pure states is dic-
tated by the fact that the entropies H(X) and H(P) are strictly
concave functions of the state. Hence, the entropic UR as well
as its reformulation (7) can only be saturated by pure gaussian
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tive:

J(X) = HG(�x) � H(X), (5)

also known as neg-entropy [14]. This can be used to quantify
the deviation between a probability distribution and its Gaus-
sian reference (i.e. the Gaussian distribution with the same
variance), since clearly J(X) = 0 if and only if X is Gaussian
distributed and J(X) > 0 for any non-gaussian X. J(X) can
thus be taken as a possible quantification of non-Gaussianity
of the classical random variable X.

III. APPLICATION TO ENTROPIC UNCERTAINTY
RELATION

In the previous section, a formal definition and its proper-
ties of neg-entropy have been presented. The properties na-
trually provide casual proof that, for any random variable X,
the Shannon entropy of an arbitrary profiled CV state has an
upper bound as

H(X)  HG(�x) = ln(
p

2⇡e�x).

At the same time, for a single variable, no lower bound to
H(X) exists, and arbitrary negative values can be achieved;
the upper bound can instead be used to define the relative
entropy or Kullback-Leibler divergence [15]. An equivalent
statement is that J(X) � 0, but J(X) has no upper bound
[16]. Contrarily, due to the entropic uncertainty relation in
Eq. (2), a lower bound does however exist when considering
the combined entropies of two canonically conjugate quantum
variables, which will be discussed shortly.

In order to quantify the non-Gaussianity in a quantum state,
one should use the combined neg-entropy. For the case of
quantum state, non-Gaussian properties in more than one
quadrature are needed to be tested as like entropic UR in
(2). Using the quantification, our main result can be ob-
tained simply by rewriting Eq. (2) in terms of the combined
neg-entropies. Noting that H(X) = HG(�x) � J(X) (and the
analogue expression for P), we have HG(�x) + HG(�p) �
ln(⇡e) + J(X) + J(P) from (2) and (5). Taking exponentials
on both sides and performing some simple algebra, we obtain

�x�p �
1
2

eJ(X)+J(P). (6)

Eq. (6) is equivalent to entropic UR, but it has instructive form
with modification. It shows explicitly that entropic UR im-
plies the Heisenberg uncertainty relation, and that a necessary
condition for a state to saturate the latter is to have Gaussian
marginals. Hence, in continuous variables there is a hierarchy
between the two types of uncertainty relation, di↵erently from
the finite-dimensional case [8, 9, 17]. More importantly, we
identify that the “gap” between the two uncertainty relations
is exactly quantified by the (exponentiated) non-Gaussianity
of the two variables. In fact, Eq. (6) can also be seen as an up-
per bound to the combined neg-entropies of X and P for given
variances �x,�p:

J(X) +J(P)  ln(2�x�p). (7)
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FIG. 1: The change of uncertainty are plotted as the parameters of
the states are increased. The uncertainty bound B (red dashed) are
always larger than quantum non-gaussianity N (blue line) although
their behavior at the asymptotic limit are di↵ered by the state profiles.

We remark that the combination J(X) + J(P) depends on
the quantum state under consideration, as well as on the
choice of the canonically conjugate observables to be mea-
sured. This is in sharp contrast to typical studies of quantum
non-Gaussianity [18, 19], as they are concerned with quanti-
ties that depend solely on the quantum state ⇢ but not mea-
surements. For the purpose of the present study, an interesting
hybrid of classical and quantum concepts appears to provide
the most relevant quantification of non-Gaussianity. For sim-
plicity, from now on, we shall refer to the quantity

N ⌘ J(X) +J(P)

simply as quantum neg-entropy or gaussian distance as in the
spirit of classical non-Gaussianity. In the following section,
we will investigate the quantative behavior of the property for
the case of well-known non-Gaussian CV quantum states.

IV. SPECIFIC QUANTUM STATE EXAMPLES

Formulating entropic UR in Eq. (7) raises an interesting
question: what is the maximum value of N achievable for
a given value of the uncertainty product �x�p? In what fol-
lows, we shall present some typical examples of non-Gaussian
states of a single-mode CV system, and study their neg-
entropy N against the upper bound

B ⌘ ln(2�x�p)

which is provided in Eq.(7). The choice of pure states is dic-
tated by the fact that the entropies H(X) and H(P) are strictly
concave functions of the state. Hence, the entropic UR as well
as its reformulation (7) can only be saturated by pure gaussian
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squeezing parameter ⇠ and the values coincide to the one for
the single photon Fock state. It instructively indicates that the
squeezing operation does not influance the amount of non-
gaussianity N as well as its upper bound B.

D. Coherent superposition state: Schrödinger cat state

It is well-known that continuous variable coherent super-
position state (also known as Schrödinger cat state) is a useful
resource for the various purposes of quantum information pro-
cessing, e.g.[21]. In this subsection, we investigate the proper-
ties of the coherent superposition (CS) state which are related
with the uncertainty relation. The state is defined in general
as

| i = 1
p

2(1 + e�2|↵|2 cos ✓)
(|↵i + ei✓| � ↵i), (16)

where the coherent state |↵i is implicitly defined as â|↵i =
↵|↵i. We shall restrict to ↵ 2 R for simplicity, such that the
configuration space wavefunction reads

 (x) =
⇡�1/4

p
2(1 + e�2|↵|2 cos �)

[e�
1
2 (x�x̄)2

+ ei✓e�
1
2 (x+x̄)2

] (17)

where x̄ =
p

2↵. From this, we calculate all quantities of
interest (see Fig.1(d) for some examples). In the limit of large
|↵|, we can extract some simple analytical expressions. For
↵ � 1 we obtain the asymptotic expressions, which do not
depend on ✓:

�x '
q

1
2 + 2↵2, �p '

1p
2
,

H(X) ' ln
p

4⇡e, H(P) ' ln
p
⇡e, (18)

B ' ln
p

1 + 4↵2, N ' ln

r
1
4
+ ↵2.

We can see that B �N tends to a constant as ↵! 1:

B �N = ln

s
1 + 4↵2

1/4 + ↵2 ' ln 2 (at ↵! 1). (19)

This is indeed expected from the structure of CS states for
large real ↵: the x̂-probability distribution tends to a bimodal
one, while the p̂ distribution to a gaussian with variance 1/2.
Hence, as ↵ is increased the sum H(X) + H(P) eventually sat-
urates, while the standard deviation �x will increase with ↵
linearly (approximately).

It is instructive to know that B �N has asymtotic constant
value ln 2. It is compatible to the case of coherent state |↵i
whose variances are constant in every quadratures as �x✓ =
1/
p

2. Consequence of the finite variance for coherent state
is that the state is viewed as a single point in the large photon
number limit as like a point of classical Harmonic oscillator
in phase space. Similary, the e↵ect of finite B � N is to be
considered as (B�N)/B becomes arbitrary small in the large
B limit. It implies that, in the largeB scale, the CS state can be
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FIG. 2: Mixed state example of uncertainty relation. The factors,
N (Blue line) and B (Red dots), in the entropic uncertainty relation
are plotted for the case of photon added thermal state. The relation
becomes tighter with purity correction.

viewed as a state whose uncertainty B is saturated to the value
of non-gaussianity (or gaussian distance) N as like coherent
field in the phase space. In that regards, it is sensible to argue
that the CS state (or Schrödinger cat state) is asymtotically
optimized with respect to our refined uncertainty relation (7).

E. Photon added thermal state; Non-gaussian mixed state

Upto this point, we had investigated the properties of en-
tropic uncertainty relation for the case of non-gaussian pure
states. In a generalized case, it is still intriguing whether a
non-gaussian mixed state follows the analytic behavior of the
modified uncertainty relation. Inspired by the recent results
[19, 22], it can be conjectured that the lower bound of general
entropic UR contains additional term with mixedness and it
reads

J(X) +J(P)  ln(2�x�p) + ln(µ) (20)

with purity of the state defined as µ = Tr[⇢2]. It is worth
to mention that modification of CV entropic UR with purity
is quantativiely di↵erent from the case of finite dimensional
entropic UR. The di↵erence can be identified from the fact
that the additional term by mixedness in the finite dimensional
case is given by the von Neumann entropy S (⇢) [23]. For
the case of CV state, the inequality relation Eq.(20) becomes
equality in the gaussian limit which is derived simply from
the modified minimum Heisenberg uncertainty relation [22].
However, the inequality is nontherless trivial when the given
state has general non-gaussian profile and it should be stressed
that validity of the relation with purity µ for a general state
has not been genuinely confirmed before. Here we provide
heuristic aruguement of the modified inequality (20) through
a specific example of non-gaussian mixed state.

In order to analyzing the uncertainty relation (20), we con-
sider a photon added thermal state

⇢add = â†⇢thâ where ⇢th =
1

n̄ + 1

X✓ n̄
n̄ + 1

◆n
|nihn| (21)

and n̄ is mean photon number of the state. It can be taken as a
simple example of non-gaussina mixed state. Probability dis-
tribution of the state in the quadrature space pn̄(x) = hx|⇢add |xi
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squeezing parameter ⇠ and the values coincide to the one for
the single photon Fock state. It instructively indicates that the
squeezing operation does not influance the amount of non-
gaussianity N as well as its upper bound B.

D. Coherent superposition state: Schrödinger cat state

It is well-known that continuous variable coherent super-
position state (also known as Schrödinger cat state) is a useful
resource for the various purposes of quantum information pro-
cessing, e.g.[21]. In this subsection, we investigate the proper-
ties of the coherent superposition (CS) state which are related
with the uncertainty relation. The state is defined in general
as
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Hence, as ↵ is increased the sum H(X) + H(P) eventually sat-
urates, while the standard deviation �x will increase with ↵
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N (Blue line) and B (Red dots), in the entropic uncertainty relation
are plotted for the case of photon added thermal state. The relation
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viewed as a state whose uncertainty B is saturated to the value
of non-gaussianity (or gaussian distance) N as like coherent
field in the phase space. In that regards, it is sensible to argue
that the CS state (or Schrödinger cat state) is asymtotically
optimized with respect to our refined uncertainty relation (7).

E. Photon added thermal state; Non-gaussian mixed state

Upto this point, we had investigated the properties of en-
tropic uncertainty relation for the case of non-gaussian pure
states. In a generalized case, it is still intriguing whether a
non-gaussian mixed state follows the analytic behavior of the
modified uncertainty relation. Inspired by the recent results
[19, 22], it can be conjectured that the lower bound of general
entropic UR contains additional term with mixedness and it
reads

J(X) +J(P)  ln(2�x�p) + ln(µ) (20)

with purity of the state defined as µ = Tr[⇢2]. It is worth
to mention that modification of CV entropic UR with purity
is quantativiely di↵erent from the case of finite dimensional
entropic UR. The di↵erence can be identified from the fact
that the additional term by mixedness in the finite dimensional
case is given by the von Neumann entropy S (⇢) [23]. For
the case of CV state, the inequality relation Eq.(20) becomes
equality in the gaussian limit which is derived simply from
the modified minimum Heisenberg uncertainty relation [22].
However, the inequality is nontherless trivial when the given
state has general non-gaussian profile and it should be stressed
that validity of the relation with purity µ for a general state
has not been genuinely confirmed before. Here we provide
heuristic aruguement of the modified inequality (20) through
a specific example of non-gaussian mixed state.

In order to analyzing the uncertainty relation (20), we con-
sider a photon added thermal state

⇢add = â†⇢thâ where ⇢th =
1

n̄ + 1

X✓ n̄
n̄ + 1

◆n
|nihn| (21)

and n̄ is mean photon number of the state. It can be taken as a
simple example of non-gaussina mixed state. Probability dis-
tribution of the state in the quadrature space pn̄(x) = hx|⇢add |xi
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FIG. 3: Comparison of the total neg-entropy N versus the state-
dependent boundB for di↵erent examples of quantum states together
with the randomly generated pure state. It shows that the coherent
superposition state behaves closely to the lower bounds while there
exists more optimal state.

is given as

pn̄(x) = | (x)|2 = n̄(1 + 2n̄) + 2(1 + n̄)x2
p
⇡(1 + 2n̄)5/2

e�
x2

1+2n̄ (22)

and it can be used to evaluate the relavent quantity for URs.
Figures in (2(a)) and (2(b)) are plot of neg-entropiesN for the
photon added thermal state and their upper bounds B, with
and without purity term ln(µ). The validation of result can
be made at the extreme limit such that n̄ = 0 makes the state
pure where the purity term disappears and n̄ ! 1 leads the
state approached to a completely mixed gaussian state whose
bound coincides to the value of non-Gaussianity. It means
that entropic UR becomes tigher with log scaled purity term
simliar to Heisenberg UR.

V. QUANTATIVE ANALYSIS FOR OPTIMAL
UNCERTAINTY WITH PSEUDO RANDOM STATES

Here, we ask a question whether there exists a class of non-
gaussian state which saturates entropic UR in Eq. (7) com-
pletely. Such a non-gaussian state will attain the minimum
entropic bound and show quantatively di↵erent behavior com-
pared to the gaussian minimum uncertainty states (e.g. coher-
ent state). It means that the minimal entropic UR state can
contain maximum information from the information theoret-
ical point of view. So far, it turns out that none of the states
in examples above do not satisfy the minimum entropic un-
certainty principles while they still do not exclude potential
existance of a non-gaussian minimum uncertainty state.

In order to investigate the existance of the state with optimal
uncertainty, we try to locate the state using random state gen-
eration method. Within an appropriate numerical complexity,
we generate 11 pseudo-random complex numbers c0, ..., c10,
and construct a pure quantum state. Then, a set of states are
obtained as

| i = 1
pP

n |cn|2
10X

n=0

cn|ni. (23)

The wavefunction in configuration space  (x) = hx| i can be
found easily by exploiting Eq. (8), and all relevant statistical
properties can be calculated numerically from p(x) = | (x)|2.
The state is constructed to test the existance of the optimal
entropic UR state in comparison to the non-gaussian states
that we had investigated in the privious section.

The figure (3) shows the comparison between the total neg-
entropy N versus the state-dependent bound B for di↵erent
examples of quantum states together with the randomly gen-
erated pure state in Eq. (23). In the figure, red line repre-
sents the minimal bound of entropic UR when a set of non-
gaussian states satisfy N = B. It means that any physical
state cannot go beyond the region above the red line. It also
shows that the coherent superposition state (green line) be-
haves closely to the entropic lower bounds while the number
state (pink dots) is deviated from minimal uncertainty line at
a larger non-gaussian region B � 1.

Blue dots represent N/B ratio of the psudo-random state
and they are scattered around region below the minimal un-
certainty bound. All the states exist in the physical region as
it is found. Additionally, it can be found that there are states
that go beyond the green line for coherent superposition state
although their deviation from the state are not very huge. It
means that there are states that is more optimal than coherent
superposition state in terms of entropic UR. In this investiga-
tion, we can predict the existance of optimal entropic UR state
although it is not definitive whether there can be any analytic
expression of a state which satisfy N = B. Once more, to-
gether with all the results that we have so far, we can conclude
that there can be a class of state which satisfiesN = B and the
state is information theoretically optimized together with our
new characterization of non-gaussianity of a quantum state.

VI. REMARKS

In this work, we have shown that the maximum entropy
principle by Shannon allows one to rewrite the entropic UR
in a refined way as it coincides with modified Heisenberg’s
uncertainty relation. From the derivation, a new characteriza-
tion of a quantum non-Gaussianity has been followed from the
fact that the principle explicitly features deviation of the posi-
tion and the momentum probability densities from appropriate
reference Gaussians simutaneously. The non-Gaussianities
and its upper bounds of various non-gaussian CV states have
been evaluated and it turns out that coherent superposition
state asymptotically optimizes the refined entropic UR. To-
gether with non-Gaussianity, when the state is in a statistical
mixture, it is also found that lower bound of entropic uncer-
tainty relation is enhanced by purity. A potiential existance
of completely optimal entropic UR state has been investigated
through the random state generation method. As its results,
a state closer to the mininal uncertainty bound than CS state
is identified in the small uncertainty, B, region. An opera-
tional meaning of the new class of information theoretically
optimized state is left as its future studies.
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Remarks
❖ For the case of discrete variable system, the Heisenberg 

UR and Entropic UR characterizes uncertainty of the 
systems differently. (Provide state sensitive 
characterization.)

❖  For the case of continuous variable state, entropic UR 
provide stronger condition then Heisenberg UR. (i.e. The 
lower bound of the Heisenberg UR is needed to be 
changed when it is not Gaussian.)

2

and entropic UR is a Gaussian state. Our simple proof
is based upon the optimality

——————Introduction——————————-
The question that had been answered within our
formalism are

• The only function of probability which satisfies
the minimum Heisenberg uncertainty relationship
is Gaussian state. (Because of the optimality of
entropy.)

• Question: Which state satisfies the minimum En-

tropic uncertainty relationship? (Gaussian state or
not?) It is conjectured that it is the Gaussian state.

• Sum of neg-entropy J (x) + J (p); Are they right
notion of nongaussianity?

• With the neg-entropy, lower bound of the Heisen-
berg uncertainty relationship should be modified.

Here, we claim that the Heisenberg uncertainty crite-
ria (1) for a quantum continuous variable state should
be modified with the notion that how much the quantum
state is deviated from the Gaussian profile and the pure
state. Similar proposal had been made by N. Cerf, how-
ever, our quantitive definition of the deviations is com-
pletely di↵erent and complete. The Heisenberg uncertain
relation is need to be refined with the non-gaussian dis-
tance (8) as

�x�p � ~
2
exp

h
N (⇢) + S(⇢)

i
(4)

where N (⇢) = J (x)+J (p) is the non-gaussian distances
of the state ⇢ and S(⇢) is von Neumann’s entropy of the
state ⇢[15]. The inequality (4) is straightforward from the
definitions of nongaussian distance N (⇢) and the Neg-
entropy J (x) whose definitions are to be followed. For-
mal definition of the measure of the distance is given as
di↵erential entropy J (x) which is

J (x) = HG(x)�H(x) (5)

⌘ log �x

p
2⇡e�H(x) (6)

where �x is the variance of measurement x for a given
state ⇢. From its definition, it is not di�cult to conclude
that (1) J (x) = 0 for a gaussian p(x) = Tr(x̂⇢) and (2)
J (x) > 0 for any non-gaussian p(x).

Recently, a characterization of quantum nongaussian-
ity for a given quantum system had been studied by
Genoni et. al. [11] and Mandilara et. al. [12]. The char-
acterization of the Gaussianity has been made as a dis-
tance between a given state and a Gaussian state which
has a same variance with the original state. In fact, the
gaussianity had been defined for a given quantum state
apart from the performed measurement.

Assuming that Hx +Hp � log(⇡e) + S(⇢) holds in the
continuous variable case, one can derive

�x�p � 1

2
eJx+Jp (7)

We have to check the proof of the finite-dimensional case:
see arXiv:1402.1143.
Neg-entropy and gaussian distance - Under the

premises that a gaussian state is optimized with respect
to the Shannon’s entropy, one can consider a measure
of distance which characterizes a nongaussian state. Ne-
gentropy is based on the information-theoretic quantity
of (di↵erential) entropy. At a fixed variance, the di↵er-
ence of Shannon entropies between a given state and a
gaussian state with same variance can be taken as non-

gaussian distance. Formal definition of the measure of
the distance is given as di↵erential entropy J (x) which
is

J (x) = HG(x)�H(x) (8)

⌘ log �x

p
2⇡e�H(x) (9)

where �x is the variance of measurement x for a given
state ⇢. From its definition, it is not di�cult to conclude
that (1) J (x) = 0 for a gaussian p(x) = Tr(x̂⇢) and (2)
J (x) > 0 for any non-gaussian p(x). The concept of the
distance was originally introduced by E. Schrödinger un-
der the name of “negative entropy”[7]. Originally, the
quantity is introduced to describe the entropy of living
systems as its entropy is increasing in an equilibrium
state. It characterizes the entropic distance from the
gaussian state [14] and it is later called as neg-entropy.
Combining the negentropies of the two conjugate vari-

ables can be considered as an quantum nongaussianity.
It is because quantum state has more than one variable
which are incompetible each other. From the definition,
the bound of the nongaussianity can be identified by the
inequality,

0  J (x) + J (p)  ln(2�x�p/~). (10)

The quantum nongaussianity becomes zero when the
probability distribution for the both of the quadratures
are gaussian and it is upper bounded by quantity from
the quadrature variances.
Quantum nongaussianity-

Issues here,,,

• Can there be a state saturate the entropic uncer-
tainty relationship which are not a gaussian state?

• In the equal footing, it is also questionable which
non-gaussian state saturates the refined nongaus-
sian uncertainty relation.

• If it is not saturated what will be the physical
meaning of the gap between the non-gaussian lower
bound and the values of the quantum uncertainties?

The examples - · The entropy of a quantum state is
concave such that if there exists a state saturating in-
equality then the state must be pure state. So here, in
testing our new refined nongaussian uncertainty relation,
we only consider the examples which are non-gaussian
pure states.
The typical examples of pure states are as following.



Further remarks

❖ As like coherent state is 
optimised for the Heisenberg 
uncertainty,

❖ Schrodinger Cat state is 
optimised for the entropic 
uncertainty relation.

|↵i �x�p � ~/2

|↵i+ |� ↵i

H(A) +H(B) � �2 ln c

c(A,B) = max
ij

hai|bji or 1/
p
⇡e~



Quantifiable simulation of quantum computation 
beyond Stochastic ensemble computation; 

Quantum advantage in a calculation



The first (BIG) question(s) 

❖ Benchmark of quantum 
advantage for the extra 
ordinary computation

❖ How much does the causality 
take part in at the process of 
computation?



Quantum computation vs Stochastic ensemble comp. 

❖ Standard process for quantum 
computation

❖ Stochastic ensemble computation 
(Probabilitistic Turing machine)



Basic assumptions and readout inequality
❖ Basic assumptions for the read out probabilities 

(Bayesian & Marginals + consistency hypothasis)

❖ Read out inequality for causality (Macro realism)



Quantum violation of the read out inequalities
❖ Evolution of quantum state and its 

measurements

❖ Relevant read out inequality and its 
violation





Further studies: Contextuality-LHV model (KCBS and Bell -
CHSH)

❖ Sum of joint probabilities for the 
KCBS scenario

❖ Bell-CHSH graph from the joint 
probabilities 

❖ Generalization for the arbitrary 
graph
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