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Lecture 1



Act I
Axiomatic Hydrodynamics



The hydrodynamic effective field theory

✦ Relativistic fluid dynamics is best thought of as an effective field theory for 
quantum systems in local, but not global, thermal equilibrium. 

✦ The description in terms of fluid dynamics is valid when departures from 
equilibrium are on scales that are large compared to the characteristic 
mean free path of the underlying quantum dynamics. 

✦ Local domains of equilibrated 
fluid can be characterized by the 
local temperature/energy density 
and conserved charges. 

✦ Energy/charge flux exchanged 
across the domains: velocity field.

`mfp ⌧ L , tmfp ⌧ t



Axioms of Hydrodynamics I: Fields

✦ Hydrodynamics describes low-energy, near-equilibrium  fluctuations of an 
equilibrium Gibbsian density matrix on scales large compared to the 
characteristic mean free path.  

✦ The macroscopic description involves currents which capture energy-
momentum and charge transport                  (and entropy current      ). Tµ⌫ , Jµ

✦ The currents are functionals of the hydrodynamic fields, which are the 
intensive variables characterizing the density matrix and background 
sources.

✴  temperature and chemical potential 
and a flux vector (fluid velocity) 

✴ background metric and 
electromagnetic potential

T, µ, uµ, uµ uµ = �1

gµ⌫ , Aµ

Jµ
S



Axioms of Hydrodynamics II: Data

✴ Repackage the dynamical degrees of  freedom in a vector an scalar

✴ The currents of hydrodynamics are expressed as functionals of the 
hydrodynamical fields and the background sources.

thermal vector thermal twist

2.1 The adiabaticity equation
sec:amotive

Consider a fluid characterized by normalized velocity field uµ (with uµuµ = �1), temperature

T and chemical potential µ moving in a background geometry M with metric gµ⌫ and a

background flavor gauge field Aµ which generically will be taken to be non-abelian.11 We

will work in d spacetime dimensions and will assume that the hydrodynamic fields {uµ, T, µ}

as well as the background sources {gµ⌫ , Aµ} are slowly varying on this spacetime manifold

throughout our discussion.

While we could choose to work with the hydrodynamic fields defined above it is in fact

convenient to repackage them into an unnormalized vector field and a scalar field. By a simple

redefinition we therefore introduce a the hydrodynamic fields (denoted collectively by B)

B ⌘ {�,⇤�} , �µ
⌘

uµ

T
, ⇤� ⌘

µ

T
�

u�

T
A� . (2.1) eq:hydrofields

The fields {�µ,⇤�} which we refer to as the thermal vector and thermal twist, encode the

same hydrodynamic data as the fields {uµ, T, µ}. We can explicitly invert the above relations

to get

uµ =
�µ

p
�g↵��↵��

, T =
1p

�g↵��↵��
, µ =

⇤� + ��A�p
�g↵��↵��

. (2.2) eq:Tumuinvert

Thus for the rest of the discussion, the dynamical content of hydrodynamics is captured by

the d+ 1 degrees of freedom in the vector field �µ and scalar field ⇤�.

A general hydrodynamic system as reviewed in §1 is characterized by a set of currents: we

have the energy-momentum tensor Tµ⌫ and a charge current Jµ which should be considered

dynamical. In addition we have an entropy current Jµ

S
which enforces the constraint of the

second law. It is also useful to include the free energy current Gµ, which is a particular linear

combination of the above, which we will encounter shortly, cf., (2.17). To simplify notation,

we will collect the various currents we have introduced into a single set by introducing a

collection of tensor fields CH

CH ⌘ {Tµ⌫ , Jµ, Jµ

S
, Gµ

} . (2.3) eq:hydrocurrents

These currents should all be thought of as given by local covariant functionals of the

background and hydrodynamical fields which we also collectively denote as  

 ⌘ {gµ⌫ , Aµ,�
µ,⇤�} . (2.4) eq:hfields

Then we can write for our currents CH = CH [ ] or more explicitly, for the fundamental

currents we have

Tµ⌫ = Tµ⌫ [ ] = Tµ⌫ [g↵� , A↵,�
↵,⇤�]

Jµ = Jµ [ ] = Jµ [g↵� , A↵,�
↵,⇤�]

Jµ

S
= Jµ

S
[ ] = Jµ

S
[g↵� , A↵,�

↵,⇤�] .

(2.5)

11 Generalizations to arbitrary number of flavour symmetries is straightforward.
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• currents

• fields

• constitutive 
relations

Tµ⌫ , Jµ, Jµ
S

2.1 The adiabaticity equation

Consider a fluid characterized by normalized velocity field u
µ (with u

µ
uµ = �1), temperature

T and chemical potential µ moving in a background geometry M with metric gµ⌫ and a

background flavour gauge field Aµ which generically will be taken to be non-abelian.14 We

will work in d spacetime dimensions and will assume that the hydrodynamic fields {uµ, T, µ}

as well as the background sources {gµ⌫ , Aµ} are slowly varying on this spacetime manifold

throughout our discussion.

While we could choose to work with the hydrodynamic fields defined above it is in fact

convenient to repackage them into an unnormalized vector field and a scalar field. By a simple

redefinition we therefore introduce the hydrodynamic fields (denoted collectively by B)

B ⌘ {�,⇤�} , �µ
⌘

u
µ

T
, ⇤� ⌘

µ

T
�

u
�

T
A� . (2.1)

The fields {�µ
,⇤�} which we refer to as the thermal vector and thermal twist, encode the

same hydrodynamic data as the fields {uµ, T, µ}. We can explicitly invert the above relations

to get

u
µ =

�µ

p
�g↵��↵��

, T =
1p

�g↵��↵��
, µ =

⇤� + ��
A�p

�g↵��↵��
. (2.2)

Thus for the rest of the discussion, the dynamical content of hydrodynamics is captured by

the d+ 1 degrees of freedom in the vector field �µ and scalar field ⇤�.

A general hydrodynamic system as reviewed in §1 is characterized by a set of currents: we

have the energy-momentum tensor Tµ⌫ and a charge current Jµ which should be considered

dynamical. In addition we have an entropy current J
µ

S
which enforces the constraint of the

second law. It is also useful to include the free energy current Gµ, which is a particular linear

combination of the above, which we will encounter shortly, cf., (2.18). To simplify notation,

we will collect the various currents we have introduced into a single set by introducing a

collection of tensor fields CH

CH ⌘ {T
µ⌫
, J

µ
, J

µ

S
} , (2.3)

where instead of Jµ

S
we often equivalently consider the Gibbs free energy current G

µ to be

defined in due course.

These currents should all be thought of as given by local covariant functionals of the

background and hydrodynamical fields which we also collectively denote as  

 ⌘ {gµ⌫ , Aµ,�
µ
,⇤�} . (2.4)

Then we can write for our currents CH = CH [ ] or more explicitly, for the fundamental

currents we have

T
µ⌫ = T

µ⌫ [ ] = T
µ⌫ [g↵� , A↵,�

↵
,⇤�]

J
µ = J

µ [ ] = J
µ [g↵� , A↵,�

↵
,⇤�]

J
µ

S
= J

µ

S
[ ] = J

µ

S
[g↵� , A↵,�

↵
,⇤�] .

(2.5)

14 Generalizations to arbitrary number of flavour symmetries is straightforward.
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Axioms of Hydrodynamics III: Dynamics

✦ The dynamical content of hydrodynamics is the statement of conservation, 
modulo work done by sources and anomalies:

These relations are termed constitutive relations.

The dynamical information of hydrodynamics comprises simply of the statement of con-

servation modulo source terms (which do work on the system) and anomalies. In general

we can write the conservation equations for a microscopic quantum theory with flavour and

Lorentz anomalies in the presence of background sources as:

r⌫T
µ⌫ = J⌫ · F

µ⌫ +Tµ?

H
D⌫J

⌫ = J?H . (2.6) eq:hydroCons

Here, Fµ⌫ and Dµ denote the field-strength and gauge-covariant derivative associated with

Aµ while {Tµ?

H
, J?

H
} are the covariant Lorentz and flavour anomalies respectively.12 The

center-dot “·” is reserved for gauge index contraction which we will never write explicitly.

The gauge-covariant derivative acts on tensors Xµ···⌫
⇢···� in a familiar fashion, viz.,

D↵X
µ···⌫

⇢···� = r↵X
µ···⌫

⇢···� + [A↵, X
µ···⌫

⇢···�] . (2.8) eq:CovDer

These equations which we term as the hydrodynamic Ward identities, together with rµJ
µ

S
� 0

capturing the essence of the second law, complete the specification of the hydrodynamic

e↵ective field theory in the current algebra language.

The task of a hydrodynamicist is to provide these constitutive relations, order by order

in gradients of the fields  , subject to symmetry and second law requirements, cf., [2] for the

classic treatment. We will refer the reader to the vast literature on hydrodynamic constitutive

relations which have been computed (in certain cases up to the second order in the gradient

expansion); see [34, 35] for a partial summary of certain results in the past few years.13

While most analyses of the second law constraints are done by classifying first on-shell

independent data, as explained in §1 it is useful to work o↵-shell. To this end we want to

extend the statement of the second law, viz.,

9 Jµ

S
[ ] : rµJ

µ

S
� 0 , (2.9) eq:slaw

to a more amenable one which is agnostic of dynamics. The simplest way to proceed is

to use the fact that linear combinations of the equations of motion can be added to (2.9)

without a↵ecting the inequality [30]. All we need is appropriate Lagrange multipliers to

ensure that the vectorial energy conservation and the scalar charge conservation equations

can be combined with the gradient of the entropy current. The canonical choice is simply

12 If P[F ,R] is the anomaly polynomial, then the covariant anomalies are determined using the following

equations:

J?H
?1 ⌘ @P

@F
, ⌃?⌫

H µ

?1 ⌘ 2
@P

@Rµ
⌫

, Tµ?
H

⌘ 1
2
r⌫⌃

?µ⌫

H
. (2.7)

Here ⌃?µ⌫

H
is the torque on the system due to Lorentz anomaly. We adopt a bold-face notation for di↵erential

forms. In general our notation follows that of [13, 14, 27] where the reader will find further details on the

conventions used herein. We will be more explicit when we solve the anomalous adiabaticity equation in §12.
13 These computations are typically done by fixing a fluid frame (e.g., in the Landau frame one demands

that the non-ideal parts of Tµ⌫ and Jµ are transverse to velocity). We will a-priori make no such assumptions

though at various stages of our analysis we will present results by making certain frame choices.
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work term covariant anomalies

✦ These are effectively Ward identities for the one-point functions of the 
conserved currents in the fluctuating Gibbs density matrix. 

✦ The task of a hydrodynamicist is to specify the currents as a functional of the 
hydrodynamic fields, consistent with the dynamics, constructing a current 
algebra of sorts, but…



Axioms of Hydrodynamics IV: Constraints

✦ From a macroscopic, statistical viewpoint, one has to demand that a local 
form of the second law of thermodynamics is upheld. 

✦ This is required to be upheld on-shell, and complicates the analysis of 
hydrodynamics, for without it the current algebra can be analyzed purely in 
terms of representation theory. 

✦ Note that usually one only requires the existence of some entropy current.

✦ From a microscopic viewpoint the entropy current is rather mysterious; it is 
not associated with any underlying symmetry per se.

9 Jµ
S [ ]: 8  on-shell rµJµ

S [ ] � 0

• Opportunity: Understand a Wilsonian hydrodynamic theory consistent with 
second law.



Neutral fluids

✦ A neutral fluid is characterized by its energy-momentum stress tensor

Pµ⌫ = gµ⌫ + uµ u⌫

spatial metric

shear

vorticity

expansion

acceleration

rµu⌫ = �(µ⌫) + ![µ⌫] +⇥Pµ⌫ � uµ a⌫

Tµ⌫ = ✏(T )uµ u⌫ + p(T )Pµ⌫ � ⌘(T )�µ⌫ � ⇣(T )⇥Pµ⌫ + · · ·

A<↵�> =

✓
P↵µP�⌫ � 1

d� 1
P↵� gµ⌫

◆
Aµ⌫

�µ⌫ = P↵
µ P �

⌫

✓
r(↵u�) � ⇥

d � 1
P↵�

◆

!µ⌫ = P↵
µ P �

⌫ r[↵u�]

⇥ = r↵u
↵

aµ = u⌫r⌫u
µ

<latexit sha1_base64="xHmC75Hv8ebdUMCDpV++8wSlLrk="></latexit><latexit sha1_base64="xHmC75Hv8ebdUMCDpV++8wSlLrk="></latexit><latexit sha1_base64="xHmC75Hv8ebdUMCDpV++8wSlLrk="></latexit><latexit sha1_base64="xHmC75Hv8ebdUMCDpV++8wSlLrk="></latexit>



Neutral fluids

✦ A neutral fluid is characterized by its energy-momentum stress tensor

✦ The second law forces some of the transport data to satisfy some 
inequalities, e.g., the viscosities are non-negative definite (friction)

Pµ⌫ = gµ⌫ + uµ u⌫

spatial metric shear vorticity
expansion

acceleration

rµu⌫ = �(µ⌫) + ![µ⌫] +⇥Pµ⌫ � uµ a⌫

Tµ⌫ = ✏(T )uµ u⌫ + p(T )Pµ⌫ � ⌘(T )�µ⌫ � ⇣(T )⇥Pµ⌫ + · · ·

Jµ
S = s uµ + · · ·

⌘, ⇣ � 0rµJ
µ
S = ⌘ �2 + ⇣ ⇥2 + · · ·



Benchmarking hydrodynamics

✦ To set the stage for our Wilsonian framework, we need to understand 
hydrodynamic constitutive relations compatible with second law. 

✦ Ideally, this should data should be given to us off-shell, since we are aiming 
to construct effective action.

✦ STRATEGY 

✴  Take the entropy current constraint off-shell. 

✴  Classify all off-shell physical constitutive relations.  

✴  Derive the resulting constitutive relation from an effective action.



Off-shell entropy production

✦  Take the statement of the second law off-shell Lagrange multipliers

will work in d spacetime dimensions and will assume that the hydrodynamic fields {uµ, T, µ}

as well as the background sources {gµ⌫ , Aµ} are slowly varying on this spacetime manifold

throughout our discussion.

While we could choose to work with the hydrodynamic fields defined above it is in fact

convenient to repackage them into an unnormalized vector field and a scalar field. By a simple

redefinition we therefore introduce a the hydrodynamic fields (denoted collectively by B)

B ⌘ {�,⇤�} , �µ
⌘

uµ

T
, ⇤� ⌘

µ

T
�

u�

T
A� . (2.1)

The fields {�µ,⇤�} encodes the same hydrodynamic data as the fields {u⌫ , T, µ}. We can

explicitly invert the above relations to get

uµ =
�µ

p
�g↵��↵��

, T =
1p

�g↵��↵��
, µ =

⇤� + ��A�p
�g↵��↵��

. (2.2)

Thus for the rest of the discussion, the dynamical content of hydrodynamics is d+ 1 degrees

of freedom in the vector field �µ and scalar field ⇤�.

A general hydrodynamic system as reviewed in §1 is characterized by a set of currents: we

have the energy-momentum tensor Tµ⌫ and a charge current Jµ which should be considered

dynamical and an entropy current Jµ

S
which enforces the constraint of the second law. In

addition to these currents we can consider the free energy current G
µ which is a particular

linear combination of the above, which we will encounter shortly, cf. (2.15). To simplify nota-

tion, we will collect the various currents we have introduced into a single set by introducing

a collection of tensor fields CH (dropping the indices for brevity)

CH ⌘ {Tµ⌫ , Jµ, Jµ

S
, Gµ

} . (2.3)

These currents should all be thought of as given by local covariant functionals of the

background and hydrodynamical fields which we also collectively denote as  

 ⌘ {gµ⌫ , Aµ,�
µ,⇤�} . (2.4)

Then we can write for our currents CH = CH [ ] or more explicitly for the fundamental

currents we have

Tµ⌫ = Tµ⌫ [ ] = Tµ⌫ [g↵� , A↵,�
↵,⇤�]

Jµ = Jµ [ ] = Jµ [g↵� , A↵,�
↵,⇤�]

Jµ

S
= Jµ

S
[ ] = Jµ

S
[g↵� , A↵,�

↵,⇤�] .

(2.5)

These relations are termed constitutive relations.

The dynamical information of hydrodynamics comprises simply of the statement of con-

servation modulo source terms (which do work on the system) and anomalies. In general

we can write the conservation equations for a microscopic quantum theory with flavour and

Lorentz anomalies in the presence of background sources as:

r⌫T
µ⌫ = J⌫ · F

µ⌫ +Tµ?

H
D⌫J

⌫ = J?H (2.6)
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can be combined with the gradient of the entropy current. The canonical choice is simply

to take the Lagrange multipliers to be the hydrodynamic fields B = {�µ,⇤�} themselves.

One way to motivate this choice is to exploit the field redefinition freedom inherent in fluid

dynamics, to align the Lagrange multiplier fields to the velocity (rescaled by the temperature)

and chemical potential.

This then leads us to the following statement of the second law of thermodynamics:

rµJ
µ

S
+ �µ

⇣
r⌫T

µ⌫
� J⌫ · F

µ⌫
� Tµ?

H

⌘

+ (⇤� + ��A�) ·
⇣
D⌫J

⌫
� J?H

⌘
= � � 0 .

(2.10) eq:AdiabaticityD

We have introduced � as the placeholder for the entropy production resulting from the

dissipative constitutive relations.

Often when confronted with solving constraints given as inequalities, it is simplest to

examine the boundary of the acceptable domain. In the present case this amounts to switch-

ing o↵ dissipation by setting � = 0. The part of the constitutive relation which does not

contribute to � will be termed adiabatic.

This canonical split allows us to motivate the adiabaticity equation. By definition it

captures the marginal situation where dissipation is turned o↵, i.e., � = 0:

rµJ
µ

S
+ �µ

⇣
r⌫T

µ⌫
� J⌫ · F

µ⌫
� Tµ?

H

⌘

+ (⇤� + ��A�) ·
⇣
D⌫J

⌫
� J?H

⌘
= 0 .

(2.11) eq:Adiabaticity

The constitutive relations which satisfy the adiabaticity equation are called adiabatic consti-

tutive relations.14 Note that this relation is being imposed o↵-shell on the hydrodynamical

system of interest, a fact that will be of crucial import in our discussion. For most of this

paper we will be concerned with the adiabatic case. However, we will at some early stage of

the discussion (cf., §5) describe the dissipative part of hydrodynamics building on the results

of [14, 15] using the lessons learned from our adiabatic analysis.

It is worthwhile recording here a version of the adiabaticity equation that holds when we

consider non-anomalous fluids. Since the quantum anomaly manifests itself through the Hall

current terms Tµ?

H
and J?

H
setting them to zero allows us to capture the desired equation for

non-anomalous adiabatic fluids, viz.,

rµJ
µ

S
+ �µ (r⌫T

µ⌫
� J⌫ · F

µ⌫) + (⇤� + ��A�) ·D⌫J
⌫ = 0 . (2.12) eq:naadiabatic

In the initial part of our discussion we will find it convenient to work with the non-

anomalous case first, and then build up to include the presence of anomalies. There is in

fact an useful perspective that helps segregate the anomalous contribution from the rest.

Apart from anomalies appearing via the Hall currents, the adiabaticity equation is linear in

14 We provide a translation of the adiabaticity equation in terms of the consistent currents which are

sometimes more natural when working with e↵ective actions in Appendix A.
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entropy production by dissipation

✦This off-shell formalism motivates separation of transport into: 

✴  dissipative (Class D) 

✴  adiabatic

✦The Lagrange multipliers are fixed to be the hydrodynamic fields 
exploiting field redefinition freedom.

rµJµ
S = � � 0
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Free energy current

✦ Package the information in terms of a Gibbs free energy current, switching 
from a microcanonical to grand-canonical language:

✦ The off-shell second law statement can be phrased now as 

into the fluid,17 the charge and energy-momentum injection is inevitably accompanied by a

free energy injection. The free energy per unit time per unit volume injected by anomalies is

G
?

H
⌘ �T

h
�⌫T

⌫?

H + (⇤� + �⌫A⌫) · J
?

H

i

= �

h
u⌫T

⌫?

H + µ · J?H

i
.

(2.19)

Using this definition, we can now write the grand canonical version of the adiabaticity equation

(2.11) as (we include � for completeness)

�

"
r�

✓
G
�

T

◆
�

G
?

H

T

#
=

1

2
Tµ⌫�

B
gµ⌫ + Jµ

· �
B
Aµ +�

= Tµ⌫
rµ

⇣u⌫
T

⌘
+ J�

·


D�

⇣µ

T

⌘
�

E�

T

�
+� .

(2.20) eq:AdiabaticityG

Here Eµ = Fµ⌫ u⌫ is the electric field and �
B
represents the Lie derivatives using the di↵eo-

morphism and flavor transformations generated by {�µ,⇤�}:

�
B
gµ⌫ ⌘ £�gµ⌫ = rµ�⌫ +r⌫�µ ,

�
B
Aµ ⌘ £�Aµ + @µ⇤� + [Aµ,⇤�] = Dµ(⇤� + �⌫A⌫) + �⌫F⌫µ . (2.21) eq:delBdef

In this expression, we used £� to denotes the Lie derivative along the vector field �µ.

It is useful to record the expression for the Lie derivative in terms of the more familiar

hydrodynamic decomposition. A quick evaluation leads to

�
B
gµ⌫ = 2r(µ�⌫) =

2

T


�µ⌫ + Pµ⌫

⇥

d� 1
�

�
a(µ +r(µ log T

�
u⌫)

�

�
B
Aµ = Dµ(⇤� + �⌫A⌫) + �⌫F⌫µ = u↵D↵

⇣µ

T

⌘
uµ �

1

T
vµ . (2.22) eq:diffbga

We use the standard decomposition of the gradient of the velocity field into the transverse

traceless shear tensor, the antisymmetric vorticity, the vectorial acceleration and scalar ex-

pansion respectively, viz.,

rµu⌫ = �(µ⌫) + ![µ⌫] � uµ a⌫ + Pµ⌫

⇥

d� 1
, (2.23) eq:uder

and the flavour fields decompose as

v
µ = Eµ

� T Pµ⌫
r⌫

⇣µ

T

⌘
, Eµ = Fµ⌫ u⌫ . (2.24) eq:cvdef

An alternate form of (2.20) can be given by introducing the fluid acceleration a↵ ⌘

uµ
rµu↵ eliminating the thermal gradients:

�

h
(r� + a�)G

�
� G

?

H

i
= J�

S (r� + a�)T + Tµ⌫(r⌫ + a⌫)uµ + J�
· [D�µ+ a�µ� E�] + T� .

(2.25)

17 The anomalous contribution to the entropy current can typically be chosen to vanish for flavour anomalies.

The story for Lorentz anomalies is a bit more involved and is discussed in §12.
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diffeomorphism
flavour gauge transformation

J�
S = (J�

S )can +N�

= � [�⌫ T
⌫� + (⇤� + �⌫A⌫) · J�] +N�
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Gµ = �T N�
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free energy current

r�N
� �N? =

1

2
Tµ⌫�Bgµ⌫ + Jµ · �BAµ +�
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anomalous  
free energy



Hydrodynamic taxonomy

✦ The off-shell formalism is quite powerful. One can classify hydrodynamic 
constitutive relations into eight distinct classes:

✴  Class D: dissipative class 

✴  Class A: anomaly induced transport

✴  Class HS: Hydrostatic scalars 

✴  Class HS: Landau-Ginzburg scalars

✴  Class HV: Hydrostatic  vectors 

✴  Class HV: Gibbsian vectors

Free energy scalars Free energy vectors

✴  Class B: Berry-like transport 

✴  Class C: conserved entropy 



Eightfold classification of hydrodynamic transport

Fig. 1: The eightfold way of hydrodynamic transport. fig:eightfold

ground sources, {ḡµ⌫ , Āµ}, which morally speaking appear to be a proxy for the the Schwinger-

Keldysh partners of the basic sources. Furthermore, this doubling of sources comes with an

interesting new gauge symmetry – U(1)T KMS-flavor invariance, with an associated gauge

field A(T)
µ!

In the thermofield construction one has sources for the left (L) and right (R) degrees of

freedom; these are specific linear combinations of the sources {gµ⌫ , Aµ} and {ḡµ⌫ , Āµ}. The

necessity to double of the degrees of freedom, whilst curious for adiabatic transport, has al-

ready been encountered previously in attempts to construct e↵ective actions for anomalous

hydrodynamic transport, which forms a special case, in [27]. What is really intriguing is the

gauge field A(T)
µ and its associated gauge invariance U(1)T, which along with the di↵eomor-

phism and gauge invariance forms the symmetries of the e↵ective action.9 The latter act

canonically on the fields above, but the U(1)T gauge symmetry acts non-trivially. All fields

carry U(1)T charges, with the gauge transformation acting as a di↵eomorphism or flavour

gauge transformation in the direction of �µ,⇤�. In addition, ḡµ⌫ and Ā further undergo

transformations depending on the physical fields {�µ,⇤�, gµ⌫ , Aµ}. The Bianchi identity

9 A clue to the existence of such a structure is provided by the analysis of hydrostatic partition functions

satisfying the Euclidean consistency condition in the presence of gravitational anomalies [14].
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F. Haehl, R. Loganayagam, MR   

[1502.00636],  [1412.1090]



Class H: Hydrostatics (HS ∪ HV)

✦ Hydrodynamic transport  can be classified into two categories 

✴ Hydrostatic or thermodynamic response: fixed by equilibrium 

✴ Genuine hydrodynamic transport

✦ Hydrostatic data can be understood by time-independent configurations of 
the fluid in the presence of non-trivial (spatially varying) background 
sources. 

✦ Can equivalently be encoded in a generating function, the equilibrium 
partition function which is a functional of stationary background sources.

Banerjee et. al. ‘12

Here Eµ = Fµ⌫ u⌫ is the electric field and �
B
represents the Lie derivatives using the di↵eo-

morphism/flavor transformations generated by {�µ,⇤�}

�
B
gµ⌫ ⌘ £�gµ⌫ = rµ�⌫ +r⌫�µ

�
B
Aµ ⌘ £�Aµ + @µ⇤� + [Aµ,⇤�] = Dµ(⇤� + �⌫A⌫) + �⌫F⌫µ (2.19)

In this expression, we used £� to denotes the Lie derivative along the vector field �.

An alternate form of (2.18) can be given by introducing the fluid acceleration aµ
⌘

uµ
rµu↵ eliminating the thermal gradients:

�

h
(r� + a�)G

�
� G

?

H

i
= J�

S (r� + a�)T + Tµ⌫(r⌫ + a⌫)uµ + J�
· [D�µ+ a�µ� E�] .

(2.20)

This form of the equation is quite useful in making comparisons with traditional hydrodynamic

analysis; typically one chooses to eliminate thermal gradients in favour of velocity derivatives.

3 Class H: Hydrostatics from Adiabaticity

We have defined adiabatic fluids to be the set of hydrodynamic currents that satisfy (2.9).

While in the previous section we have argued that this set comprises of the obvious example of

ideal fluids, we would like to ascertain (and perhaps classify) other solutions to the adiabaticity

equation. We will proceed to establish the existence of various classes of solutions to (2.9) in

the reminder of the paper. To keep the logical flow of the arguments simple we will start with

statements that hold in great generality and subsequently specialize to more special cases.

Our first case of interest is what we called Class H in §1: we specialize to time-independent

configurations in hydrodynamics (i.e., we limit ourselves to hydrostatics). In order to ascertain

non-trivial constraints on fluids from this hydrostatic restriction we need to turn on external

sources, e.g., background metric and gauge fields, which themselves are time-independent

to begin with. Therefore let us assume that there exists a Killing vector and Killing gauge

transformation collectively denoted by K ⌘ {Kµ,⇤K} such that �
K
gµ⌫ = 0 and �

K
Aµ = 0.

We will further assume that Kµ is timelike everywhere on the manifold the fluid propagates

on.10 To wit, a stationary background source configuration is encoded as

K ⌘ {Kµ,⇤K} , gµ⌫ K
µ K⌫

 0 �! �
K
gµ⌫ = �

K
Aµ = 0 (3.1)

There is a natural hydrostatic configuration associated with this background given by

{�µ,⇤�} = {Kµ,⇤K}. This configuration is time-independent since �
K

�µ = �
K
Kµ = 0 and

�
K
⇤� = �

K
⇤K = 0. It therefore follows that for any functional Z [ ] of the fluid dynamical

variables we have

�
B
Z [g↵� , A↵,�

↵,⇤�] = �
K
Z [g↵� , A↵,K

µ,⇤K ] = 0 (3.2)

10 In particular, we demand by virtue of K being globally timelike on M that the background the fluid

propagates on is free of ergosurfaces. This is necessary in order for the fluid configuration to have a stationary

solution aligned with the Killing field.

– 18 –

Jensen et. al. ‘12



Class H: Hydrostatics

✦ The hydrostatic partition function is the integral of the (consistent) free 
energy current over the Wick rotated Euclidean manifold.

transverse vector 
(conserved)

longitudinal vector

H = HS [HV

partition fn scalars partition fn vectors

✦ Since the free energy current is a vector field, it decomposes into

spatial integral!WHydrostatic =

ˆ
⌃E

Nµ dd�1Sµ

�

Hydrostatic
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Nµ = S�µ +Vµ, Vµ�µ = 0
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Entropy constraint: Hydrostatic forbidden (HF)

✦ The scalars and vectors which do not vanish in equilibrium parameterize the 
free energy current and in turn generate the currents after varying with 
respect to the sources.

Since any variation can be mimicked by a slow time-dependence, we conclude that, in

general

�WHydrostatic =

ˆ
⌃E

✓
1

2
Tµ⌫

cons �gµ⌫ + Jµ

cons · �Aµ

◆
�↵dd�1S↵

�

Hydrostatic

+

ˆ
@⌃E

(/�⇥PS)
j dd�2Sj

�

Hydrostatic

(4.15) eq:WhsvarPost

where (/�⇥PS)
j is a boundary term linear in variations of fields, arising out of integration by

parts.

For the particular kind of slow time dependence under consideration, we can write

(/�⇥PS)
j = �t(/�B⇥PS)

j where /�B⇥PS is obtained by changing all the variations �(. . .) into

Lie-derivative �
B
(. . .). A comparison of (4.15) against (4.14) then yields

(/�B⇥PS)
j =

G
j
cons

T
(4.16)

Thus, when we vary the sources in the hydrostatic partition function, we get a bulk variation

which allows us to figure out the consistent currents and a boundary variation which gives

us the information about the spatial component of free energy current. Since the temporal

component of free-energy current (i.e., free energy density) is already captured by the partition

function before variation, we can then reconstruct the entire free-energy current. By using

the free-energy current thus obtained as the non-canonical part of the entropy current, we

can finally compute the entropy current associated with the partition function.

A clear algorithmic procedure for doing this which is inspired by our Class L discussion,

can be phrased as follows (cf., also Appendix G):

1. From WHydrostatic determine G0
cons. By varying it, determine the currents {Tµ⌫ , Jµ

} and

the boundary term gives Gj
cons. When covariantized, the latter is just the pre-symplectic

potential (/�⇥PS)
µ which arises as the surface term when varying the hydrostatic parti-

tion function.

2. Having obtained the hydrostatic currents, one then takes them o↵-shell by giving them

linear time dependence. To do so, one adds in non-hydrostatic terms in {Tµ⌫ , Jµ
} by

unlinking B from K. E↵ectively what this amounts to is that the linear variation of the

background fields, in the direction of {�µ,⇤�}, i.e., �B defined in (2.21) plays the role

of time derivative.

3. One similarly upgrades the boundary term from (/�⇥PS)
µ to (/�B⇥PS)

µ to obtain the

linear time dependence in the spatial component of free energy current.

4. In Class HS the non-canonical part of the entropy current is simply obtained by com-

bining the temporal and the spatial components of the free-energy current:

(Jµ

S
)non�can = �µ PS [ ]� (/�B⇥PS)

µ (4.17)

– 37 –

✦ At any given derivative order however, there are fewer scalars than the 
tensor structures in the currents. 

✦ Hydrostatics implies that certain constitutive relations are forbidden.  

✦  Intuitively think of hydrostatics as time-independent configurations; turning 
on time dependence one should find no linear term, for it can produce 
entropy of either sign.

Bhattacharyya (’13, ’14)



Example: Ideal fluids

✦ For an ideal fluid, the hydrostatic partition function is generated by the a 
single function which is the  free energy or pressure p(T,µ). It completely 
fixes all pieces of transport:

✏ + p� T s = 0

d✏

dT
� T

ds

dT
= 0

Euler relation

Clausius relation

Tµ⌫ = ✏uµ u⌫ + pPµ⌫ , Jµ
S = s uµ
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✦ At first order, only dissipative terms in the stress tensor, so we cannot learn 
anything new directly from the partition function.



Example: Second order neutral fluids

✦ At second order there are 15 tensor structures that can appear in the stress 
tensor. Of these only 8 survive when we restrict to hydrostatics (check that 
shear and expansion vanish in hydrostatics). 

✦ There are only 3 scalars at second order which can enter the partition 
function

✦ This immediately implies 5 relations must hold between the 15 transport 
coefficients. 

✦ Transport data that cannot appear from the hydrostatic analysis are the 
forbidden terms. Bhattacharyya (’13, ’14)

✦ Charged fluids: 51 pieces of transport data and 17 forbidden terms.

R, aµ aµ, !µ⌫ !
µ⌫
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Lecture 2



Recap of Lecture 1

✦ Classification of allowed transport from axiomatic formulation of 
hydrodynamics captured by solution to adiabaticity equation (nb: off-shell)

r�N
� �N? =

1

2
Tµ⌫�Bgµ⌫ + Jµ · �BAµ +�
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✦ Useful to start with equilibrium as                    measure departures from 
equilibrium.  

�Bg, �BA
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into the fluid,17 the charge and energy-momentum injection is inevitably accompanied by a

free energy injection. The free energy per unit time per unit volume injected by anomalies is

G
?

H
⌘ �T

h
�⌫T

⌫?

H + (⇤� + �⌫A⌫) · J
?

H

i

= �

h
u⌫T

⌫?

H + µ · J?H

i
.

(2.19)

Using this definition, we can now write the grand canonical version of the adiabaticity equation

(2.11) as (we include � for completeness)

�

"
r�

✓
G
�

T

◆
�

G
?

H

T

#
=

1

2
Tµ⌫�

B
gµ⌫ + Jµ

· �
B
Aµ +�

= Tµ⌫
rµ

⇣u⌫
T

⌘
+ J�

·


D�

⇣µ

T

⌘
�

E�

T

�
+� .

(2.20) eq:AdiabaticityG

Here Eµ = Fµ⌫ u⌫ is the electric field and �
B
represents the Lie derivatives using the di↵eo-

morphism and flavor transformations generated by {�µ,⇤�}:

�
B
gµ⌫ ⌘ £�gµ⌫ = rµ�⌫ +r⌫�µ ,

�
B
Aµ ⌘ £�Aµ + @µ⇤� + [Aµ,⇤�] = Dµ(⇤� + �⌫A⌫) + �⌫F⌫µ . (2.21) eq:delBdef

In this expression, we used £� to denotes the Lie derivative along the vector field �µ.

It is useful to record the expression for the Lie derivative in terms of the more familiar

hydrodynamic decomposition. A quick evaluation leads to

�
B
gµ⌫ = 2r(µ�⌫) =

2

T


�µ⌫ + Pµ⌫

⇥

d� 1
�

�
a(µ +r(µ log T

�
u⌫)

�

�
B
Aµ = Dµ(⇤� + �⌫A⌫) + �⌫F⌫µ = u↵D↵

⇣µ

T

⌘
uµ �

1

T
vµ . (2.22) eq:diffbga

We use the standard decomposition of the gradient of the velocity field into the transverse

traceless shear tensor, the antisymmetric vorticity, the vectorial acceleration and scalar ex-

pansion respectively, viz.,

rµu⌫ = �(µ⌫) + ![µ⌫] � uµ a⌫ + Pµ⌫

⇥

d� 1
, (2.23) eq:uder

and the flavour fields decompose as

v
µ = Eµ

� T Pµ⌫
r⌫

⇣µ

T

⌘
, Eµ = Fµ⌫ u⌫ . (2.24) eq:cvdef

An alternate form of (2.20) can be given by introducing the fluid acceleration a↵ ⌘

uµ
rµu↵ eliminating the thermal gradients:

�

h
(r� + a�)G

�
� G

?

H

i
= J�

S (r� + a�)T + Tµ⌫(r⌫ + a⌫)uµ + J�
· [D�µ+ a�µ� E�] + T� .

(2.25)

17 The anomalous contribution to the entropy current can typically be chosen to vanish for flavour anomalies.

The story for Lorentz anomalies is a bit more involved and is discussed in §12.
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✦ Global equilbrium can be attained on a spatially curved  geometry with a 
timelike Killing vector field (and corresponding stationary flavour sources, 
i.e., you can have magnetic fields but not electric fields)



Recap of Lecture 1

✦ General geometric background for equilibrium (nb: global Killing field, no 
ergosurfaces)

ds2 = �e2 ⇠(x)(dt+ ai(x) dx
i)2 + �ij(x) dx

i dxj
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�µ⌫ = 0 ,⇥ = 0
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✦ Exercise: Fix normalization and check the above and also convince yourself 
that the partition function to second order in derivatives has to be:
ˆ

dd�1x
p
��


p(T ) + fa(T ) aµa

µ + fR(T )R+ f!(T )!µ⌫!
µ⌫

�
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Class D: Dissipation

✦ Focus on positivity of Δ order by order in the gradient expansion. Deviations 
from equilibrium:

Bhattacharyya (‘11, ’13, ’14)

✦ Sub-dissipative terms can be subsumed under viscous dissipative terms. 

✦ Theorem: Entropy constraints operate only at leading order in the gradient 
expansion!

• viscous dissipative terms

• descendant operators

• product composites

The product-composites are simple; since they are invariants built out of terms that are

already constrained, their coe�cients can be arbitrary whilst still respecting the second law

(in the gradient expansion). For example, taking the viscosities and conductivities to be

positive, we ensure �2 � 0 and thence the contribution to �3 from such product-composite

form, is simply sub-dominant and poses no obstruction to the second law. To wit,

⌘ �µ⌫ �
µ⌫ + ⇣ ⇥2 + �1⇥

3 + �2 �
↵�����

�
↵ + �3⇥�µ⌫ �

µ⌫
� 0

=) ⌘, ⇣ � 0 , and {�1, �2, �3} unconstrained. (5.5)

The descendants are a-priori trickier to handle; at any given derivative order they give rise to

new scalar invariants which have not been encountered at lower orders. Their contribution to

� cannot be subsumed into lower order terms. One way to argue for their importance is to

note that one can find fluid configurations where the lower order gradients are locally made

to vanish, making the descendants important in some domain. Since we want the second

law to hold in all possible scenarios, one must therefore control the descendants. The rather

non-trivial fact is that these are also easy to handle beyond the leading order.

Let us understand this a bit more carefully following the impressively clear and complete

analysis of dissipative transport of [15] (see [2, 14] for earlier results). As explained there,

scalar operators contributing to � are of three types:30

• Terms that contribute to �2 at leading order which need to be controlled to ensure

� � 0. They belong to Dv and impose constraints on transport (such terms were called

�2nd�order in [15]). Note that we can write them e↵ectively in terms of (�
B
g)2 and

(�
B
A)2 for they appear only at quadratic order.
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30 In [15] a fourth type was introduced called �non�diss – these will be accounted for in our adiabatic

story as they end up having net zero contribution to entropy production. Note that we will not include them

explicitly in our counting of Class C constitutive relations as these terms are exact di↵erentials and thus trivial
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sub-dissipative

⌘ �µ⌫ + ⇣ ⇥Pµ⌫ =) � = ⌘ �µ⌫�
µ⌫ + ⇣ ⇥2 ⇠ (�Bg)

2

✦ Useful restatement of the argument using tensor valued differential 
operators acting on 

�Bg , �BA
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Class D: Dissipation at 1st & 2nd order

Tµ⌫
(1) = �2 ⌘ �µ⌫ � ⇣ ⇥Pµ⌫ , Jµ

S,(1) = c1 a
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1st order

2nd order

relations. When we compute �k we can assemble this into a linear combination of scalar

operators with exactly k derivatives (@k) . There is a basis of such operators; in the current

algebraic approach one usually works with a basis of on-shell independent scalars at a given

derivative order, but this is not necessary (as we shall see). The statement about the splitting

of Class D is equivalent to the statement that the scalar operators admit such a decomposition.

Scalars of interest at O(@k) are composite operators and can either be (i) ‘descendants’ of

operators constrained at lower orders or (ii) simple ‘product-composites’ of lower order opera-

tors. The descendant operators are obtained by acting with derivatives on lower order tensor

structures, while product-composites are simply obtained by contraction. Examples of the

former are operators such as {⇥u
µ
rµ⇥,�

µ⌫
u
↵
r↵�µ⌫}, while {⇥3

,�
↵�

����
�
↵,⇥�µ⌫ �

µ⌫
}

exemplify the latter at O(@3).34

The product-composites are simple; since they are invariants built out of terms that are

already constrained, their coe�cients can be arbitrary whilst still respecting the second law

(in the gradient expansion). For example, taking the viscosities and conductivities to be

positive, we ensure �2 � 0 and thence the contribution to �3 from such product-composite

form, is simply sub-dominant and poses no obstruction to the second law. To wit,

2 ⌘ �µ⌫ �
µ⌫ + ⇣ ⇥2 + �1 ⇥

3 + �2 �
↵�

����
�
↵ + �3 ⇥�µ⌫ �

µ⌫
� 0

=) ⌘, ⇣ � 0 , and {�1, �2, �3} unconstrained. (5.5)

The descendants are a-priori trickier to handle; at any given derivative order they give rise to

new scalar invariants which have not been encountered at lower orders. Their contribution to

� cannot be subsumed into lower order terms. One way to argue for their importance is to

note that one can find fluid configurations where the lower order gradients are locally made

to vanish, making the descendants important in some domain. Since we want the second

law to hold in all possible scenarios, one must therefore control the descendants. The rather

non-trivial fact is that these are also easy to handle beyond the leading order.

Let us understand this a bit more carefully following the impressively clear and complete

analysis of dissipative transport of [37] (see [2, 36] for earlier results). As explained there,

scalar operators contributing to � are of three types:35

• Terms that contribute to �2 at leading order which need to be controlled to ensure

� � 0. They belong to Dv and impose constraints on transport (such terms were called

�2nd�order in [37]). Note that we can write them e↵ectively in terms of (�
B

g)2 and

(�
B

A)2 for they appear only at quadratic order.

34 It is useful at this stage to infer from our hydrostatic discussion that the operator �B serves the role of

capturing time derivatives about equilibrium configuration. All the aforementioned operators can be written

directly in terms of �Bgµ⌫ (likewise occurrences of vµ can be expressed in terms of �BAµ).
35 In [37] a fourth type was introduced called �non�diss – these will be accounted for in our adiabatic

story as they end up having net zero contribution to entropy production. Note that we will not include them

explicitly in our counting of Class C constitutive relations as these terms are exact di↵erentials and thus trivial

in cohomology.
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✦ product composite terms are always subleading

✦ descendants can be made subleading by completing squares

• Descendant terms at any given order which are composite scalars built from a (k � 1)st

order independent operator and a first order operator, i.e., of the form �
B

g DOk�2 where

Ok�2 could be a composite-product. Such terms were denoted as �diss�imp in [37].

• Composite-product terms which simply take the form (�
B

g)k and (�
B

A)k. Terms of this

type were called �diss�product in [37].
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where we have only written out the composite higher order terms explicitly for the metric

variation and elided over writing the gauge variations. In the second line we have indicated

a merger of the descendant and leading order terms into a quadratic form which plays a role

in the argument below. With this parameterization

• ↵2g,↵2A � 0 for the second law to hold.

• �k are unconstrained since they multiply terms which are parametrically smaller than

the leading order contributions. These are clearly in the sub-dissipative Class Ds.

• By completing squares, one can take care of the descendant terms as well (they are

e↵ectively in Class Ds despite appearances). Indeed, as written, positivity of the second

line of (5.6) is ensured once we demand ↵2g,↵2A etc., to be positive definite. One

further needs to ensure that the cross-terms obtained in the process can be assembled

into positive-definite quadratic form.

The remarkable statement of [37] is that this can always be done, recursively order by

order in the gradient expansion! More specifically, the aforementioned reference used the

specific example of (parity-even) charged fluid at third order in gradients to illustrate the

general picture proposed in [36]. But the general structure emerging from that analysis makes

it clear that the construction can be extended to higher orders. The argument in [37] can be

worded as follows: given a hydrostatic entropy current, there exists a hydrodynamic correction

J
µ

extra
which serves to absorb the contributions from the descendant contribution �diss�imp to

convert them into a positive-definite quadratic form. Inspired by our construction of solutions

to the adiabaticity equation we give a more abstract discussion below in §5.2 using a class of

tensor-valued di↵erential operators that subsume the above statements e�ciently.

The upshot of this discussion is that Class D = Dv [Ds with Dv contributions which are

sensitive to the second law making their appearance only at the leading order in the gradient

expansion. So while there are many potential contributions to Class D, most of them are

agnostic to the constraints and thus can be treated democratically.
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General solution to Class D

✦ Class D data has at least one factor of                    as it signifies deviation 
from equilibrium. 

✦ Keep one explicit factor and bury all other derivatives into a tensor valued 
differential operator
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✦ At leading order in gradients we reproduce known results using:

where we have kept the total derivative term from integration by parts.

Let us take (G↵)D = �T (N↵)D, which in the micro-canonical ensemble is equivalent to

taking the entropy current to be

(J↵

S )D ⌘ �
u�

T
(T↵�)D �

µ

T
· (J↵)D + (N↵)D . (5.14)

With this choice we have a simple expression for the entropy production within this class

of constitutive relations (using (5.7)):

� =


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2
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g + ⌥⌘A
�
B

A

�
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2
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�
�


1

2
⌥�g

�
B

g + ⌥�A
�
B

A

� (5.15)

which is completely parameterized by the di↵erential operators ⌥ and the intertwiners be-

tween di↵erent representations {⌘,�}. We want to ensure that � � 0 for the second law,

which is easy to insist for (5.15) has the structure of a quadratic form with the intertwin-

ers playing the role of the metric. Then demanding that {⌘,�} transform in appropriately

symmetric representations to provide a positive definite quadratic form, viz.,

⌘ 2 Sym+ (Tens⌘ ⌦ Tens⌘) , � 2 Sym+ (Tens� ⌦ Tens�) (5.16)

with the subscript + denoting that the eigenvalues are non-negative definite. This gives us a

solution to � � 0.

Should we consider intertwiners not transforming in the symmetric tensor product rep-

resentation we will find that they would correspond to adiabatic or hydrostatic forbidden

constitutive relations. For instance taking the anti-symmetric representation will lead to

Class B adiabatic constitutive relations as we shall discuss in §9.

To summarize the above construction, by suitably picking tensor structures we are in a

position to engineer constitutive relations that are guaranteed to satisfy the second law of

thermodynamics.

5.3 Examples: Low order Class D di↵erential operators

Let us now examine the results of our earlier discussion in §5.1 in light of this renewed

understanding. The easiest way to proceed is to start with the leading order in gradients.

Since (5.15) already has two factors of �
B

on the r.h.s., a contribution to �2 necessarily

requires ⌥ to be a tensor operator involving no derivatives. For instance, picking

⌥⌘g
= ⌥�A

= Id , ⌥⌘A
= ⌥�g

= 0 , (5.17)

and ⌘ 2 Sym2 ⌦ Sym2 and � 2 Vect ⌦ Vect to be also zero derivative tensors built from the

background metric gµ⌫ and the hydrodynamic field �µ we can recover (5.2). To be specific,

(5.2) is reproduced by taking (5.17) combined with

⌘µ⌫⇢�

(0)
= T ⇣ P

µ⌫
P

⇢� + 2 T ⌘ P
⇢<µ

P
⌫>�

, �↵�

(0)
= T �Ohm P

↵�
, (5.18)
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✦ At higher orders we can systematically add further gradient terms.



Class B: Berry-like transport

✦ This class of constitutive relations solves adiabaticity trivially. Non-
equilibrium, non-dissipative data!

Hall Transport in 3 dimensions Neutral fluids in arbitrary dimensions

Thus, equations (10.2) and (10.4) give a large set of adiabatic constitutive relations. The set

of constitutive relations parameterized by (2.2) is what we term to be Class B.

All the class B constitutive relations trivially satisfy hydrostatic principle because they

vanish in hydrostatic equilibrium. They thus drop out of the hydrodynamic equations in the

hydrostatic limit. These are thus examples of non-hydrostatic but non-dissipative constitutive

relations. In fact, some aspects of these as we shall see have been encountered in previous

analysis but were not identified to belong to this general class. For instance in the analysis of

[39] it was noticed that the Hall transport coe�cients are unconstrained by any form of the

second law, while [19] noticed a similar feature for a particular combination of second order

transport coe�cients for a neutral fluid. We will now show how these arise within the general

construction above.

10.1.1 Examples of Class B transport

Let us therefore consider some examples. By construction, class B constitutive relations have

at least one derivative (since �
B
gµ⌫ and �

B
Aµ is linear in the gradients of {�µ,⇤�}. Thus,

there are no examples in zero derivative order.

Hall Transport in 3 dimensions: At one derivative order, in (3) dimensional parity

violating fluids, there is an adiabatic constitutive relation that can be obtained by setting

⌘̃µ⌫↵� = 2 ⌘̃
H
u⇢ "⇢µ↵ P ⌫� along with ⌅̃µ⌫↵ = 0 and �̃↵� = �̃

H
u⇢ "⇢↵� . We obtain then for the

currents

(Tµ⌫)B = �⌘̃
H
u⇢ ("⇢µ↵ �⌫

↵ + "⇢⌫↵ �µ

↵)

(J↵)B = �̃
H
· u⇢ "

⇢↵�

h
E� � T D�

⇣µ

T

⌘i

(J↵

S )B = �
µ

T
· �̃

H
· u⇢ "

⇢↵�

h
E� � T D�

⇣µ

T

⌘i
(10.5)

We recognize the transport coe�cients �̃
H
and ⌘̃

H
as the Hall conductivity and Hall viscosity

respectively, from our discussion in §6.2. As mentioned earlier the fact the Hall transport

terms on-shell lead to an exactly conserved entropy current (from the adibaticity equation)

was the reason that [39] found in the current algebra approach no constraint on them from

the second law. Since the tensor structures vanish in hydrostatics, we have no information

on these terms from the equilibrium partition function either.

Berry terms in neutral fluids: Our second example for Class B constitutive relations is

perhaps in the simplest hydrodynamic system imaginable, a neutral fluid! While there is no

adiabatic transport at first order, we have seen that there are adiabatic parts to each of the

15 transport coe�cients of a neutral fluid, cf. Appendix D. Amongst these lurks a term of the

form (10.2). Since �
B
gµµ = 2r(µ�⌫) can be written using (6.11) in terms of the shear etc.,

and is clearly a first order term, we pick for the tensor ⌘̃µ⌫↵� another first order contribution.

The symmetries we require fix this tensor uniquely to be

⌘̃µ⌫↵� = 2�� �
µ⌫ P↵� + 2�! !µ↵ P ⌫� (10.6)
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Using the decomposition of the gradient of �µ we can express the stress tensor in a simple

form:

(Tµ⌫)B = ���

�
⇥�µ⌫

� �2 Pµ⌫
�
� �! (!µ↵�⌫

↵ + !⌫↵�µ

↵) (10.7)

Let us compare this with the parametrization of the second order Landau frame stress tensor

given in (D.11). Using two simple identities

�0⇥�µ⌫ + ⇠2 Pµ⌫ �
2 =

�0 + ⇠2
2

�
⇥�µ⌫ + Pµ⌫ �

2
�
+

�0 � ⇠2
2

�
⇥�µ⌫ � Pµ⌫ �

2
�

�hµ
↵!↵⌫i = �

1

2
(!µ↵�⌫

↵ + !⌫↵�µ

↵) (10.8)

we identify the two coe�cients �� and �! as determining linear combinations of the transport

coe�cients, viz.,

�� =
⇠2 � �0

2
, �2 = 2�! (10.9)

The fact that the two tensor structures appearing in (10.7) are non-dissipative was in fact

was noticed in the analysis of [19], but again it was not appreciated then that these were part

of a larger set of adiabatic transport data in hydrodynamics.

10.1.2 Embedding Class B in Class L?

Given a couple of examples at our disposal let us take stock of whether we can identify a

way to embed Class B into Class L. Each of our two examples has been explored in the

non-dissipative e↵ective action framework, so we can make some informed statements about

whether or not this is possible. Since the details seem to be a-priori distinct in the two cases

we will address them in turn.

Hall transport: The analysis of [21] building on earlier work of [20] and [19] argued that

there is no local e↵ective action that captures Hall viscosity. Furthermore, it was found in

that construction that the Hall conductivity was not an independent transport coe�cient,

but rather a linear combination of it and the coe�cient �̃E introduced in [39] was fixed by

the e↵ective action. More specifically, the tensor structures involved are the ones displayed

in (10.5) and a parity odd contribution to the current of the form �̃E "µ⇢⌫ u⇢E⌫ . We find a

very similar relation in the Class L construction outlined in §6.2.

A-priori, given that the Hall conductivity term is adiabatic, any value of its coe�cient

is acceptable. As we have discussed it is also undetermined by hydrostatic equilibrium since

it fails to survive the limit. So it is in fact somewhat curious that the Class L theory fixes

its value in terms of of a transport coe�cient which is constrained to be hydrostatic; �̃E is a

thermodynamic response parameter [21, 39].

Returning to Hall viscosity [21] showed that with local e↵ective actions there is no way to

capture such transport; and we have verified this to be case in Class L. However, more recently

[22] have argued that a suitable non-local term allows one to at least obtain non-vanishing

Hall viscosity. The construction involved...
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✦ The entropy current is canonical (given just by projections of energy-
momentum and charge currents)

complete the map above have the appropriate symmetries, then it is plausible that upon fur-

ther contraction with �
B
gµ⌫ or �

B
Aµ we ensure that the divergence of the free energy current

vanishes. Ṫhis means that we can solve the adiabaticity equation with the no free energy

current; the conserved currents themselves conspire to ensure lack of dissipation.

Inspired by the above argument, consider the following constitutive relations:52

(Tµ⌫)B ⌘ �
1

4

⇣
N

(µ⌫)(↵�)
�N

(↵�)(µ⌫)

⌘
�
B
g↵� + X

(µ⌫)↵
· �

B
A↵

(J↵)B ⌘ �
1

2
X

(µ⌫)↵�
B
gµ⌫ � S

[↵�]
· �

B
A�

(9.2) eq:TJBerry

where {N
µ⌫↵� ,X µ⌫↵,S↵�

} are arbitrary tensors (modulo field redefinitions). Here (↵�) in-

dicates the projection to the symmetric part whereas [↵�] indicates the projection to the

anti-symmetric part as usual.

Substituting the above constitutive relations into the adiabaticity equation in the grand

canonical ensemble, we get

1

2
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B
gµ⌫ + (J↵)B · �

B
A↵

= �
1

8

⇣
N

(µ⌫)(↵�)
�N

(↵�)(µ⌫)

⌘
�
B
gµ⌫�Bg↵�

+
1

2
X

(µ⌫)↵
· (�
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B
A�
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(9.3)

we see that we solve the adiabaticity equation (9.1) if we simply take (G�)B = 0.

In the micro-canonical ensemble, this is equivalent to taking the entropy current to have

a purely canonical contribution, viz.,

(J↵

S )B ⌘ ���(T
↵�)B �

⇣
⇤� + ��A�

⌘
· (J↵)B

=
1

T

(
1

4

⇣
N

(↵�)(µ⌫)
�N

(µ⌫)(↵�)

⌘
u� +

1

2
µ · X

(µ⌫)↵

)
�
B
gµ⌫

�
1

T

(
X

(↵�)⌫ u� � µ · S
[↵⌫]

)
· �

B
A⌫

(9.4) eq:JSBerry

Thus, equations (9.2) and (9.4) give a large set of adiabatic constitutive relations. The set of

constitutive relations parameterized by (2.2) is what we term to be Class B.

Before we proceed further with our analysis, let us pause to motivate our terminology.

The tensors which multiply �
B
gµ⌫ and �

B
Aµ are antisymmetric for the most part (the only

symmetric tensor is the compensator X which mixes the two sources). Such antisymmetric

52 The conflation of the notation with the tensor structures used for describing Class D constitutive relations

in §5.3 is intentional. It will allow us later to talk about a single tensor structure whose symmetric part

contributes to Class D and antisymmetric part to Class B.
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Class C: Conserved entropy

✦  AE can be solved by considering an exactly conserved entropy current. 

✦  Currents must be cohomologically non-trivial (non-Komar terms) for them to 
be physically interesting. 

✦  Eg., Wen-Zee current in 3 spacetime dimensions (more generally Euler 
currents in odd spacetime dimensions.

✦  These currents count the degeneracy of topological states in the thermal 
density matrix and can be realized holographically (eg., Gauss-Bonnet 
contribution to black hole entropy in ABJM like theories).

to (2.11) we can simply set

(Jµ

S
)C = Jµ , (Tµ⌫)C = 0 , (Jµ)C = 0 (10.1)

and achieve this desired outcome! As long as we have conserved vector fields Jµ [ ] we have

achieved a trivial adiabatic constitutive relation.

For reasons described earlier, not all conserved vector fields Jµ or equivalently the dual

current (d � 1)-form j are physically interesting. A trivial class of conserved currents can

be obtained by taking Jµ = r⌫ X[µ⌫] for some antisymmetric tensor Xµ⌫ ; in other words

the entropy current (d � 1) form is exact ?j = d(?x) =) d(? j) = 0. As in any physical

application, we are interested in cohomologically non-trivial conserved currents. These are

similar to the Komar terms encountered in Class L which are uninteresting as long as there

are no boundaries. We shall later see that in the extended Lagrangian theory these will

correspond to total derivative boundary terms. We will henceforth quotient the space of

conserved currents by such exactly conserved currents and Class C will refer to the space of

non-trivial elements of the cohomology.

Since here we have no energy-momentum or charge transport, but solely entropy flux

along the chosen vector field, one has a macroscopic manifestation of entropy without any

physical e↵ect. While one might a-priori think that even non-trivial elements of the coho-

mology, i.e., non-exact (d� 1)-current forms are uninteresting, there are certain choices of Jµ

which are worth exploring closely.

To do so, let us consider some examples, starting as usual with parity-even charged fluids.

For vectors built out of  and their gradients, it is clear that there is no conserved vector

at first order in gradients; the three parity-even vectors aµ, ⇥uµ and vµ are generically non-

conserved. At higher orders it is possible to find conserved vectors, but most of these are

exact di↵erentials of the form r⌫ X[µ⌫]. For instance, we have five such vectors at second

order in gradients, since we have a plethora of first order antisymmetric tensors [15],

Xµ⌫
2 {u[µ a

⌫],!µ⌫ , u[µ v
⌫], u[µr⌫]

⇣µ

T

⌘
, Pµ↵P ⌫� F↵�} , (10.2) eq:trivC

which give an exactly conserved entropy current at second order. These we discard for being

trivial cohomological elements.

One however has a non-trivial conserved current in odd spacetime dimensions owing to

topological considerations. The simplest example is in three dimensional parity-even neutral

fluids where, inspired by Wen-Zee shift current [37] which appears in Hall transport, we have

the following second order conserved vector:

J�
Euler

=
1

2
cEuler "

�↵� "µ⌫� uµ

✓
r↵u⌫r�u� �

1

2
R⌫�↵�

◆
, (10.3) eq:wz3

where R↵��� is the Riemann tensor and cEuler is an arbitrary constant. The nomenclature is

motivated by the fact that the conserved topological charge associated with this current is

the Euler characteristic of the codimension-one spatial slice normal to uµ [39]. It is easy to
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which give an exactly conserved entropy current at second order. These we discard for being

trivial cohomological elements.

One however has a non-trivial conserved current in odd spacetime dimensions owing to

topological considerations. The simplest example is in three dimensional parity-even neutral

fluids where, inspired by Wen-Zee shift current [37] which appears in Hall transport, we have

the following second order conserved vector:
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where R↵��� is the Riemann tensor and cEuler is an arbitrary constant. The nomenclature is

motivated by the fact that the conserved topological charge associated with this current is

the Euler characteristic of the codimension-one spatial slice normal to uµ [39]. It is easy to

– 86 –



Class Hv: Gibbsian vectors

✦  Just as hydrostatic vectors entered into parameterization of the free energy 
current, there are non-trivial hydrodynamic vectors which lead to adiabatic 
constitutive relations. 

✦ These are parameterized by tensor valued differential operators with an 
explicit vector index 

✦ No explicit data on such transport, but they do appear in charged fluids at 
second order in gradients.

(Tµ⌫)
HV

=
1

2
D⇢C

⇢(µµ)(↵�) �Bg↵�
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Class L = HS ∪ HS

✦ Consider diffeomorphism and gauge invariant scalar Lagrangian densities 
which are functionals of hydrodynamic fields

will work in d spacetime dimensions and will assume that the hydrodynamic fields {uµ, T, µ}

as well as the background sources {gµ⌫ , Aµ} are slowly varying on this spacetime manifold

throughout our discussion.

While we could choose to work with the hydrodynamic fields defined above it is in fact

convenient to repackage them into an unnormalized vector field and a scalar field. By a simple

redefinition we therefore introduce a the hydrodynamic fields (denoted collectively by B)

B ⌘ {�,⇤�} , �µ
⌘

uµ

T
, ⇤� ⌘

µ

T
�

u�

T
A� . (2.1)

The fields {�µ,⇤�} encodes the same hydrodynamic data as the fields {u⌫ , T, µ}. We can

explicitly invert the above relations to get

uµ =
�µ

p
�g↵��↵��

, T =
1p

�g↵��↵��
, µ =

⇤� + ��A�p
�g↵��↵��

. (2.2)

Thus for the rest of the discussion, the dynamical content of hydrodynamics is d+ 1 degrees

of freedom in the vector field �µ and scalar field ⇤�.

A general hydrodynamic system as reviewed in §1 is characterized by a set of currents: we

have the energy-momentum tensor Tµ⌫ and a charge current Jµ which should be considered

dynamical and an entropy current Jµ

S
which enforces the constraint of the second law. In

addition to these currents we can consider the free energy current G
µ which is a particular

linear combination of the above, which we will encounter shortly, cf. (2.15). To simplify nota-

tion, we will collect the various currents we have introduced into a single set by introducing

a collection of tensor fields CH (dropping the indices for brevity)

CH ⌘ {Tµ⌫ , Jµ, Jµ

S
, Gµ

} . (2.3)

These currents should all be thought of as given by local covariant functionals of the

background and hydrodynamical fields which we also collectively denote as  

 ⌘ {gµ⌫ , Aµ,�
µ,⇤�} . (2.4)

Then we can write for our currents CH = CH [ ] or more explicitly for the fundamental

currents we have

Tµ⌫ = Tµ⌫ [ ] = Tµ⌫ [g↵� , A↵,�
↵,⇤�]

Jµ = Jµ [ ] = Jµ [g↵� , A↵,�
↵,⇤�]

Jµ

S
= Jµ

S
[ ] = Jµ

S
[g↵� , A↵,�

↵,⇤�] .

(2.5)

These relations are termed constitutive relations.

The dynamical information of hydrodynamics comprises simply of the statement of con-

servation modulo source terms (which do work on the system) and anomalies. In general

we can write the conservation equations for a microscopic quantum theory with flavour and

Lorentz anomalies in the presence of background sources as:

r⌫T
µ⌫ = J⌫ · Fµ⌫ +Tµ?

H
D⌫J

⌫ = J?

H (2.6)
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Constitutive relations in Class L are parametrized by a Lagrangian density L [gµ⌫ , Aµ,�µ,⇤�]

which we will assume to be a local scalar functional of its arguments, i.e., under gauge trans-

formations and di↵eomorphisms L transforms like a scalar field. Intuitively, L can be thought

of as some sort of a generalized pressure functional for the adiabatic fluid.14 We may write

Shydro =

ˆ
ddx

p
�g L [ ] . (4.1)

Consider now a variation of this Lagrangian functional which, after su�cient number of

integration by parts, can be brought to the form

1
p
�g

�
�p

�g L
�
�rµ(/�⇥PS

)µ

=
1

2
Tµ⌫ �gµ⌫ + Jµ

· �Aµ + T V� ��� + T ⇣ · (�⇤� +A� ���)

(4.2)

Here (/�⇥
PS
)µ denotes the surface terms generated due to integration by parts and is related

to the pre-symplectic potential. The symbol /� denotes that it is linear in variations of fields.

The variation of the Lagrangian makes it easy to obtain the currents CH. For instance

we read o↵ {Tµ⌫ , Jµ
} from the above variation and take Jµ

S
= s uµ with

s ⌘

✓
1

p
�g

�

�T

ˆ
p
�g L [ ]

◆ ����
{u� , µ, g↵� , A↵}=fixed

(4.3)

Here �

�T
is the variational (i.e., Euler-Lagrange) derivative. The free energy current can be

obtained using (2.15).

So far V� and ⇣ which multiply variations of the hydrodynamic fields are simply defined

by the above variational principle; they will have a role to play in the sequel. Sometimes it

is convenient to rewrite this expression in terms of {V�, ⇣}. Note that

T V� ��� + T ⇣ · (�⇤� +A����) = (V� + ⇣ ·A�) �u
� + ⇣ · � (µ� u�A�)

� [V� �� + ⇣ · (⇤� +A���)] �T
(4.4)

which in turn implies that

s = � [V� �� + ⇣ · (⇤� +A���)] = �
1

T
[V�u

� + ⇣ · µ]

=) T s+ µ · ⇣ + u� V� = 0 .
(4.5)

In the above and in what follows, we will often want to convert general variations of hydro-

dynamic fields {u�, T, µ} in terms of variations of {�µ,⇤�} and vice versa. This can readily

be done by using the defining equation (2.1) and explicit expressions can be found in (C.1)

for convenience.
14We will later see that upon restricting to hydrostatic configurations, L reduces to the hydrostatic partition

function WHydrostatic which suggests this intuition.
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✦ The basic variational principle of this theory defines currents:
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✦ Entropy density is defined as in thermodynamics
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Class L = HS ∪ HS

✦ Second order neutral fluid Lagrangian
Removable by field redefinition

Non-hydrostatic

✦ Variational principle gives all the necessary currents. 

✦ Exercise: Generalize to charged fluids (classification of necessary scalars 
available).

ˆ
dd�1x

p
�g


p(T ) + ��r�f1(T )+

fa(T ) aµa
µ + fR(T )R+ f!(T )!µ⌫!

µ⌫

+ f�(T )�µ⌫ �
µ⌫ + f⇥(T )⇥

2

+ f2a(T ) (rT )2 + f2b(T )⇥� · rT + f2c(T )⇥ a · rT + · · ·
�
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Class L adiabaticity

Now diffeomorphism and flavour gauge symmetries of the Lagrangian imply 
a set of Bianchi identities:

Since L is a scalar under the background di↵eomorphism and gauge transformation, the

integral on the l.h.s. has to vanish, �
X

´ p
�g L = 0, up to boundary terms. This immediately

implies for arbitrary {⇠µ,⇤} one has the di↵eomorphism and gauge Bianchi identities:
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These are the Bianchi identities we are after and per se they hold o↵-shell. If we think of

{Tµ⌫ , Jµ, Vµ, ⇣} as functionals of  , then these identities hold identically for arbitrary choice

of the latter fields.

We can supplement (4.10) with another identity which follows from our definition of the

entropy current (4.3)
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which is again valid o↵-shell.

We can now easily check that (4.10) and (4.11) together imply the adiabaticity equation

(2.10) in the absence of anomalies, for
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where we have used the basic definitions (2.1) and the relation (4.5) derived earlier. We should

emphasize that by virtue of the Bianchi identities (4.10) holding o↵-shell we have demon-

strated that the Lagrangian system defined by L [ ] satisfies the non-anomalous adiabaticity

equation (2.10) o↵-shell. We will postpone a more detailed discussion of the anomalous situ-

ation until §8; su�ce it to say for now that there is a Lagrangian construction that gives a

particular solution to (2.9).

Sometimes it is convenient to write the combinations that occur above in a conventional

hydrodynamic expansion. Upon explicit evaluation one finds
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B
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(4.13)
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Together with the identity and an off-shell Euler relation
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we get the off-shell adiabaticity equation (with zero entropy production):
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Since L is a scalar under the background di↵eomorphism and gauge transformation, the
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Constitutive relations in Class L are parametrized by a Lagrangian density L [gµ⌫ , Aµ,�µ,⇤�]

which we will assume to be a local scalar functional of its arguments, i.e., under gauge trans-

formations and di↵eomorphisms L transforms like a scalar field. Intuitively, L can be thought

of as some sort of a generalized pressure functional for the adiabatic fluid.14 We may write

Shydro =

ˆ
ddx

p
�g L [ ] . (4.1)

Consider now a variation of this Lagrangian functional which, after su�cient number of

integration by parts, can be brought to the form

1
p

�g
�

�p
�g L

�
� rµ(/�⇥

PS
)µ

=
1

2
Tµ⌫ �gµ⌫ + Jµ

· �Aµ + T V� ��� + T ⇣ · (�⇤� +A� ���)

(4.2)

Here (/�⇥
PS
)µ denotes the surface terms generated due to integration by parts and is related

to the pre-symplectic potential. The symbol /� denotes that it is linear in variations of fields.

The variation of the Lagrangian makes it easy to obtain the currents CH. For instance

we read o↵ {Tµ⌫ , Jµ
} from the above variation and take Jµ

S
= s uµ with

s ⌘

✓
1

p
�g

�

�T

ˆ
p

�g L [ ]

◆ ����
{u� , µ, g↵� , A↵}=fixed

(4.3)

Here �

�T
is the variational (i.e., Euler-Lagrange) derivative. The free energy current can be

obtained using (2.15).

So far V� and ⇣ which multiply variations of the hydrodynamic fields are simply defined

by the above variational principle; they will have a role to play in the sequel. Sometimes it

is convenient to rewrite this expression in terms of {V�, ⇣}. Note that

T V� ��� + T ⇣ · (�⇤� +A����) = (V� + ⇣ ·A�) �u� + ⇣ · � (µ � u�A�)

� [V� �� + ⇣ · (⇤� +A���)] �T
(4.4)

which in turn implies that

s = � [V� �� + ⇣ · (⇤� +A���)] = �
1

T
[V�u

� + ⇣ · µ]

=) T s+ µ · ⇣ + u� V� = 0 .
(4.5)

In the above and in what follows, we will often want to convert general variations of hydro-

dynamic fields {u�, T, µ} in terms of variations of {�µ,⇤�} and vice versa. This can readily

be done by using the defining equation (2.1) and explicit expressions can be found in (C.1)

for convenience.
14We will later see that upon restricting to hydrostatic configurations, L reduces to the hydrostatic partition

function WHydrostatic which suggests this intuition.
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Dynamics in Class L

✦ The dynamics in Class L is supposed to reduce to the conservation of 
energy-momentum and charge currents. 

✦  Naive variation with respect to               does not respect this requirement, 
since it would lead to vanishing of the adiabatic heat/charge currents. 

✦ Constrained variational principle: vary the hydrodynamic fields along a 
family related by Lie transport.

and

1
p

�g
�
B

�p
�g T ⇣

�
= D�(⇣ u

�) + [⇣, µ] (4.14)

In the above expressions we encounter the fluid acceleration vector a� and the rest frame

electric field E� = F��u� introduced earlier.

4.2 Noether Current in Class L

Having seen that Lagrangian systems of hydrodynamics as formulated above satisfy adia-

baticity equation o↵-shell, we now proceed to extract some more basic lessons. Most of these

follow from the basic variational principle and are encoded in the Noether current for the

class L constitutive relations which is related to the free energy current of the system.

We proceed by first deriving the Noether theorem for our Lagrangian system. By substi-

tuting (4.10) into (4.7), we get

rµN
µ[X] =

1

2
Tµ⌫ �

X
gµ⌫ + Jµ

· �
X
Aµ + T Vµ �

X
�µ + T ⇣ · (�

X
⇤� +Aµ �

X
�µ) (4.15)

with Nµ[X] as given in (4.8). The primary content of Noether theorem is that a current Nµ[X]

satisfying the above equation exists.

It is easy to see that every Noether current satisfying (4.15) gives a free energy current

satisfying the adiabaticity equation (2.18) with G
?

H
= 0 (for non-anomalous fluids). In par-

ticular, we see that we solve (2.18) by identifying {⇠µ,⇤} = {�µ,⇤�} (but we will still keep

{gµ⌫ , Aµ} general) and take

G
� = �T N�[B] = �T

⇣
�⌫ T

�⌫ + (⇤� + ��A�) · J
�

� T ��

h
�⌫ V⌫ + (⇤� + ��A�) · ⇣

i⌘

G
?

H
= 0 . (4.16)

Thus we see that the free energy current coincides (up to a factor of T ) with the Noether

current (or the non-canonical part of the entropy current) N�[B], cf. (2.15).

The corresponding entropy current is also easily constructed: we remind the reader that

the non-canonical part of the entropy current is �G
�/T = N�[B] so that the total entropy

current is given by

J�

S = N�[B] � �� T
��

� (⇤� + ��A�) · J
�

= N�[B] �
u�
T

T ��
�

µ

T
· J�

(4.17)

Thus, the choice of free energy/entropy currents is in one to one correspondence with the

choice of the Noether current.

Let us now try to get an alternate expression for Nµ[X] which will be useful later on. We

have from (4.2) and (4.15) the simple identity

rµN
µ[X] =

1
p

�g
�
X

�p
�g L

�
� rµ(/�X⇥PS

)µ

= rµ

⇥
⇠µ
L � (/�X⇥PS

)µ
⇤ (4.18)
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✦ This variation leads to equations of motion which when combined with the 
Bianchi identities leads to conservation

turn led to the adiabaticity equation. In particular, we have been treating the hydrodynamic

fields {�µ,⇤�} as non-dynamical fields thus working o↵-shell as far as the hydrodynamic

fields are concerned. The only exception is the hydrostatic limit studied in §4.3, where we

went on-shell by simply setting {�µ,⇤�} = {Kµ,⇤K} and invoking the hydrostatic principle.

This is clearly unsatisfactory; the utility of a Lagrangian is that it not only allows us to

construct on o↵-shell action, but that it also comes equipped with a variational principle that

captures the on-shell dynamics by giving us the equations of motion. We will now proceed to

address this lacunae and give a variational procedure to go on-shell. Our goal is to simply to

give the hydrodynamic fields {�µ,⇤�} appropriate dynamics which enforces the conservation

equations in (2.6) (with Tµ?

H
= J?

H
= 0 in the absence of anomalies).

5.1 A constrained variational principle for hydrodynamics

Let us go back to the derivation of the Bianchi type identities in §4.1. Inspection of (4.10)

which is obeyed by all class L constitutive relations suggests that on-shell equations of hy-

drodynamics (2.6) would be satisfied (with anomaly terms set to zero) if the fields {�µ,⇤�}

obeyed the following dynamical on-shell equations:

1
p
�g

�
B

�p
�g T Vµ

�
+ T ⇣ · �

B
Aµ ' 0

1
p
�g

�
B

�p
�g T ⇣

�
' 0

(5.1)

These equations have to arise for consistency of our formalism as the dynamical equations

of motion obtained by varying the fields {�µ,⇤�}. It is clear a-priori that this is not going

to happen naturally; the basic variational equation (4.2) if interpreted naively would lead to

V� + ⇣ · A� = 0 and ⇣ = 0 (assuming T 6= 0), which is certainly not what we would like to

have. The key point we have to understand is the following: given that the dynamical degrees

of freedom comprise of a vector �µ and a scalar ⇤�, we have to decide what variations of

these fields to admit as being physical. Our argument above shows that an unconstrained

variation of these fields is inconsistent with the dynamics we seek, so the question is whether

a suitable constrained variational principle exists.

We would like to claim now that such a constrained variation of {�µ,⇤�} exists and it

naturally leads to the correct hydrodynamic Ward identities upon using the Bianchi identities

(4.10). To see how the desired equations can be obtained from a variational principle, consider

the following: Fix the metric and gauge field and extremize
´ p

�g L among a family of

B = {�µ,⇤�} which are related to each other via Lie transport. We will denote this class of

variations by to distinguish it from the variation we have considered hitherto without the

Lie transport constraint. To wit, given an arbitrary X = {⇠µ,⇤} we define this constrained

variation as:

: �µ = �
X

�µ , ⇤� = �
X
⇤� , gµ⌫ = Aµ = 0 . (5.2)
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the adiabaticity equation is linear in the constitutive relations and relates terms of the same

derivative order in the constitutive relations. This means that we can treat anomalous terms

in (2.9) as “inhomogeneous source terms”. These can be removed by picking a suitable partic-

ular solution of adiabaticity equation. As a result we will assume that such anomalous terms

have been appropriately dealt with and focus on the non-anomalous adiabaticity equation by

setting them to zero, i.e., work with the homogeneous equation (2.10) up until §8.

2.2 Physical interpretation of adiabatic fluids

Let us physically understand the nature of the fluid systems that satisfy (2.9). The adjec-

tive ‘adiabatic’ refers to the following fact: say we restrict ourselves to fluid configurations

{�↵,⇤�} which satisfy the hydrodynamic equations of motion (2.6) which we re-characterize

for the present discussion as

r⌫T
µ⌫

' J⌫ · F
µ⌫ +Tµ?

H

D⌫J
⌫
' J?

H

(2.11)

with the symbol ' refers to the fact that these equations hold only in this restricted class (i.e.,

on-shell). We can then assign a conserved entropy current to this restricted class of fluid con-

figurations, i.e., rµJ
µ

S
' 0. Thus, the constitutive relations which solve adiabaticity equation

describe entropy-conserving (i.e., adiabatic) transport once hydrodynamic equations are im-

posed. In this sense the adiabatic fluids are on-shell equivalent to the class of non-dissipative

fluids as defined in [19]. One way to interpret the adiabaticity equation is that we have taken

entropy conservation o↵-shell using the hydrodynamic fields as Lagrange multipliers to supply

suitable combination of equations of motion along the lines espoused in [26].

However, the adiabaticity equation is actually a stronger assertion than just entropy

conservation. Say, instead of taking hydrodynamics on-shell via (2.11), we impose

r⌫T
µ⌫

' J⌫ · F
µ⌫ +Tµ?

H
+ fµ

ext

D⌫J
⌫
' J?

H +Qext

(2.12)

where fµ

ext
is the force per unit volume due to an external system and Qext is the charge

injected per unit time per unit volume by the external system. Let assume that this injection

of energy-momentum and charge happens adiabatically and the entropy injected into the

fluid is r.JS ' Sext. The adiabaticity equation is the statement that all these cannot be

together true for arbitrary {fµ

ext
, Qext, Sext}. In fact this transfer can be adiabatic if and

only if TSext + u⌫f⌫
ext + µ · Qext ' 0, i.e., if and only external system satisfies adiabaticity

equation. Thus, any two systems which satisfy adiabaticity equation can be combined to a

bigger system which satisfies adiabaticity equation.

Thus the adiabaticity hypothesis brings in a sense of linearity into hydrodynamics, much

like the superposition principle of quantum mechanics. This allows us to focus the discussion

on isolated systems, with the potential downside that we do not have access to the dissipative

part of hydrodynamics.

– 15 –

The main motivation for considering adiabatic hydrodynamics is the observation that

non-dissipative parts of many actual hydrodynamic theories coincide with what one finds in

adiabatic hydrodynamics. Not all solutions of adiabaticity equation are physically admissible,

e.g., one might want to impose additional constraints (like Euclidean consistency) and identify

on-shell equivalent or fluid frame-equivalent expressions to eliminate unphysical solutions.

Thus, we generally expect the solutions of adiabaticity equation to furnish a super-set of

physically admissible non-dissipative constitutive relations up to field redefinitions. It is an

open problem in adiabatic hydrodynamics to give a general proof of this super-set property,

but it does seem to hold in various known examples. We will take this as a su�cient motivation

to study adiabatic hydrodynamics.

2.3 Ideal fluids are adiabatic

Having presented the basic equation of interest, we now turn to asking how one might char-

acterize the solutions to the adiabaticity equation. After all we are interested in using these

as the first step in understanding more realistic fluid systems (including dissipation). To this

end we need to show that we have a non-empty solution set to (2.9).

It is now natural to study the non-anomalous adiabatic constitutive relations order by

order in derivative expansion. Let us illustrate how this works in zeroth order in derivative

expansion. The most general constitutive relation with zero derivatives of the hydrodynamic

data is

Jµ

S
= s uµ , Tµ⌫ = ✏uµu⌫ + pPµ⌫ , Jµ = ⇢uµ. (2.13)

where the entropy density s, energy density ✏, pressure p and charge density ⇢ are scalar

functions of T and µ. The tensor Pµ⌫ = gµ⌫+uµ u⌫ is the projector transverse to the velocity.

We have reverted to {uµ, T, µ} so as to write the constitutive relations in their familiar form.

The adiabaticity condition (2.10) can then be written quite simply as

(T u↵D↵s+ µ · u↵D↵⇢� u↵D↵✏) + (T s+ µ · ⇢� ✏� p)⇥ = 0 (2.14)

where ⇥ ⌘ rµuµ is the fluid expansion. If we insist that this hold for an arbitrary fluid

configuration, then the combination in each of the parentheses should individually vanish.

This then implies that the fluid should satisfy the first law

�✏ = T �s+ µ · �⇢

and the Gibbs-Duhem relation

✏+ p = T s+ µ · ⇢.

Thus, we recover standard constitutive relations describing thermodynamics from the formal-

ism of adiabatic hydrodynamics.

We will soon see that the family of adiabatic fluids is far richer as evidenced by our classi-

fication described in §1. We will introduce the various classes in due course, and concentrate

for the present on structural aspects of the construction. The reader impatient to see some

more examples is invited to consult §6.
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turn led to the adiabaticity equation. In particular, we have been treating the hydrodynamic

fields {�µ,⇤�} as non-dynamical fields thus working o↵-shell as far as the hydrodynamic

fields are concerned. The only exception is the hydrostatic limit studied in §4.3, where we

went on-shell by simply setting {�µ,⇤�} = {Kµ,⇤K} and invoking the hydrostatic principle.

This is clearly unsatisfactory; the utility of a Lagrangian is that it not only allows us to

construct on o↵-shell action, but that it also comes equipped with a variational principle that

captures the on-shell dynamics by giving us the equations of motion. We will now proceed to

address this lacunae and give a variational procedure to go on-shell. Our goal is to simply to

give the hydrodynamic fields {�µ,⇤�} appropriate dynamics which enforces the conservation

equations in (2.6) (with Tµ?

H
= J?

H
= 0 in the absence of anomalies).

5.1 A constrained variational principle for hydrodynamics

Let us go back to the derivation of the Bianchi type identities in §4.1. Inspection of (4.10)

which is obeyed by all class L constitutive relations suggests that on-shell equations of hy-

drodynamics (2.6) would be satisfied (with anomaly terms set to zero) if the fields {�µ,⇤�}

obeyed the following dynamical on-shell equations:

1
p

�g
�
B

�p
�g T Vµ

�
+ T ⇣ · �

B
Aµ ' 0

1
p

�g
�
B

�p
�g T ⇣

�
' 0

(5.1)

These equations have to arise for consistency of our formalism as the dynamical equations

of motion obtained by varying the fields {�µ,⇤�}. It is clear a-priori that this is not going

to happen naturally; the basic variational equation (4.2) if interpreted naively would lead to

V� + ⇣ · A� = 0 and ⇣ = 0 (assuming T 6= 0), which is certainly not what we would like to

have. The key point we have to understand is the following: given that the dynamical degrees

of freedom comprise of a vector �µ and a scalar ⇤�, we have to decide what variations of

these fields to admit as being physical. Our argument above shows that an unconstrained

variation of these fields is inconsistent with the dynamics we seek, so the question is whether

a suitable constrained variational principle exists.

We would like to claim now that such a constrained variation of {�µ,⇤�} exists and it

naturally leads to the correct hydrodynamic Ward identities upon using the Bianchi identities

(4.10). To see how the desired equations can be obtained from a variational principle, consider

the following: Fix the metric and gauge field and extremize
´ p

�g L among a family of

B = {�µ,⇤�} which are related to each other via Lie transport. We will denote this class of

variations by to distinguish it from the variation we have considered hitherto without the

Lie transport constraint. To wit, given an arbitrary X = {⇠µ,⇤} we define this constrained

variation as:

: �µ = �
X

�µ , ⇤� = �
X

⇤� , gµ⌫ = Aµ = 0 . (5.2)
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Reference fields for Class L

The constrained variational principle can be alternately phrased as fixing a 
reference configuration and varying along the pull-back maps by diffeos and 
gauge transformations.

M

{gµ⌫ , Aµ}{ ab, a}
{', c}

⌘ {
a,⇤ } B ⌘ {�µ,⇤�}

Figure 1. Illustration of the way various objects are defined. The fields on the physical spacetime
manifold M are related to those on the reference manifold by a pull-back using the dynamical fields
{', c}.

Let us begin by systematically first establishing a reference configuration. It is convenient

to imagine that these reference configurations live on some another spacetime which is

gauge equivalent and di↵eomorphic to the original spacetime. We will use lowercase Latin

alphabets to denote the spacetime indices on to distinguish it from lowercase Greek indices

used for the original spacetime M.

Let ⌘ {
a,⇤ } be the reference hydrodynamic fields living on . The actual {�µ,⇤�}

are obtained by introducing a di↵eomorphism field 'a(x) and a gauge transformation field

c(x) from physical spacetime M to and then using them to pull-back {
a,⇤ }. In order

to do this, let us introduce the matrices @µ'a
⌘

@'
a

@xµ and its inverse eµ
a ⌘

@x
µ

@'a that can be

used to pull-back tensor indices. For definiteness, let us think of these matrices as functions

of x, viz., living on the actual spacetime M. They satisfy

eµ

a @⌫'
a = �µ

⌫ , eµ

a @µ'
b = �a

b
. (5.5)

With this definition the pull-back of the reference configuration is given by

�µ = eµ

a(x)
a['(x)]

⇤� = c(x) ⇤ ['(x)] c�1(x) + ��(x) @�c(x) c
�1(x)

(5.6)

Note that ⇤� transforms with the correct inhomogeneous piece so that ⇤� + A� �� trans-

forms covariantly. More precisely, consider a flavor transformation A� 7! g�1A� g + g�1 @�g

and (⇤� +A� ��) 7! g�1 (⇤� +A���) g. It follows from the above expressions that this

corresponds to a left transformation of c given by c 7! g�1c with ⇤ kept fixed.

The decomposition given in (5.6) means that changing {'a, c} takes {�µ,⇤�} along a

Lie orbit whereas changing the functional form of { a,⇤ } takes {�µ,⇤�} from one Lie orbit

to another Lie orbit. So, in order to get the hydrodynamic equations, we should extremize´ p
�g L [ ] with respect to variations of the {'a, c} fields keeping the functional form of

{
a,⇤ } fixed. See Fig. 1 for an illustration of the situation.
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M

xµ

{gµ⌫ , Aµ}

B ⌘ {�µ,⇤�}

{'a, c}
a = 'a(x)

{gab, a}

⌘ {�a,⇤�}

Fig. 3: Illustration of the connection between the physical and reference fields for Class L adiabatic fluids.
The fields on the physical spacetime manifold M are related to those on the reference manifold

by a pull-back using the dynamical fields {'a, c}. The constrained variation on M which gives
the correct equations of motion corresponds to varying {'a, c} while holding {�a,⇤�} fixed. fig:ManifoldSketch

space of constrained variations to derive dynamics. It is somewhat more satisfactory to shift

to a description where these constraints are automatically implemented by an action, rather

than being imposed by hand.

To do this, we need to decompose the variations of {�µ,⇤�} into those allowed by the

constraint, and those in the orthogonal space of variations (which are forbidden by the con-

straint). The former lie in the Lie orbit of an admissible configuration. We can exploit this

characterization in decomposing the degrees of freedom into the truly dynamical ones and

the ones held rigid under the variation. To ascertain the physical space of variations, we pick

a reference configuration {�µ,⇤�} in each Lie orbit and then express the actual {�µ,⇤�} by

Lie dragging this reference configuration by a gauge transformation and di↵eomorphism. We

thus seek to decompose the hydrodynamic fields into

(i). A heavy component which is the reference configuration that one does not vary when

extremizing (denoted by the blackboard bold font characters).

(ii). A light component which is given by the Lie drag modes that one varies when extrem-

izing.

We begin by systematically first establishing a reference configuration. It is convenient

to imagine that these reference configurations live on some other spacetime which is gauge

equivalent and di↵eomorphic to the original spacetime. We will use the lowercase Latin

alphabet to denote the spacetime indices on to distinguish them from lowercase Greek

indices used for the original spacetime M.

Let xµ be coordinates on M and a be coordinates on . ⌘ {�a,⇤�} be the refer-

ence hydrodynamic fields living on . The actual {�µ,⇤�} are obtained by introducing a

di↵eomorphism field 'a(x) and a gauge transformation field c(x) from physical spacetime M
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Sigma model viewpoint

★  Worldvolume with fixed reference thermal vector 

★Target space diffeomorphisms become field variations on the worldvolume. 

★Physical equations of motion then amount to conservation equation.

physical fluidworldvolume/reference spacetime

�µ

gµ⌫

XµXµ(�)
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Entropy as a Noether current

✦ Following the variational principle one can give a simple expression for the 
free energy current:

Nµ = �µL � (/�B⇥PS)
µ
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rµNµ =
1

2
T µ⌫ �Bgµ⌫ + Jµ · �B Aµ
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✦ This of course holds when we restrict to hydrostatic configurations and 
signals a nice consistency check between fluid entropy and black hole 
entropy in equilibrium in the holographic context.



Act II
Microscopic perspective on hydrodynamics



Response Theory

✦ Hydrodynamics is a theory of response functions. System prepared in 
equilibrium, disturbed by external sources, and then causal response 
measured. 

✦ Linear response (small amplitude deformations):

a Fourier transform of the response function, one arrives at the admittance:

�A

O
(!) = lim

✏!0+

Z
1

0

RA

O
(t) e�i! t�✏ t dt (3.5)

It should be clear from the above discussion that this formalism is su�ciently general to

accommodate arbitrary linear changes in a given dynamical system. Non-linear corrections

can be explored in perturbation theory, generalizing familiar ideas from time dependent

perturbation theory in quantum mechanics.

3.2 Retarded correlators & Kubo formulae

The perturbations discussed so far are explicit perturbations on the system caused by some

external force F . One can as well envisage a perturbation driven purely by thermal fluc-

tuations, which are not a-priori related in any obvious way to external forces acting on

the system. However, thermal fluctuations can be measured by looking at the response of

the extensive thermodynamic variables to variations in the local energy or charge densities.

These in fact can also be treated in linear response and lead to the famous Kubo formulae

for the transport coe�cients. We now give a brief overview of these concepts valid in any

field theory; in §4 we will demonstrate how these formulae can be applied in the AdS/CFT

context.

Let us return to the response function given in (3.4) and extract some essential features

that we will use in later analysis. While that discussion was su�ciently general, it is worth

translating this into more familiar language. Physically we wish to monitor the behaviour of

the expectation value of some operator Oa when the system is subject to some perturbation.

We can imagine this occurring via a direct coupling of the operator to some sources Ja,

whose e↵ect is to change the action via:

S = S0 +

Z
ddxJa(x)Oa(x) (3.6)

The response of the system due to this change can be obtained by rewriting the result (3.4)

slightly. Since the system will respond only after the perturbation, causality demands that

we simply convolve the retarded Green’s function of the operator Oa to the sources Jb that

causes it to deviate from stationarity. In particular, we have

hOa(x) i = �
Z

ddy GR

ab
(x, y)Jb(y) (3.7)

where the retarded correlation function is defined as usual via

GR

ab
(x, y) = �i ✓(x0 � y0) h [Oa(x),Ob(y)] i (3.8)

Therefore given the retarded correlation functions, one can immediately infer, in the linear

response regime, the manner in which the system under consideration reacts to the external
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them. These are the famous Kubo formulae. For instance to find the shear viscosity of the

system, one simply takes an appropriate zero frequency limit of the retarded correlator, i.e.,

⌘ = � lim
!!0

1

!
Im

�
GR

xy,xy
(!,0)

�
. (3.15)

Similar expressions can be written down for the charge conductivity, etc..

3.3 Brownian motion of probes and Langevin dynamics

Our discussion thus far has been anti-chronological in a historical sense, for we have used

general notions of quantum field theories and statistical mechanics to arrive at the response

of the system to external perturbations. Historically, these ideas were first explored in kinetic

theory, where it was realized that one could systematically account for the deviations away

from purely thermal behaviour. We will refrain from repeating these ideas here in the context

of departures from equilibrium of the system as a whole, but instead use these concepts to

describe the physics of a single probe particle in a thermal medium. We have in mind a

projectile that moves through some plasma medium. The medium itself will be taken to be

in a thermal ensemble and we will be interested in the manner in which the probe particle

loses energy to the medium. Moreover, it is also well known that even if the particle attains

equilibrium with the plasma, it will continue to be bu↵eted by thermal fluctuations from

the medium and undergo random motion. This is the famous stochastic Brownian motion,

which is best described in the limit of a heavy probe particle in a thermal medium.

Let us therefore consider the Langevin equation, which is the simplest model describing

a non-relativistic Brownian particle of mass m in one spatial dimension:

ṗ(t) = ��0 p(t) +R(t) . (3.16)

Here p = mẋ is the (non-relativistic) momentum of the Brownian particle at position x and

time t, and ˙⌘ d/dt. The two terms on the right hand side of (3.16) represent friction and

random force, respectively, and �0 is a constant called the friction coe�cient. One can think

of the particle as losing energy to the medium due to friction, and concurrently getting a

random kick from the thermal bath, modeled by the random force. We assume the latter to

be simply white noise with

hR(t) i = 0, hR(t)R(t0) i = 0 �(t� t0), (3.17)

where 0 is a constant. Note that the separation of the force into frictional and random parts

on the right hand side of (3.16) is merely a phenomenological simplification – microscopically,

the two forces have the same origin, namely collision with the fluid constituents.

Assuming equipartition of energy at temperature T = hmẋ2 i, one can derive the follow-
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disturbance caused by the sources. One will often be interested in the behaviour of the

Green’s functions in momentum space. To this end we define the Fourier transform of the

retarded correlators via

GR

ab
(!,k) = �i

Z
ddx e�i k·x ✓(t)GR

ab
(x, 0) (3.9)

where we have assumed translational invariance and defined the d-vector kµ = (!,k).

A class of observables that are interesting to examine are those corresponding to conserved

currents in the theory, viz., the energy-momentum tensor Tµ⌫ or generic conserved global

charges Jµ. If we consider systems in thermal equilibrium, where deviations from thermality

are engineered by density or charge fluctuations, then one is naturally led to studying the

retarded Green’s functions of these conserved currents:

Gµ⌫,↵�(x, y) = �iTr (⇢ [Tµ⌫(x), T↵�(y)]) ⌘ �i ✓(x0 � y0) h [Tµ⌫(x), T↵�(y)] i�
Gµ⌫,↵(x, y) = �iTr (⇢ [Tµ⌫(x), J↵(y)]) ⌘ �i ✓(x0 � y0) h [Tµ⌫(x), J↵(y)] i�
Gµ,↵(x, y) = �iTr (⇢ [Jµ(x), J↵(y)]) ⌘ �i ✓(x0 � y0) h [Jµ(x), J↵(y)] i� (3.10)

where we have assumed that the density matrix in question is appropriate to the ensemble

under consideration. The correlators indicated on the RHS in (3.10) are therefore the thermal

correlators, with perhaps fixed chemical potentials.

Interesting physical quantities characterizing the system can be extracted by examining

the momentum dependence of the retarded correlation functions of the conserved currents.

The momentum space correlators have non-trivial analytic behaviour, with poles in the

complex k plane. One can read o↵ the dispersion relation for the associated modes, by

solving for !(k). Since thermodynamic systems typically incorporate dissipative e↵ects,

these dispersion relations typically have imaginary pieces which capture the rate at which

the system relaxes back to equilibrium. Stability of the quantum system demands that the

perturbations damp out exponentially in time. This translates to the poles of the retarded

Green’s functions lying entirely in the lower half plane of the complex frequency space. We

will see shortly that these poles of the retarded Green’s functions are in fact associated with

the quasinormal modes of black hole geometries (which describe how a black hole settles

back to its quiescent equilibrium state) via the AdS/CFT correspondence.

To be specific, let us consider a four dimensional conformal field theory and examine the

stress tensor retarded correlator. It is useful to take into account the stress tensor conserva-

tion equation which implies a Ward identity kµGµ⌫,↵� = 0.13 It is in fact convenient to pick

a direction in momentum space, say k = k êz, and describe modes as being longitudinal or

transverse to this choice of momentum. One can then show that the transverse components

13 We are here ignoring contact terms which can appear in the Ward identities. In momentum space these

will give rise to analytic pieces and will therefore be irrelevant to our discussion of of poles.
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✦ Non-conserved quantities die off exponentially after transient behaviour (cf., 
quasinormal modes). Hydrodynamic response captured by retrarded 
Green’s functions of conserved currents;

Kubo formula for 
shear viscosity



Retarded Response and Schwinger-Keldysh

✦ Causal response requires being agnostic of future evolution. Achieved 
explicitly using the closed-time-path, in-in, or Schwinger-Keldysh complex 
time functional integral contours.
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identify           
(Trace)

✦ Think of evolving the disturbed system with the time-dependent 
Hamiltonian, and then reversing back the evolution to land on the initial 
state (which you know). Equivalent picture by thinking about phases accrued 
in evolution (normalization of functional integral).
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Schwinger-Keldysh contour
�R

�L

density matrix

turning point  

identity operator

Consequentially we work in an enlarged Hilbert space H = HR ⌦ HL with the action (�

denoting the collection of fields)

SSK = S[�R]� S[�L] . (2.5)

It will be crucial in the sequel to note the relative sign between the two copies, which

is predicated by the fact that while states are evolved forward (in the Schrödinger picture

say), their conjugates are evolved in reverse under standard unitary Hamiltonian evolution.

In particular, computing correlation functions involves turning on sources for the operators

on both sides with a relative sign, or equivalently working with a Lorentzian inner-product

in the source operator space, viz.,

�SSK =

ˆ
ddx

p
�g (JR OR � JL OL) . (2.6)

This feature is manifest in the definition of the SK path integral ZSK given in Eq. (2.1).

2.2 Topological limit

The second defining feature is a specific boundary condition imposed on the double copy

correlators [14]. Usually this is stated as a technical condition that right-right correlators

are all time-ordered, left-left correlators are all anti-time ordered and the left operators are

always ordered to the left of the right operators; see Eq. (2.2). While technically su�cient,

this way of framing is somewhat unwieldy to deal with. For example, it is not immediately

clear how or why such an ordering structure should be preserved under renormalization.

We will thus rephrase this feature in a more useful form for doing e↵ective theory. A

consequence of the time-ordering prescription given above is that a certain class of operators,

viz., the di↵erence operators Odif = OR � OL, in the doubled theory have vanishing self-

correlations.5 This is a manifestation of unitarity in the underlying QFT. In order to see this,

we first note that, according to Eq. (2.6), di↵erence operator correlators are computed by

aligning the sources JR = JL = J . Looking at Eq. (2.1), it is clear that the SK path integral

degenerates in this limit to a trace over initial state Tr (⇢0) if the evolution with arbitrary

sources is unitary.6

Typically it is hard to protect an entire set of correlation functions against correction

without some symmetry principle. We therefore intuit there is underlying topological sym-

metry in play, since the above structure is insensitive to the particularities of the dynamics

of the QFT under consideration.

5 This statement is very familiar in the context of two point functions, where the advanced, retarded and

the symmetric correlator form a complete basis. One can check that this statement extends trivially in the

case of higher point functions, noting that it is a consequence of a simple identity involving time-ordering of

operators [14]. This identity is sometimes called the Veltman’s largest time equation in the context of Cutkosky

cutting rules [15].
6 This shows that SK path integral is the right framework to study unitarity in the evolution of mixed

states. This is to be contrasted with the thermofield double description which studies path integrals of the form

Tr
n

U [JR] ⇢
1
2
0 U

†[JL] ⇢
1
2
0

o
and is hence ill-suited for studying single copy unitarity unless it is analytically

continued to a SK path integral.

– 4 –

Generating functional (time ordered)

ZT [JR,JL] = Tr
⇣
U [JR] ⇢̂T (U [JL])

†
⌘

ˆ
[D�R][D�L] e

i
�
SSK+�SSK

�
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This feature is manifest in the definition of the SK path integral ZSK given in Eq. (2.1).
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correlators [14]. Usually this is stated as a technical condition that right-right correlators

are all time-ordered, left-left correlators are all anti-time ordered and the left operators are

always ordered to the left of the right operators; see Eq. (2.2). While technically su�cient,

this way of framing is somewhat unwieldy to deal with. For example, it is not immediately

clear how or why such an ordering structure should be preserved under renormalization.

We will thus rephrase this feature in a more useful form for doing e↵ective theory. A

consequence of the time-ordering prescription given above is that a certain class of operators,

viz., the di↵erence operators Odif = OR � OL, in the doubled theory have vanishing self-

correlations.5 This is a manifestation of unitarity in the underlying QFT. In order to see this,

we first note that, according to Eq. (2.6), di↵erence operator correlators are computed by

aligning the sources JR = JL = J . Looking at Eq. (2.1), it is clear that the SK path integral

degenerates in this limit to a trace over initial state Tr (⇢0) if the evolution with arbitrary

sources is unitary.6

Typically it is hard to protect an entire set of correlation functions against correction

without some symmetry principle. We therefore intuit there is underlying topological sym-

metry in play, since the above structure is insensitive to the particularities of the dynamics

of the QFT under consideration.

5 This statement is very familiar in the context of two point functions, where the advanced, retarded and

the symmetric correlator form a complete basis. One can check that this statement extends trivially in the

case of higher point functions, noting that it is a consequence of a simple identity involving time-ordering of

operators [14]. This identity is sometimes called the Veltman’s largest time equation in the context of Cutkosky

cutting rules [15].
6 This shows that SK path integral is the right framework to study unitarity in the evolution of mixed

states. This is to be contrasted with the thermofield double description which studies path integrals of the form

Tr
n

U [JR] ⇢
1
2
0 U

†[JL] ⇢
1
2
0

o
and is hence ill-suited for studying single copy unitarity unless it is analytically

continued to a SK path integral.
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✦ Convenient to work in doubled Hilbert space (space of bras and kets) with 
two sets of operators. Physical observables of  single-copy theory have 
natural realization in this space.



SK Time-ordering rules

✦ Time-ordering = contour ordering (R = time-ordered, L=anti-time-ordered)

the concept of mutual Grassmann parity of operators. To do so, we first introduce the notion

of a Grassmann number for an operator O, which is defined to be

(�1)GO =

(
+1 , O : Grassmann even

�1 , O : Grassmann odd
(3.9)

In addition to the Grassmann number it is also useful to keep track on occasion of the

fermion number, which we denote (�1)FO. We define this as

(�1)FO =

(
+1 , O : bosonic

�1 , O : fermionic
(3.10)

On physical fields, FO and GO are the same. However, there is nevertheless an important

distinction between the two (especially if one introduces ghosts in the description of the

system, as we will do later on). The former cares about the statistics obeyed by the operator

irrespective of its Grassmann parity, while the latter only cares about the Grassmann nature.

In particular FO is taken to be zero not only for the usual bosonic degrees of freedom one is

used to, but also for Grassmann odd ghost particles; we will loosely refer to all such fields as

‘bosonic’. Similarly, FO is unity for Grassmann odd particles, as well as for Grassmann even

ghosts, both of which we refer to as ‘fermionic’.

Given the Grassmann number operator we can proceed to define the mutual Grassmann

parity (�1)GAGB for two operators bA(x) and bB(y) by multiplying the Grassmann numbers

GAGB, which gives a relative sign when both operators are Grassmann odd. We will use this

soon to define a generalized commutator that accounts for the Grassmann parity of the fields

in question and to give the correct boundary conditions for thermal physics.

As the system evolves away from the initial density matrix ⇢̂initial prescribed at t = ti,

it generically is no more in equilibrium because of the external sources we turn on. In this

case, as independently argued by Schwinger [2] and Keldysh [3], we need to keep track of

two copies of all the observables: every operator bO is replaced by a right operator OR giving

time-ordered (or Feynman) correlators and a left operator OL giving anti-time-ordered (or

anti-Feynman) correlators. Thus

h T

h
bO(1)bO(2)

. . . bO(p)
i
T

h
bO(p+1)bO(p+2)

. . . bO(p+q)
i
i

⌘ h TSK O(1)
L O(2)

L . . .O(p)
L O(p+1)

R O(p+2)
R . . .O(p+q)

R i ,

(3.11)

where the expectation value h. . .i can be taken with an arbitrary initial condition and is just

defined by the trace as in (3.6). The object TSK will henceforth be used to denote Schwinger-

Keldysh time ordering, deviating from the more conventional contour ordering used earlier

in §2. It can be easily understood by the mnemonic: right operators are time ordered, left

operators are anti-time ordered and left operators are ordered after the right operators.

To summarize, the nomenclature right vs left can be interpreted in various ways:
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live in this extended space of states. The main caveat is that not all elements of HR⌦H⇤
L can

be normalized to give a mixed state whereas any non-zero element of H can be normalized

to a pure quantum state; recall that density matrix ⇢̂ of an admissible mixed state should be

(i). Hermitian with non-negative eigenvalues

(ii). should have non-zero but finite trace (which can then be normalized to unity).

We adapt a notation wherein standard operators on H (which are automatically elements

of HR ⌦H⇤
L ) by a hat. On the contrary there will be no hats on SK operators which act on

the entire space HR ⌦ H⇤
L. Operators in the extended system are sometimes referred to as

superoperators. some reference

Let Ô 2 HR ⌦H⇤
L be an operator acting on the state space H: we can then construct two

corresponding superoperators acting on HR ⌦H⇤
L of the form

OR ⌘ bO ⌦ I , OL ⌘ I ⌦ bO (3.1)

As described in §2 often one performs a Keldysh rotation to instead work with the di↵erence

and average operators defined via:

Odif ⌘ OR � OL , Oav ⌘ 1

2
(OR + OL) (3.2) eq:KeldyshDef

We note that, after Keldysh rotation the average sources are associated with di↵erence op-

erators and the di↵erence sources are associated with average operators. This a consequence

of the following relation relating right-left basis to Keldysh basis:

JR OR � JL OL = Jav Odif + Jdif Oav . (3.3) eq:KeldyshJ

One may view the statement as saying that the SK contour imparts a Lorentzian inner product

between the left and right segments, and the passage to the Keldysh basis is akin to choosing

light-cone variables. In any event, varying the SK action with respect to average sources gives

the correlators with di↵erence operators and vice-versa.

We should note here that in much of the literature the Keldysh basis introduced in (3.2)

is called the ‘ra’ basis. The average operators are called the r�operators and the di↵erence

operators are called a-operators. We find this terminology less intuitive. Moreover, when we

discuss thermal correlation functions, for ⇢̂initial being a thermal Gibbs density matrix, we

will encounter the retarded-advanced basis (we use ret � adv to denote them). To forestall

any potential confusion, we propose to refer the Keldysh basis as av � dif operators.

With these preliminaries in place let us define the SK generating functional ZSK which

is defined by the trace over the tensor product Hilbert space HR ⌦H⇤
L

ZSK [JR,JL] ⌘ Tr
⇣
U [JR] ⇢̂initial U

†[JL]
⌘
, (3.4) eq:ZSKdef

where ⇢̂initial is the initial density matrix of the system, U represents the unitary evolution

operator of the QFT, U † is its adjoint. We have allowed ourselves to deform the unitary

– 10 –

Keldysh (light-cone) basis:

• The left operators are always ordered to the left of the right operators. Thus the right-

left correlators can be used to compute the un-ordered correlators.

• In the complex time plane, the right operators are placed on the time contour running

to the right (increasing time) vs the left operators which are placed on the time contour

running to the left (decreasing time), as in the contour ordering prescription described

in §2.

• For thermal equilibrium states studied using the AdS/CFT correspondence cf., [24], the

right operators are placed at the right boundary of the eternal black hole whereas the

left operators are placed at the left boundary.7

Returning back to our discussion of the Keldysh rotation, we note that we can transform

the correlation functions from the R�L basis to the Keldysh (av�dif) basis. The prescription

we seek is given for two-point functions (of mutually Grassmann even operators) quite simply

to be

h TSK Aav(x) Bav(y) i = h

n
bA(x), bB(y)

o

±
i ,

h TSK Aav(x) Bdif (y) i = ⇥AB h

h
bA(x), bB(y)

i

±
i ,

h TSK Adif (x) Bav(y) i = �⇥BA h

h
bA(x), bB(y)

i

±
i ,

h TSK {Aav(x) Bdif (y)� Adif (x) Bav(y)} i = h

h
bA(x), bB(y)

i

±
i ,

h TSK Adif (x) Bdif (y) i = 0 .

(3.12)

In the process of writing (3.12) we encounter a few new pieces of notation. Firstly, the

graded commutator [ , ]± is introduced so as to avoid our having to write commutators and

anti-commutators in a case-by-case basis. Likewise it is also convenient to define a graded

anti-commutator { , }±. These objects are defined using the Grassmann number operator

GO introduced in (3.10):

[A, B]± = A B � (�)GA GB B A ,

{A, B}± =
1

2

�
A B + (�)GA GB B A

�
. (3.13)

These definitions clearly satisfy:

[A, B]± = �(�)GA GB [B, A]± , {A, B}± = (�)GA GB {B, A}± . (3.14)

One can also check that the graded commutators obey a graded Jacobi identity of the form

⇥
[A, B]± , C

⇤
±
=

⇥
A, [B, C]±

⇤
±
� (�)GA GB

⇥
B, [A, C]±

⇤
±

, (3.15)

7 We will discuss in §11 some rudimentary aspects of the Schwinger-Keldysh formalism applied to grav-

itational systems, drawing a distinction between the more familiar thermofield double construction which is

employed in [24] and the Schwinger-Keldysh complex time contour.
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• The left operators are always ordered to the left of the right operators. Thus the right-

left correlators can be used to compute the un-ordered correlators.
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running to the left (decreasing time), as in the contour ordering prescription described
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employed in [24] and the Schwinger-Keldysh complex time contour.
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Response functions 
computed directly from the 
contour-ordered objects 
simply in Keldysh basis



HYDRODYNAMICS: TRANSPORT, FLUCTUATIONS

✦Hydrodynamics: low energy dynamics of conserved currents in near 
equilibrium situations.

✦Transport is captured by response functions: 
these are the first non-trivial correlators 
involving 1-average and rest difference 
operators.

✦KMS relations relate response functions to fluctuations, e.g., and embody 
the fluctuation-dissipation theorem:

supercharges {QSK ,QSK}. The two topological charges are CPT conjugates of each other,2

and ensure that the largest time equation is upheld.
When the initial state is furthermore thermal, ⇢̂initial = ⇢̂T = e�� bH, the correlators can be

obtained (in equilibrium) by analytically continuing Euclidean thermal correlators. Euclidean
thermal periodicity translates then into a set of non-local KMS conditions [17, 18, 43]. The
easy way to see these conditions is to conjugate any operator through the density matrix,
noting the Gibbsian nature results in shifting the temporal argument t 7! t� i� (the direction
of the shift and conjugation is dictated by convergence, so all motion is into the lower-half
complex time plane).

These conditions encode the important fluctuation dissipation relations; indeed for two-
point functions a simple rearrangement of the primitive KMS results in the familiar relation
between the commutator and the anti-commutator modulo the statistical factor.

Tr
⇣
bA(tA) bB(tB ) ⇢̂T

⌘
= Tr

⇣
bB(tB � i�) bA(tA)

⌘

=) h{bA, bB}i = � coth

✓
1

2
� !B

◆
h[bA, bB]i

(2.3) eq:kms

It is traditional in much of the literature to view the KMS condition as a Z2 involution,
owing to the fact that the first line of (2.3) involves a swap of operator order after conjugation;
see [44] for a nice discussion. Indeed [4] implement the KMS condition as a Z2 symmetry,
and argue for an emergent second topological charge to encode the KMS condition. However,
inspired by our previous studies of transport in relativistic fluids that is consistent with the
second law, we argued for a different approach involving an emergent KMS-U(1)T gauge
invariance [2, 3, 19]. This KMS symmetry acts on the fields by thermal translations, as it must.
While the two approaches appear to be superficially different, the actual implementation of
the KMS gauge invariance works through the formalism of extended equivariant cohomological
algebras. At the end of the day, we will end up with a very similar superalgebra constraining
low energy dynamics.3 Rather than repeat the technical exposition which can be found in [6]
we shall give a brief qualitative picture.

Usually one is used to think of thermal equilibrium in terms of statistical mechanics, in the
Euclidean formulation of the QFT, owing to the fact that we can consider the thermal circle
to be fibered non-trivially over the spatial geometry. The thermal equivariance formalism,
heuristically can be viewed as extending this fibration to the physical spacetime (see Fig.1).
In this extended spacetime, we ask that the resulting physics be independent of the choice of

2
We note here that [4] also argue for a BRST symmetry, with the difference that they require only one

BRST charge to ensure the correct Schwinger-Keldysh functional integral localization upon source alignment.

See [42] for further comments.
3

The main distinction at this stage is that while we postulate an emergent U(1)T symmetry, we do not

describe in any detail, the dynamics of the associated gauge sector. Assuming, the dynamics to imply that

there is a non-trivial background gauge field, we can freeze out the gauge modes, leaving behind an algebra

that agrees with [4] in the high temperature limit. We note that their construction is also most reliable in this

limit; in this context the superalgebra of interest is well known in the statistical mechanics literature and has

been used to good effect to derive the non-equilibrium form of the second law in [45].
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✦Look to constructing an effective field theory that captures all 
hydrodynamic transport & attendant fluctuations.

Tr
⇣
bA(tA) bB(tB )⇢̂T

⌘
= Tr

⇣
bB(tB � i�) bA(tA)⇢̂T

⌘
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Lecture 3



Schwinger-Keldysh contour: recap
�R

�L

density matrix

turning point  

identity operator

Consequentially we work in an enlarged Hilbert space H = HR ⌦ HL with the action (�

denoting the collection of fields)

SSK = S[�R]� S[�L] . (2.5)

It will be crucial in the sequel to note the relative sign between the two copies, which

is predicated by the fact that while states are evolved forward (in the Schrödinger picture

say), their conjugates are evolved in reverse under standard unitary Hamiltonian evolution.

In particular, computing correlation functions involves turning on sources for the operators

on both sides with a relative sign, or equivalently working with a Lorentzian inner-product

in the source operator space, viz.,

�SSK =

ˆ
ddx

p
�g (JR OR � JL OL) . (2.6)

This feature is manifest in the definition of the SK path integral ZSK given in Eq. (2.1).

2.2 Topological limit

The second defining feature is a specific boundary condition imposed on the double copy

correlators [14]. Usually this is stated as a technical condition that right-right correlators

are all time-ordered, left-left correlators are all anti-time ordered and the left operators are

always ordered to the left of the right operators; see Eq. (2.2). While technically su�cient,

this way of framing is somewhat unwieldy to deal with. For example, it is not immediately

clear how or why such an ordering structure should be preserved under renormalization.

We will thus rephrase this feature in a more useful form for doing e↵ective theory. A

consequence of the time-ordering prescription given above is that a certain class of operators,

viz., the di↵erence operators Odif = OR � OL, in the doubled theory have vanishing self-

correlations.5 This is a manifestation of unitarity in the underlying QFT. In order to see this,

we first note that, according to Eq. (2.6), di↵erence operator correlators are computed by

aligning the sources JR = JL = J . Looking at Eq. (2.1), it is clear that the SK path integral
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sources is unitary.6
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without some symmetry principle. We therefore intuit there is underlying topological sym-

metry in play, since the above structure is insensitive to the particularities of the dynamics

of the QFT under consideration.

5 This statement is very familiar in the context of two point functions, where the advanced, retarded and

the symmetric correlator form a complete basis. One can check that this statement extends trivially in the

case of higher point functions, noting that it is a consequence of a simple identity involving time-ordering of

operators [14]. This identity is sometimes called the Veltman’s largest time equation in the context of Cutkosky

cutting rules [15].
6 This shows that SK path integral is the right framework to study unitarity in the evolution of mixed

states. This is to be contrasted with the thermofield double description which studies path integrals of the form

Tr
n

U [JR] ⇢
1
2
0 U

†[JL] ⇢
1
2
0

o
and is hence ill-suited for studying single copy unitarity unless it is analytically

continued to a SK path integral.
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Generating functional (time ordered)

ZT [JR,JL] = Tr
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†
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✦ Convenient to work in doubled Hilbert space (space of bras and kets) with 
two sets of operators. Physical observables of  single-copy theory have 
natural realization in this space.



SK effective field theory

✦ Initial state correlations inherent in the density matrix lead to non-trivial LR 
correlation functions. 

➤ Therefore, integrating out high energy modes starting from microscopic 
Schwinger-Keldysh leads to coupling between L and R encoded in 
influence functionals. 

✦ What influence functionals are consistent with microscopic unitarity?
Feynman, Vernon ‘63 

✦ Examine Schwinger-Keldysh Ward identities and encode them in terms of 
symmetry principles.



SK topological limit

✦Lorentz signature inner product in R-L basis from forward/backward 
evolution implies:

ZSK [JR = JL = J ] = Tr
�

⇢̂initial

 

✦Equal sources on L-R collapses to a theory of initial conditions.

It is usual to give a regularizing prescription for what happens when the causal order

is indeterminate. In addition it is natural to demand that whatever the prescription be, it

should continue to obey the identity above (3.14).

Some of the commonly used regularizing prescriptions when the causal order is indeter-

minate are (Check this)

Itō : ⇥A>B = 1, ⇥A<B = 0.

(Fisk-) Stratonovich : ⇥A>B =
1

2
, ⇥A<B =

1

2
.

Hanggi- Klimentovich : ⇥A>B = 0, ⇥A<B = 1.

(3.15)

Since Stratanovich prescription is natural from the viewpoint of Fourier transforms and it is

a CPT invariant regulator, we will employ it in what follows. We then have ⇥A>B = ⇥A<B

everywhere.7

3.4 Keldysh basis correlators
sec:keldysh

We now have all the machinery to give an explicit formula for the Keldysh basis correlators

following [4]. The simplest correlator is the one containing only di↵erence operators and it

vanishes identically, viz.,

hTSK
Y

k

O(k)
dif

i ⌘ hTSK
Y

k

⇣
O(k)

R � O(k)
L

⌘
i ⌘ hTSK

Y

k

O(k)
adv

i = 0 (3.16) eq:diff0

This is in fact easy to see directly from the definition of the generating function ZSK [JR,JL].

First one notes that the di↵erence operators are sourced by the average sources Jav , which

means that we can w.l.o.g. set JR = JL in the generating function before taking any functional

derivatives. However, ZSK [J ,J ] = Tr (⇢̂initial), owing to the cyclicity of the trace.

Thus we learn that the functional derivative of this result will vanish, simply asserting

that the SK-path integral is unresponsive to a set of average sources, for it collapses to a

statement of initial conditions. It must be emphasized that this fact holds independent of the

dynamics, which after all, is contained in the unitary evolution operator U . The universality

of this statement, points to a fundamental symmetry principle. We will argue later that the

SK path integral behaves like a topological theory when restricted to this sector. In particular,

the di↵erence operators will be shown to be BRST exact, with the symmetry being traceable

back a set of field redefinitions inherent in the doubling from H to HR ⌦H⇤
L.

should we draw an analogy or make a connection with MHV amplitudes?

7
Sometimes for generalized Langevin theory in non-equilibrium physics and often in stochastic mathematics

(including mathematical finance) the Itō prescription is preferred. CPT exchanges Itō and Hanggi- Klimen-

tovich prescriptions and thus the CPT-violating nature of Itō has to then be compensated by CPT-violating

counter terms (as is usual with any symmetry violating regulator). The ghosts we will talk about later in this

text often decouple in the Itō prescription which is the probably the reason it is preferred in fields which do

not want to deal with ghosts.
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live in this extended space of states. The main caveat is that not all elements of HR⌦H⇤
L can

be normalized to give a mixed state whereas any non-zero element of H can be normalized

to a pure quantum state; recall that density matrix ⇢̂ of an admissible mixed state should be

(i). Hermitian with non-negative eigenvalues

(ii). should have non-zero but finite trace (which can then be normalized to unity).

We adapt a notation wherein standard operators on H (which are automatically elements

of HR ⌦H⇤
L ) by a hat. On the contrary there will be no hats on SK operators which act on

the entire space HR ⌦ H⇤
L. Operators in the extended system are sometimes referred to as

superoperators. some reference

Let Ô 2 HR ⌦H⇤
L be an operator acting on the state space H: we can then construct two

corresponding superoperators acting on HR ⌦H⇤
L of the form

OR ⌘ bO ⌦ I , OL ⌘ I ⌦ bO (3.1)

As described in §2 often one performs a Keldysh rotation to instead work with the di↵erence

and average operators defined via:

Odif ⌘ OR � OL , Oav ⌘ 1

2
(OR + OL) (3.2) eq:KeldyshDef

We note that, after Keldysh rotation the average sources are associated with di↵erence op-

erators and the di↵erence sources are associated with average operators. This a consequence

of the following relation relating right-left basis to Keldysh basis:

JR OR � JL OL = Jav Odif + Jdif Oav . (3.3) eq:KeldyshJ

One may view the statement as saying that the SK contour imparts a Lorentzian inner product

between the left and right segments, and the passage to the Keldysh basis is akin to choosing

light-cone variables. In any event, varying the SK action with respect to average sources gives

the correlators with di↵erence operators and vice-versa.

We should note here that in much of the literature the Keldysh basis introduced in (3.2)

is called the ‘ra’ basis. The average operators are called the r�operators and the di↵erence

operators are called a-operators. We find this terminology less intuitive. Moreover, when we

discuss thermal correlation functions, for ⇢̂initial being a thermal Gibbs density matrix, we

will encounter the retarded-advanced basis (we use ret � adv to denote them). To forestall

any potential confusion, we propose to refer the Keldysh basis as av � dif operators.

With these preliminaries in place let us define the SK generating functional ZSK which

is defined by the trace over the tensor product Hilbert space HR ⌦H⇤
L

ZSK [JR,JL] ⌘ Tr
⇣
U [JR] ⇢̂initial U

†[JL]
⌘
, (3.4) eq:ZSKdef

where ⇢̂initial is the initial density matrix of the system, U represents the unitary evolution

operator of the QFT, U † is its adjoint. We have allowed ourselves to deform the unitary
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✦  Keldysh (light-cone) basis
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L.

should we draw an analogy or make a connection with MHV amplitudes?

7
Sometimes for generalized Langevin theory in non-equilibrium physics and often in stochastic mathematics
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tovich prescriptions and thus the CPT-violating nature of Itō has to then be compensated by CPT-violating

counter terms (as is usual with any symmetry violating regulator). The ghosts we will talk about later in this

text often decouple in the Itō prescription which is the probably the reason it is preferred in fields which do

not want to deal with ghosts.
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✦Rather remarkable statement, which is agnostic of microscopic dynamics. 

✦ It is a Ward identity arising from field redefinition symmetry inherent in 
doubling; rephrase as a BRST symmetry. 

✦Largest time equation: Difference operator cannot be futuremost.



The Schwinger-Keldysh quartet

✦Difference operator correlation functions would vanish if they were trivial 
elements of a BRST cohomology. 

✦There exists a pair of BRST charges which annihilate the BRST charges. 
They are Grassmann odd implying that we have ghost SK-partners.  

✦The SK theory is covariantly expressed in terms of a quartet of fields, 
which usual doubled formalism being a gauge  fixed version (ghosts =0).

In what follows it will be useful to keep track of ghost number for various operators.

The physical operators bO and their SK counterparts have zero ghost number. We will choose

to assign ghost number ±1 to OG and O
G

respectively. Ghost number conservation then

demands a compatible assignment to the supercharges. We make the following choice

gh(OG) = gh(QSK ) = +1 , gh(O
G
) = gh(QSK ) = �1 , (6.5) eq:ghnum

The action of the supercharges can be usefully captured in a diagrammatic form, viz.,

OR, OL

OG O
G

OR � OL

QSK Q
SK

Q
SK �QSK

(6.6) eq:qskaction

with the understanding QSK and QSK maps should be interpreted as a commutator action.

The one peculiarity of our ghost number assignment is that it increases right to left on

this diagram. While we have denoted both OL and OR on the top row, it is clear that both of

then are an overkill, and we could equivalently resort to the Keldysh basis of av-dif operators.

In the Keldysh basis, the action of the supercharges can be checked to take the form

[QSK , Oav ]± = OG , [QSK , OG ]± = 0,
⇥
QSK , O

G

⇤
±
= �Odif ,

⇥
QSK , Odif

⇤
±
= 0 ,

⇥
QSK , Oav

⇤
±
= O

G
,

⇥
QSK , O

G

⇤
±
= 0,

⇥
QSK , OG

⇤
±
= Odif ,

⇥
QSK , Odif

⇤
±
= 0 .

(6.7) eq:QSKdefKeld

The commutation relations make it clear in either case that Odif is both QSK and QSK exact,

thus assuring that their correlation functions vanish. In either presentation, is easy to check

that

Q2
SK

= Q2
SK

=
⇥
QSK ,QSK

⇤
±
= 0 (6.8) eq:qsksq

We note that the ghost operators O
G
and OG occur naturally as the ghosts corresponding to

the right-left symmetric shift generated by the SK supercharges.

It is worthwhile comparing the discussion above with the more familiar discussion of

BRST symmetries in gauge theories. In that case we introduce the ghosts by upgrading the

gauge transformation parameters. One usually defines a single BRST charge Qby requiring

that it perform a gauge transformation of the physical fields in along the ghost. With the

ghost number assignment as in (6.5) we have an alignment in the charge assignment of the

BRST operator and the ghost field. The partner anti-ghost field comes with an opposite

ghost charge, to ensure that we have a net vanishing of ghost number for terms that appear

in the action. Equivalently, when we exponentiate the Jacobian arising from the gauge fixing

condition, we have a pair of ghosts with equal and opposite ghost number; only one of them is

chosen to be obtained by gauge transforming the physical fields. Clearly there is an analogous

construction where we should invoke a BRST transformation in the anti-ghost direction, Q̄.
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of variables in question is something like �R 7! �R + and �L 7! �L + , i.e., correlated shift

of the two sets of degrees of freedom. From discussion in §6.1 we can construct the BRST

charges following the usual rules. should we explain this? We will leave this construction

as an exercise for the reader and jump immediately to a set of algebraic statements for the

operators bO.
A useful way to think about the BRST symmetry in the SK context is to view the

standard construction involving left and right degrees of freedom as a gauge fixed version.

While there is nothing wrong with this, in certain contexts the gauge fixing condition may

prevent one from clearly seeing some of the underlying structure. Often one likes to work

with a covariant presentation of the theory to avoid such issues. The SK BRST construction

we are about to give should be viewed in this light. The process of covariantizing involves

perhaps working with a larger set of variables, but the price paid is worthwhile since all the

symmetries are manifest.

Lets first see how this works in the SK formalism. Since there are going to be ghost degrees

of freedom associated with the BRST symmetries, let us introduce them at the outset. Given

an operator bO in the single copy theory, we associate with it a pair of ghosts denoted by O
G

and OG . The assignment of quantum numbers to these fields is inherited from bO with one

crucial di↵erence: O
G
and OG have opposite Grassmann parity to bO. They however have the

same fermionic parity (and hence the same thermal boundary conditions). One consequence

of this assignment is the violation of the spin-statistics relation by O
G
and OG following from

their ghostly nature.

The SK formalism wants us to introduce a pair of left and right degrees of freedom. Fur-

thermore, we have as a consequence of the BRST field redefinition symmetry a pair of ghosts.

Thus, every operator bO in the single copy theory is replaced by a quadruplet {OL, O
G

, OG , OR}
which we will collectively refer to as the KMS multiplet associated with bO. We will now ex-

plore the consequences of this quadrupling, fleshing out in the process the BRST symmetries

we seek to explore. should we call it SK multiplet?

6.3 SK supercharges
sec:Qsk

We have upgraded the SK formalism to involve a quadruplet of fields {OL, O
G

, OG , OR} which

form a basic multiplet in the construction. We will soon introduce a convenient way to pack-

age them, but for now let us work out how these should transform into each other under the

aforementioned BRST symmetry. We will refer to the field redefinition BRST symmetry as

the Schwinger-Keldysh symmetry and correspondingly introduce a pair of Schwinger-Keldysh

(SK) supercharges QSK and QSK which implement the transformations. These supercharges

are Grassmann odd operators with zero fermion number. Without further ado, the con-

siderations of §6.2 lead us to the action of these charges defined by the following graded

commutators:

[QSK , OL]± = [QSK , OR]± = OG , [QSK , OG ]± = 0,
⇥
QSK , O

G

⇤
±
= � (OR � OL) ,

⇥
QSK , OL

⇤
±
=

⇥
QSK , OR

⇤
±
= O

G
,

⇥
QSK , O

G

⇤
±
= 0,

⇥
QSK , OG

⇤
±
= (OR � OL) .

(6.4) eq:QSKdefRL
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Thermal density matrices and KMS condition

✦Thermal density matrices                            define stationary equilibrium 
configurations. 

✦Correlation functions have analyticity properties which allows for a 
Euclidean (Matsubara) formulation, cf.,

4 Thermal correlation functions in SK formalism
sec:skthemal

Our discussion thus far has focused on an initial density matrix ⇢̂initial which was arbitrary.

The initial state of the quantum system is mainly setting up for us an appropriate entangle-

ment pattern for the degrees of freedom in H. With this information we can only go as far

as the discussion in §3.
However, not all density matrices are created equal, with some being more special than

others. In what follows we will switch our focus on to thermal density matrices which enjoy

some nice properties. To understand these, let us start by considering a QFT at finite

temperature T . Should our theory contain some global symmetries we can also include some

chemical potentials. One thus is considering the state of the system to be a Gibbs density

matrix, which gives the probabilities to find states with a given energy and charge: � or �?

⇢̂T = e�� (bH�µI
bQI) (4.1)

Here bH is the Hamiltonian for the quantum theory and bQ the flavour charge operator. We

have chosen not to normalize the density matrix; the trace over the states then gives us the

thermal partition function

ZT (�, µI ) = Tr (⇢̂T ) (4.2) eq:thermalZ

Usually one discusses thermal field theories in Minkowski spacetime Rd�1,1. One fur-

thermore, makes heavy use of the connection between thermal quantum field theories in

d-spacetime dimensions and classical statistical mechanics in (d � 1) dimensions by realizing

the operator ⇢̂T as performing Hamiltonian evolution in imaginary time tE by an amount set

by the inverse temperature �. The role of the chemical potential then is to twist the charge

fields by an amount set by the charge as they are taken around this imaginary Euclidean

time.10

With this information we are now ready to understand the thermal boundary conditions

implicit in ⇢̂T . For any single-copy operator lying on the initial time slice ⌃M we require

that the Kubo-Martin-Schwinger (KMS) periodicity condition [21, 22], be satisfied.11 The

KMS condition says that bosonic operators are periodic under traversal of the thermal circle

while fermionic operators are anti-periodic. We will now try to capture this information in a

covariant form that will be useful in the sequel.

4.1 Thermal equilibrium in stationary curved spacetimes
sec:styT

However, insofar as thermal equilibrium is concerned, all one requires is that the system be

stationary – one does not require a globally constant temperature or chemical potentials. To

10
In classical statistical mechanics, the operator ⇢̂T serves to determine the transfer matrix and the only

information necessary to determine it are the Boltzmann weights, which give the relative probabilities for the

occurrence of various energy levels.
11

This condition was first discussed independently in papers by Kubo [21] and by Martin-Schwinger [22].

However, the name was coined a bit afterward by Haag et. al., [23] who applied this idea in the context of

defining equilibrium configurations in axiomatic QFT.

– 18 –

4 Thermal correlation functions in SK formalism
sec:skthemal

Our discussion thus far has focused on an initial density matrix ⇢̂initial which was arbitrary.

The initial state of the quantum system is mainly setting up for us an appropriate entangle-

ment pattern for the degrees of freedom in H. With this information we can only go as far

as the discussion in §3.
However, not all density matrices are created equal, with some being more special than

others. In what follows we will switch our focus on to thermal density matrices which enjoy

some nice properties. To understand these, let us start by considering a QFT at finite

temperature T . Should our theory contain some global symmetries we can also include some

chemical potentials. One thus is considering the state of the system to be a Gibbs density

matrix, which gives the probabilities to find states with a given energy and charge: � or �?

⇢̂T = e�� (bH�µI
bQI) (4.1)

Here bH is the Hamiltonian for the quantum theory and bQ the flavour charge operator. We

have chosen not to normalize the density matrix; the trace over the states then gives us the

thermal partition function

ZT (�, µI ) = Tr (⇢̂T ) (4.2) eq:thermalZ

Usually one discusses thermal field theories in Minkowski spacetime Rd�1,1. One fur-

thermore, makes heavy use of the connection between thermal quantum field theories in

d-spacetime dimensions and classical statistical mechanics in (d � 1) dimensions by realizing

the operator ⇢̂T as performing Hamiltonian evolution in imaginary time tE by an amount set

by the inverse temperature �. The role of the chemical potential then is to twist the charge

fields by an amount set by the charge as they are taken around this imaginary Euclidean

time.10

With this information we are now ready to understand the thermal boundary conditions

implicit in ⇢̂T . For any single-copy operator lying on the initial time slice ⌃M we require

that the Kubo-Martin-Schwinger (KMS) periodicity condition [21, 22], be satisfied.11 The

KMS condition says that bosonic operators are periodic under traversal of the thermal circle

while fermionic operators are anti-periodic. We will now try to capture this information in a

covariant form that will be useful in the sequel.

4.1 Thermal equilibrium in stationary curved spacetimes
sec:styT

However, insofar as thermal equilibrium is concerned, all one requires is that the system be

stationary – one does not require a globally constant temperature or chemical potentials. To

10
In classical statistical mechanics, the operator ⇢̂T serves to determine the transfer matrix and the only

information necessary to determine it are the Boltzmann weights, which give the relative probabilities for the

occurrence of various energy levels.
11

This condition was first discussed independently in papers by Kubo [21] and by Martin-Schwinger [22].

However, the name was coined a bit afterward by Haag et. al., [23] who applied this idea in the context of

defining equilibrium configurations in axiomatic QFT.

– 18 –

�

ZT [JR,JL] = Tr
⇣
U [JR] ⇢̂T (U [JL])

†
⌘

✦KMS condition asserts that the correlation functions are analytic in the 
time strip                          .  

✦Equivalently within correlation functions, operators and their KMS 
conjugates (or thermal translates) are equivalent.

0 < =(t) < �



KMS conjugates & thermal sum rules

✦To extract the physical content of the KMS condition, let us define the KMS 
conjugate operator:

✦One corollary of the KMS condition and the structure of the SK correlation 
functions discussed earlier is the sum rule

KMS conjugate ÕL are equivalent in correlation functions. The SK construction requires that

the correlation functions of di↵erence operators OR � OL vanishes, (3.16). Using OL = ÕL

inside correlation functions one immediately concludes that

hTSK
nY

k=1

⇣
O(k)

R � Õ(k)
L

⌘
i = 0 (4.19) eqdiff1

One can check that this statement is compatible with our earlier statement phrased in terms

of two-point functions (4.6). The general statement may of course be derived directly from

there; a clear statement worded in terms of thermal sum rules appears in [19].

4.4 The retarded-advanced basis
sec:retadv

One consequence of the KMS condition which relates operators related by a thermal trans-

lation, is that one expects the set of identities (??) hold in correlation functions. These sum

rules which have been derived for example in [19] can be succinctly stated by working in yet

another basis of operators. This new basis is called the retarded-advanced basis, which is

sometimes also referred to as the RA basis.13 It is defined by the the linear combination of

the SK operators , OR, OL and their KMS shifted counterparts ÕL. Without loss of generality

we make the choice:

Oadv ⌘ OR � OL , Oret ⌘
1

1� (�1)FOe�i��

⇣
OR � (�1)FOe�i�� OL

⌘
. (4.20) eq:RADef

Note that the retarded operator Oret is actually defined with an inverse of �� , so it should

actually be thought of as a solution to the di↵erential equation

i��Oret = OR � (�1)FOe�i�� OL (4.21)

which is solved with some initial condition. We will choose our initial conditions to be

Oret(t = ti) = OR(t = ti) = OL(t = ti) = bO(t = ti)

Oadv(t = ti) = OR(t = ti)� OL(t = ti) = 0 .
(4.22)

It is a common practice to explicitly include the statistics of the operator in question

in the definition. Recall that, for thermal correlation functions we should include the cor-

rect distribution function for bosons or fermions (which follows in turn from the periodicity

conditions). This may be done by introducing another di↵erential operator corresponding to

Bose-Einstein or Fermi-Dirac distribution

f� ⌘ 1

ei�� � (�1)F
. (4.23) eq:fDef

13
As noted after Eq. (3.3), the Keldysh basis itself in some circles is referred to as the ra basis. We

understand that this nomenclature originates from some historical confusion about the connections between

the two bases. We will avoid this confusion altogether by sticking to the usage of ‘retarded-advanced’ basis.
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✦ It is useful to rephrase these sum rules by passing from the L-R basis to the 
advanced-retarded basis

✦Thermal smallest time equation: retarded operator cannot be pastmost.

ÕL(t) = OL(t� i�) = (�1)FO e�i �� OL

Oadv = OR � OL , Oret =
1

1� e�i ��

�
OR � e�i��OL

�
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e�i��O(t) = O(t � i�)
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The KMS charges

✦The KMS conditions can be implemented by requiring the presence of a 
second pair of BRST charges which refer to the thermally translated KMS 
conjugate operators

their action on the SK quadruplet {OL, O
G

, OG , OR} introduced in §6.2 as follows:

[QKMS , OL]± = OG , [QKMS , OR]± = (�1)FOe�i�� OG

[QKMS , OG ]± = 0 ,
⇥
QKMS , O

G

⇤
±
= �

⇣
OR � (�1)FOe�i�� OL

⌘

⇥
QKMS , OL

⇤
±
= O

G
,

⇥
QKMS , OR

⇤
±
= (�1)FOe�i�� O

G⇥
QKMS , O

G

⇤
±
= 0 ,

⇥
QKMS , OG

⇤
±
= OR � (�1)FOe�i�� OL . (7.1) eq:QKMSdefRL

One may write this in a diagrammatic notation making explicit the similarity to Eq. (6.6) as:

OL

OG O
G

OR � ÕL

QKMS Q
KMS

Q
KMS

�QKMS

(7.2) eq:qkmsaction

Basically all we have done is to rewrite the action by working with the physical operators

and realizing that the KMS invariance implies that OR � ÕL should belong to the topological

sector of the theory, for it has vanishing self-correlations. we should explain this before

One can make similar statements by choosing to replace OR by its KMS conjugate instead.

However, to respect the time ordering prescription the right operators should be conjugated

slightly di↵erently (4.18). One can for instance check that (�1)FOei�� OR has the same diagram

as (7.2), by noting that the SK contour should be traversed in the opposite orientation to go

from L ! R.

We note here that the KMS supercharges are nilpotent Q2
KMS

= Q2
KMS

= 0. This follows

once we realize that the supercharges commute with the thermal translation generator �� .

The action of the KMS supercharges in the other bases can be also readily ascertained.

For instance in Keldysh basis, we have

[QKMS , Oav ]± = �
✓
1� 1

2
i��

◆
OG ,

⇥
QKMS , O

G

⇤
±
= i��Oav +

✓
1� 1

2
i��

◆
Odif ,

[QKMS , OG ]± = 0,
⇥
QKMS , Odif

⇤
±
= i��OG ,

⇥
QKMS , Oav

⇤
±
= �

✓
1� 1

2
i��

◆
O

G
,

⇥
QKMS , O

G

⇤
±
= 0,

⇥
QKMS , OG

⇤
±
= i��Oav +

✓
1� 1

2
i��

◆
Odif ,

⇥
QKMS , Odif

⇤
±
= i��O

G
. (7.3) eq:QKMSdefKeld
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On the other hand in the retarded-advanced basis, we obtain

[QKMS , Oret]± = 0,
⇥
QKMS , O

G

⇤
±
= i��Oret ,

[QKMS , OG ]± = 0, [QKMS , Oadv]± = i��OG ,
⇥
QKMS , Oret

⇤
±
= 0,

⇥
QKMS , O

G

⇤
±
= 0 ,

⇥
QKMS , OG

⇤
±
= i��Oret,

⇥
QKMS , Oadv

⇤
±
= i��O

G
. (7.4) eq:QKMSdefRA

In obtaining these expression we used the fact that QKMS and QKMS commute with

the Hamiltonian bH. This once again follows as the KMS invariance can be viewed a a conse-

quence of the field redefinition symmetry in the SK construction combined with the Euclidean

periodicity imposed by the KMS condition for thermal density matrices.

While formally similar to our discussion of the SK supercharges, there is a very crucial

distinction here. Since {QKMS ,QKMS} involve thermal translations e�i�� , by a finite amount

involving the inverse temperature, they relate fields which are physically separated along

the Euclidean thermal circle. This implies that these charges are necessarily non-local. In

global thermal equilibrium one can work with the Fourier modes of fields along the Euclidean

time direction, viz., the Matsubara decomposition, and define the operators rather precisely.

Beyond this special case however one expects that the strict definition of these supercharges

comes with various associated subtleties. We will remark on these issues when we discuss the

analog for generic density matrices later on.

7.2 The KMS superalgebra
sec:kmsalg

For thermal density matrices we have two independent pairs of supercharges: {QSK ,QSK}
owe their origins to the field redefinition symmetries, while {QKMS ,QKMS} arise from the

thermal state KMS boundary condition. Given the commutation relations in §6.3 and §7.1 it

is simple mater to check that these four supercharges give rise to a supersymmetry algebra

Q2
SK

= Q2
SK

= Q2
KMS

= Q2
KMS

= 0 ,

[QSK ,QKMS ]± =
⇥
QSK ,QKMS

⇤
±
=

⇥
QSK ,QSK

⇤
±
=

⇥
QKMS ,QKMS

⇤
±
= 0 ,

⇥
QSK ,QKMS

⇤
±
= �

⇥
QSK ,QKMS

⇤
±
= i�� .

(7.5) eq:kmsalg

The first line follows from the nilpotency of the supercharges defined earlier. To ascertain

the second and third line is a matter of a little algebra using the definitions in (6.4) and (7.1)

respectively.

The interesting point to note is that the KMS operator�� plays the role of a Hamiltonian

which commutes with all the supercharges. The structure here should be reminiscent of the

standard discussion of supersymmetric quantum mechanics [36], which as we shall see in the

sequel is not entirely accidental. What remains implicit and obscure from the algebra (7.5)

is the non-local nature of the KMS supercharges.

The four charges {QSK ,QSK ,QKMS ,QKMS} help generate what is known as an NT = 2

extended equivariant cohomology algebra. We will describe the relation to this mathematical

framework in §9.
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✦While deceptively simple, the expressions above hide the fact that the 
KMS BRST charges are non-local (they relate operators across a thermal 
period).

i�� = 1� e�i ��
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The SK-KMS superalgebra

✦The SK and KMS BRST charges generate an interesting superalgebra: 
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G
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⇥
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⇤
±
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⇥
QKMS , O

G
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±
= 0 ,

⇥
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⇤
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G
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✦This algebra is well known in some circles, and forms part of the                 
extended equivariant cohomology algebra.

NT = 2

NT = 1

Vafa, Witten ’94 
Dijkgraaf, Moore ‘96 

✦The                algebra is realized as the standard Weil algebra satisfied by 
the de Rham complex involving exterior derivatives, Lie derivative and 
interior contraction.



THE SCHWINGER-KELDYSH SUPER-QUARTET

✦  We encode the content of the sum rules into a BRST superalgebra, with 
the idea that the topological structure is robust against the coarse-
graining RG transformation. 

✦This allows us to identify influence functionals in the low energy theory, 
which arise from integrating out the high energy modes, and crucially 
couple the two segments of the Schwinger-Keldysh contour.

✦Put differently, the macroscopic theory will have a knowledge of the two 
sets of degrees of freedom  

❖  the average or classical fields (which dissipate) 

❖ the difference or quantum/stochastic fluctuation fields 

✦Consistent couplings are dictated by the ghost fields that are now part of 
the BRST multiplet. All of this structure can be nicely captured in a 
superspace that is locally                  coordinatized by                          . R(d�1,1)|2 zI = {�a, ✓, ✓̄}

Feynman Vernon ‘63



THE WEIL MODEL

✦Gauge structure can be captured by a Grassmann odd gauge potential 
(fermions = differential forms) and its field strength

Cartan equations for gauge structure

interior contractions pick out gauge directions

Lie derivations follow from above

Weil superalgebra

✦  invariant horizontal forms are polynomial functions of field strengths.

dGi +
1

2
f i
jk G

j Gk = �i

d�i + f i
jk G

j �k = 0
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EXTENDED EQUIVARIANCE I

✦One can extend the algebraic constructions to situations with more than 
one differential. We will focus on the case with 2 generators of the 
cohomology and swiftly pass to superspace:

much simpler to explain. The algebraic construction underlying our description is explained

quite clearly in the original discussion of [20]. The superspace discussion we employ below

for motivating this construction was described in [27] building on their earlier work. We also

refer the reader [28] for a useful perspective on the algebraic construction.

Since we have a natural interpretation of the action of dW in superspace, as the derivative

along the super-coordinate ✓̄, it follows that inclusion of a second supercharge necessitates

enlarging the superspace to include another Grassmann-odd direction. We will coordinatize

the second direction by ✓ so that

dW = @✓̄(. . .)| , dW = @✓(. . .)| . (5.1)

Thus our superspace has two Grassmann-odd directions and so we upgrade all superfields

to be functions of the Grassmann-even coordinates �a as well as ✓, ✓̄. We then require by

obvious extension of the notation introduced in §4 that our superfields satisfy:

F̊(z) = F̊|+ ✓ (dWF̊)|+ ✓̄ (dWF̊)|+ ✓̄✓ (dWdWF̊)| (5.2)

where we have upgraded z = {�a, ✓, ✓̄} and will use upper-case mid-alphabet Latin indices

I, J, · · · to take values in {a, b, · · · } [ {✓, ✓̄}.

Given this superspace we can now proceed to analyzing the gauge sector of the theory, i.e.,

find a useful parameterization of the universal G-bundle EG . We will proceed algebraically and

construct local representatives for the Weil and Cartan models. A necessary consequence of

the doubling of the supercharges is that we have many more component fields. In particular,

if we consider the super-gauge field which is the primary character in the construction of

equivariant cohomology, we have a dodecuplet of fields, since the full gauge superfield one-

form can be written as18

Å = ÅI dz
I = Åa d�

a + Å✓ d✓ + Å✓̄ d✓̄ . (5.3)

Each of the ÅI admits a superfield expansion as in (5.2) with four components, which alto-

gether gives us the desired dodecuplet.

To understand the structure it is useful to once again introduce the gauge covariant

derivative which allows the definition of the field strength. Firstly, as earlier, we pick the

gauge covariant derivative to act as

D̊I = @I + [ÅI , · ] , (5.4)

which implies that the field strength is given by

F̊IJ ⌘ (1�
1

2
�IJ)

⇣
@I ÅJ � (�)IJ @J ÅI + [ÅI , ÅJ ]

⌘
. (5.5)

In addition it is also convenient to define the following non-covariant object:

B̊✓✓̄ ⌘ @✓Å✓̄ +
1

2
[Å✓, Å✓̄] . (5.6)

18 To keep notational clutter to a minimum we are suppressing the Lie algebra index in the following.
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✦The Weil model closes on 6 generators: 2 derivations, 3 interior 
contraction, and one Lie derivation

Weil model of NT = 2 algebra: With the interior contraction operators at hand we can

generate the Lie derivation Lk as in (3.7) by commuting with the Weil charges (which as

always act as exterior derivatives). This then generates the NT = 2 extended equivariant

cohomology algebra which we can abstractly write as

d
2
W

= d
2

W
=

⇥
dW , dW

⇤
±

= 0
⇥
dW , Ij

⇤
±

=
⇥

dW , Ij
⇤
±

= Lj , [dW , Ij ]± =
⇥

dW , Ij
⇤
±

= 0
⇥
dW , I

0
j

⇤
±

= Ij ,
⇥

dW , I
0
j

⇤
±

= �Ij

[dW , Lj ]± =
⇥

dW , Lj
⇤
±

= 0
⇥
Ii, Ij

⇤
±

= fk
ij I

0
k

⇥
Li, Ij

⇤
±

= �fk
ij Ik , [Li, Ij ]± = �fk

ij Ik ,
⇥
Li, I

0
j

⇤
±

= �fk
ij I

0
k .

(5.15)

While the last two lines simply describe the sl(2) structure of interior contractions and the

obvious action of Lie derivatives respectively, we find it again quite useful to illustrate the

first four lines (i.e., the cohomology of Weyl charges) in a diagrammatic form:

Lj

Ij Ij

I
0
j

dW
dW

dW �dW

(5.16)

where the action of operators on arrows is understood to be via graded commutators. The

reader can ascertain that the structure of (5.15) closely resembles that of the original con-

struction in (3.10) with the increased supercharges and interior contractions. Generalizations

to higher number of topological supercharges is straightforward and are discussed in [20].

Extended equivariant algebra in superspace: Let us now encode all of the above rela-

tion in a compact superspace notation. We start by defining the super-contraction operators

(in analogy with (4.21)):

I̊
0
k ⌘ I

0
k + ✓̄ Ik � ✓ Ik + ✓̄✓ Lk ,

I̊k ⌘ Ik + ✓ Lk ,

I̊k ⌘ Ik + ✓̄ Lk ,

L̊k ⌘ Lk .

(5.17)

– 34 –

Blau, Thompson ‘91 
Cordes, Moore, Ramgoolam  ‘94



SUPERSPACE

✦We have two cohomology generators which we assign equal and 
opposite ghost charge ±1
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✦ Introduce two new Grassmann coordinates            with assignments ✓, ✓̄
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gh(✓) = 1, gh(✓̄) = �1
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✦All fields are promoted to superfields which have a finite expansion in the 
Grassmann coordinates. The bottom component will turn out to be the 
average fields and the top components the difference fields. 

✦Much of the discussion can be carried out by switching off the ghost 
fields, except for a few source terms which we will do when we return to 
hydrodynamics. 

✦CPT symmetry nicely implementing as a swap of the two Grassmann 
coordinates (difference operators are CPT odd).



THE GAUGE SECTOR

✦While the SK functional integral gives us the BRST symmetry which can be 
captured by working in superspace we also have the gauge sector.  

✦We can parameterize the gauge sector quite universally, and then return 
to the actual gauge symmetry transformations. 

much simpler to explain. The algebraic construction underlying our description is explained

quite clearly in the original discussion of [20]. The superspace discussion we employ below

for motivating this construction was described in [27] building on their earlier work. We also

refer the reader [28] for a useful perspective on the algebraic construction.

Since we have a natural interpretation of the action of dW in superspace, as the derivative

along the super-coordinate ✓̄, it follows that inclusion of a second supercharge necessitates

enlarging the superspace to include another Grassmann-odd direction. We will coordinatize

the second direction by ✓ so that

dW = @✓̄(. . .)| , dW = @✓(. . .)| . (5.1)

Thus our superspace has two Grassmann-odd directions and so we upgrade all superfields

to be functions of the Grassmann-even coordinates �a as well as ✓, ✓̄. We then require by

obvious extension of the notation introduced in §4 that our superfields satisfy:

F̊(z) = F̊| + ✓ (dWF̊)| + ✓̄ (dWF̊)| + ✓̄✓ (dWdWF̊)| (5.2)

where we have upgraded z = {�a, ✓, ✓̄} and will use upper-case mid-alphabet Latin indices

I, J, · · · to take values in {a, b, · · · } [ {✓, ✓̄}.

Given this superspace we can now proceed to analyzing the gauge sector of the theory, i.e.,

find a useful parameterization of the universal G-bundle EG . We will proceed algebraically and

construct local representatives for the Weil and Cartan models. A necessary consequence of

the doubling of the supercharges is that we have many more component fields. In particular,

if we consider the super-gauge field which is the primary character in the construction of

equivariant cohomology, we have a dodecuplet of fields, since the full gauge superfield one-

form can be written as18

Å = ÅI dzI = Åa d�a + Å✓ d✓ + Å✓̄ d✓̄ . (5.3)

Each of the ÅI admits a superfield expansion as in (5.2) with four components, which alto-

gether gives us the desired dodecuplet.

To understand the structure it is useful to once again introduce the gauge covariant

derivative which allows the definition of the field strength. Firstly, as earlier, we pick the

gauge covariant derivative to act as

D̊I = @I + [ÅI , · ] , (5.4)

which implies that the field strength is given by

F̊IJ ⌘ (1 �
1

2
�IJ)

⇣
@I ÅJ � (�)IJ @J ÅI + [ÅI , ÅJ ]

⌘
. (5.5)

In addition it is also convenient to define the following non-covariant object:

B̊✓✓̄ ⌘ @✓Å✓̄ +
1

2
[Å✓, Å✓̄] . (5.6)

18 To keep notational clutter to a minimum we are suppressing the Lie algebra index in the following.
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✦Package the universal data into a set of gauge superfield 1-form which we 
assume lives on a worldvolume with coordinates      .�a

much simpler to explain. The algebraic construction underlying our description is explained

quite clearly in the original discussion of [20]. The superspace discussion we employ below

for motivating this construction was described in [27] building on their earlier work. We also

refer the reader [28] for a useful perspective on the algebraic construction.

Since we have a natural interpretation of the action of dW in superspace, as the derivative

along the super-coordinate ✓̄, it follows that inclusion of a second supercharge necessitates

enlarging the superspace to include another Grassmann-odd direction. We will coordinatize

the second direction by ✓ so that

dW = @✓̄(. . .)| , dW = @✓(. . .)| . (5.1)

Thus our superspace has two Grassmann-odd directions and so we upgrade all superfields

to be functions of the Grassmann-even coordinates �a as well as ✓, ✓̄. We then require by

obvious extension of the notation introduced in §4 that our superfields satisfy:

F̊(z) = F̊| + ✓ (dWF̊)| + ✓̄ (dWF̊)| + ✓̄✓ (dWdWF̊)| (5.2)

where we have upgraded z = {�a, ✓, ✓̄} and will use upper-case mid-alphabet Latin indices

I, J, · · · to take values in {a, b, · · · } [ {✓, ✓̄}.

Given this superspace we can now proceed to analyzing the gauge sector of the theory, i.e.,

find a useful parameterization of the universal G-bundle EG . We will proceed algebraically and

construct local representatives for the Weil and Cartan models. A necessary consequence of

the doubling of the supercharges is that we have many more component fields. In particular,

if we consider the super-gauge field which is the primary character in the construction of

equivariant cohomology, we have a dodecuplet of fields, since the full gauge superfield one-

form can be written as18
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gauge covariant derivative to act as

D̊I = @I + [ÅI , · ] , (5.4)

which implies that the field strength is given by
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@I ÅJ � (�)IJ @J ÅI + [ÅI , ÅJ ]
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. (5.5)
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[Å✓, Å✓̄] . (5.6)

18 To keep notational clutter to a minimum we are suppressing the Lie algebra index in the following.
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1
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18 To keep notational clutter to a minimum we are suppressing the Lie algebra index in the following.
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✦Covariant derivatives fields strengths are defined as usual, except that we 
now have superspace directions as well:



GAUGE SECTOR II

ghost Faddeev-Popov Vafa-Witten ghost Vector

charge ghost triplet of ghost quintet quartet

2 �

1 G ⌘ �a

0 B �0 Aa Fa

-1 Ḡ ⌘̄ �̄a

-2 �̄

Table 1. Dodecuplet of basic fields in the NT = 2 superalgebra and their respective ghost number
assignments.

5.2 The NT = 2 superalgebra

We are now in a position to describe the so called NT = 2 superalgebra which generalizes (3.10).

Firstly, realize that we would a-priori expect to have two interior contraction operators Ik

and Ik which would be required to satisfy (reinstating the Lie algebra index):

IkGj = ��j
k , IkḠj = ��j

k , (5.11)

generalizing (3.6) in an obvious manner. These two interior contraction operators are as

before Grassmann odd and we choose to give them ghost charge gh(I) = �1 and gh(I) = +1

respectively.

However, among the dodecuplet of fields introduced in the gauge superfield ÅI we also

encounter a third gauge parameter, which we have captured in the gauge non-covariant field

B. We therefore have a third interior contraction operator which we will denote as I
0 which

we choose to act non-trivially on the B fields, viz.,

I
0
kBj = ��j

k , I
0
kGj = 0 = I

0
kḠj . (5.12)

We also find that the other two interior contractions act non-trivially on the field B:

IkBj = �
1

2
f j

k` Ḡ` , IkBj =
1

2
f j

k` G` . (5.13)

One can check that these definitions lead to the expected identity

LiB
k

⌘
⇥
dW , Ii

⇤
±

Bk
⌘

⇥
dW , Ii

⇤
±

Bk = fk
ijBj . (5.14)

The triplet of operators {I, I
0, I} together generate an sl(2) algebra. Our parameteri-

zation of the fields is not quite sl(2) covariant, but this can easily be achieved by a simple

change of basis.19

19 The description of the extended equivariant cohomology algebra in an sl(2) covariant fashion can be

found in [20, 27, 28]. Our choices are dictated by simplifying some of the analysis in the context of physical

applications. For example, in §7 we will argue that dissipative e↵ects arise when the ghost number zero field

in the Vafa-Witten quintet picks up a vacuum expectation value which is easier to implement in the sl(2)

non-covariant presentation; cf., footnote 36.
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✦Analyzing the field strength, Bianchi identities etc., the eight components 
of the gauge superfield 1-form with legs in superspace be captured into 3 
gauge non-invariant potentials, 3 field strengths, and 2 derivatives of field 
strengths

✦Cartan charges are gauge-covariant super derivations and obey:

We have the following identities:
h
dW , I̊

0
k

i

±
= @✓I̊

0
k = �I̊k ,

h
dW , I̊

0
k

i

±
= @✓̄I̊

0
k = I̊k ,

h
dW , I̊k

i

±
= @✓̄I̊k =

h
dW , I̊k

i

±
= @✓I̊k = L̊k ,

h
dW , I̊k

i

±
=
h
dW , I̊k

i

±
=
h
I̊
0
j , I̊

0
k

i

±
= 0 ,

(5.18)

which could also be organized in a diagram similar to (5.16). By expanding out these relations

component-wise, we can easily verify the algebra (5.15).

Cartan model of NT = 2 algebra: With these definitions of the NT = 2 algebra we can

pass onto the Cartan construction, which eschews the gauge connections, parameterized here

by the Faddeev-Popov triplet {Ḡ, B, G} in favour of the physical fields in the vector quartet

and ghost of ghost quintet respectively. In analogy with Eq. (3.27), we start by defining

Cartan di↵erentials on the full Weil complex:20

dC = dW +

✓
�k +

1

2
[G, G]k

◆
Ik +

✓
(�0)k

� Bk +
1

2

⇥
G, G

⇤◆
Ik

+

 
⌘k

�


� +

1

2
[G, G] , G

�k

+
⇥
G, B � �0

⇤k
!

I
0
k + Gk

Lk ,

dC = dW +

✓
�

k
+

1

2

⇥
G, G

⇤◆
Ik +

✓
Bk +

1

2

⇥
G, G

⇤k
◆

Ik

+

 
� +

1

2

⇥
G, G

⇤
, G

�k

+
⇥
G, B

⇤k
!

I
0
k + G

k
Lk .

(5.19)

such that dC = D̊✓̄(. . .)| and dC = D̊✓(. . .)|. We can now again pass to the Cartan model by

restricting the full Weil complex to the symmetric algebra of g
⇤. This amounts to setting

Gk = Bk = G
k

= 0 and the Cartan di↵erentials then simply read

dC = dW + �k
Ik + (�0)k

Ik + ⌘k
I
0
k ,

dC = dW + �
k

Ik .
(5.20)

Given the algebra (5.15) we can immediately check that dC and dC are no longer nilpotent,

but rather generate gauge transformations as before along � and � respectively:

d
2
C

= �k
Lk , d

2

C
= �

k
Lk . (5.21)

This can be stated most compactly by passing to superspace, where we have the following

relations:

D̊
2
✓̄ = L̊F̊✓̄✓̄

, D̊
2
✓ = L̊F̊✓✓

,
h
D̊✓̄, D̊✓

i

±
= L̊F̊✓✓̄

. (5.22)

20 These expressions can most easily be derived by demanding the consistency condition dCGk = dCG
k

=

dCBk = dCGk = dCG
k

= dCBk = 0.
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� = F̊✓̄✓̄|

�0 = F̊✓✓̄|

�̄ = F̊✓✓|
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SK-KMS THERMAL EQUIVARIANCE 

where {QSK , QSK } are understood to act component-wise on the superoperators (which is

equivalent to their acting as {@✓̄, @✓}).

Inspection of the SK-KMS superalgebra (6.2) suggests an analogy with the general equiv-

ariant cohomology algebra (5.15). More precisely consider the superspace version involving

the operators (5.17), which reads

d
2
W

= d
2

W
=

⇥
dW , dW

⇤
±

= 0
h
dW , I̊j

i

±
=

h
dW , I̊j

i

±
= L̊j ,

h
dW , I̊j

i

±
=

h
dW , I̊j

i

±
= 0

h
dW , I̊

0
j

i

±
= I̊j ,

h
dW , I̊

0
j

i

±
= �I̊j

h
dW , L̊j

i

±
=

h
dW , L̊j

i

±
= 0

h
I̊i, I̊j

i

±
= fk

ij I̊
0
k ,

h
L̊i, I̊j

i

±
= �fk

ij I̊k ,
h
L̊i, I̊j

i

±
= �fk

ij I̊k ,
h
L̊i, I̊

0
j

i

±
= �fk

ij I̊
0
k .

(6.3)

The similarity between (6.2) and (6.3) is quite obvious now. Let us record some salient

features:

• Clearly we should identify the SK BRST charges with the Weil di↵erentials.

• The KMS charges conspire to become the super-interior contractions and super-Lie

derivative operation.

• The first four lines of the algebras obviously agree, while the last lines seems to constrain

the structure constants fk
ij .

Thus we schematically we have the obvious identifications:

NT = 2 algebra | SK-KMS symmetries

{dW ' @✓̄, dW ' @✓} $ {QSK ' @✓̄, QSK ' @✓} ,

{I̊k, I̊k} $ {I̊
KMS, I̊

KMS
} ,

{L̊k, I̊
0
k} $ {L̊

KMS, I̊
KMS
0 } ,

(6.4)

By restriction to ordinary space, it is clear that there is a canonical map between the two

sets of operations, which respects the bigrading structure:

NT = 2 algebra | SK-KMS symmetries

{dW , dW} $ {QSK , QSK } ,

{Ik, Ik} $ {QKMS , QKMS } ,

{Lk, I
0
k} $ {LKMS , Q

0
KMS

} .

(6.5)

As we can readily see the KMS supercharges {QKMS , QKMS } along with the bosonic generator

Q
0
KMS

make up the interior contraction operations, while the SK supercharges {QSK , QSK }

– 43 –

✦SK charges are akin to Weil differentials, while the KMS charges fill out the 
interior contractions. 

✦The Lie derivation takes operators around the thermal circle.

✦The algebraic structure for arbitrary temperature is complicated by  non-
locality of thermal translations.  

✦Some form of deformation of the group of circle diffeomorphisms…



SK-KMS THERMAL EQUIVARIANCE 

✦  Life is simpler at high temperatures when thermal circle is small.

Im(t)

Re(t)

xi

Figure 2. Illustration of the spacetime picture as it emerges from the proposed KMS gauge invariance.
We upgrade the spacetime manifold on which our quantum system resides to a thermal fibre bundle.
The grey manifold represents a Lorentzian spacetime with a typical Cauchy slice indicated in red.
We assume local thermal equilibrium (as in, e.g., hydrodynamics) at each spacetime point which
guarantees a thermal vector �µ. Geometrically we encode this vector field as a circle fibration with a
thermal circle whose size is set by the local temperature. The KMS transformations we seek implement
equivariance with respect to thermal translations along this local imaginary time circle. Restricting
to a gauge slice corresponds picking a Lorentzian section of this fibration. Note that the size of the
thermal circle is exaggerated; our arguments are clean in the high temperature limit where the size of
the thermal circle is much smaller than the fluctuation scale.

are the standard exterior derivations (the Weil charges). Finally, the Lie derivation can be

naturally identified with LKMS , consistent with our observation that the operator provides a

means of ascertaining the deviation from the exact KMS condition.

Having established this algebra isomorphism, let us address the next question: what

is the SK-KMS algebra equivariant with respect to? We should identify the gauge algebra

to complete the specification of the symmetry of the thermal QFTs. Naively, based on the

vanishing of the structure constants one might conclude that the symmetry algebra is Abelian.

However, before we rush to this conclusion we should be aware that we obtained the SK-KMS

algebra as acting on the operator superalgebra of our quantum system, which is analogous

to M in our discussion of equivariant cohomology. We know from our review in Part II that

the interior contraction operations do not act non-trivially on the topological space M. So it

is not entirely clear at this stage whether we should declare the algebra to be Abelian. More

precisely, the superoperators (6.1) annihilate the usual covariant superfields. E↵ectively, we

appear to have managed to construct the overall algebraic operations without any information

about the underlying gauge structure. Nevertheless, we can recover the requisite information

if we examine the role played by the Lie derivation carefully.

The operator LKMS generates infinitesimal gauge transformations. It acts on Hilbert

space operators O and takes them around the thermal circle; its action is to compute the
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✦Literally implement thermal translations as diffeomorphisms along the 
thermal circle and demand equivariance with this symmetry.

deviation between an operator and its KMS conjugate, for

L̊
KMS

O̊ = �� O̊ . (6.6)

As described so far we are considering a single traversal of the thermal circle. While we have

also pretended for the most part to be in global thermal equilibrium, as argued in [1] we

will actually be interested in local thermal equilibrium where the temperature changes from

spacetime-point to spacetime-point. In general we can view a non-equilibrium setting with a

local temperature profile, as a thermal circle bundle over the spacetime manifold, cf., Fig. 2

for an illustration.

The picture may be understood as follows. At each spacetime point we have a local

thermal vector �µ which picks out a local inertial frame and whose magnitude gives us the

local temperature (see [23, 24] for details). If the variations are purely spatial, then we

really have a direct product of Lorentzian time with a Euclidean geometry where the thermal

circle is fibred over the spatial sections, as is appropriate for global thermal equilibrium.

More generally, we simply have a non-trivial thermal fibration over the spacetime manifold

where the QFT resides.24 We tend not to view finite temperature non-equilibrium QFT

geometrically as described above, except in equilibrium, but we will argue that this perspective

o↵ers fresh and useful insight.

Given this set-up, the KMS Lie derivation LKMS takes the operators around the fibres

of the thermal fibration. A-priori we only have discrete transformations along this circle.

One can physically view ��O as comparing O(t) against O(t � i�), with the latter as the

consequence of the group action, see (2.5).25 While we initially infer the KMS operations by

action along a single thermal period, we can upgrade the traversal of operators around this

circle to involve a local winding number, i.e., consider bO(t, x) ! bO(t�i m(t, x)�, x) for integer

valued m(t, x). The gauge group we seek for the microscopic theory is the one implementing

these discrete thermal translations. Since there is a simple operation of discrete winding it is

not surprising that the gauge algebra is Abelian.

6.2 Low energy implementation of SK-KMS superalgebra

While it would be instructive to explore this discrete KMS structure in greater detail, we

found it simpler to contemplate the limit where the local temperatures are high compared

to other physical scales of interest. This is the case for instance, if we are interested in the

low energy dynamics of quantum systems at frequencies and momenta low compared to the

thermal scale ! T , k T ⌧ 1. In such a limit, the local thermal circle of size � is small since we

24 We make no attempt here to define a pseudo-Riemannian fibre bundle, except to note that we want the

sections to admit Lorentz signature metrics for physical applications.
25 In defining �� we have taken care to incorporate the quantum numbers of O, e.g., spin, flavour etc. by

associating with �� a Lie derivative along a time-like vector field �µ; see [1] for further details. In the Euclidean

formulation of the theory thermal boundary conditions on operators involve twists along the thermal circle

depending on the chemical potential for the flavour charge etc.. The action of �� is cognizant of these facts

and we can think of it as a generalized Lie derivation along the Euclidean thermal circle.
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For scalar Y̊scalar this is just a thermal translation

(⇤̊, Y̊scalar)� = ⇤̊ �̊I@I Y̊scalar . (2.8)

The Jacobi identity then fixes the action of thermal bracket on adjoint superfields, so that
under successive U(1)T transformation ⇤̊

0 7! ⇤̊
0
+ (⇤̊, ⇤̊0

)� with

(⇤̊, ⇤̊0
)� = ⇤̊£�⇤̊

0 � ⇤̊
0£�⇤̊ . (2.9)

We introduce a U(1)T gauge superfield one-form as a triplet ÅI(z) ⌘ {Åa(z), Å✓(z), Å✓̄(z)}

ÅI(z) dz
I
= Åa(z) d�

a
+ Å✓(z) d✓ + Å✓̄(z) d✓̄ (2.10)

whose gauge transformation is like an adjoint superfield except for an inhomogeneous term,
viz.,

ÅI 7! ÅI + (⇤̊, ÅI)� � @I⇤̊ , (2.11)

with the thermal bracket as in (2.9). One can further define as usual a covariant derivative10

D̊I = @I + (ÅI , · )� , (2.12)

and an associated field strength

F̊IJ ⌘ (1� 1

2
�IJ)

⇣
@I ÅJ � (�)

IJ @J ÅI + (ÅI , ÅJ)�

⌘
, (2.13)

where (�)
IJ is the mutual Grassmann parity of the two indices involved (see below). Given

the low-energy superfields Y̊, the theory of macroscopic fluctuations is given as the general
superspace action invariant under U(1)T gauge transformations. We explain some essential
features of the gauge algebra, the structure of the multiplets and the various fields involved,
and the attendant representation theory in the Appendices C, D, E. Some of the background
material has already been detailed in [6], so we also refer the reader there for further details.

The final symmetry we implement is CPT. It is important that the implementation of
CPT not conjugate the initial hydrodynamic state (which is crucial for example when chemical
potentials are turned on). We also require that such a symmetry be present even we discuss
non-relativistic systems with no microscopic CPT symmetry. As such any anti-linear involution
will suffice respecting these will suffice for our purposes.11 We want to encode the information
that the SK path integral be invariant under the combined CPT transformation of the initial

10 The covariant derivative D̊ introduced in (2.12) implements covariance under U(1)T transformations on
a flat superspace R

d�1,1|2 in Cartesian coordinates. Later on we will encounter a super-covariant derivative D̊

that will also involve additional contributions from the background geometric connection.
11 The manner we implement the anti-linear involution was inspired by Veltman’s diagrammatic rules for

the SK path integral for the vacuum initial state [60], which acts by exchanging incoming and outgoing states
in a scattering process.
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= Åa(z) d�a
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✦The algebra is non-abelian since it involves diffeomorphisms along the 
thermal vector.



THERMAL CARTAN AND WEIL MODELS

✦The gauge covariant Cartan charges (supercovariant derivations) can be 
mapped to the basic building blocks as follows:

We summarize these findings by making the following schematic identification:

NT = 2 algebra | SK-KMS symmetries
h
F̊1, F̊2

ik
= fk

ij F̊1F̊2 $ (̊F1, F̊2)� = F̊1 �� F̊2 � F̊2 �� F̊1

(6.11)

for adjoint superfields F̊1,2.

Thus, while the microscopic discrete KMS symmetry ends up Abelian, the continuum

version displays non-Abelian characteristics. This can be intuited from the fact that the

underlying set of transformations are di↵eomorphisms along the thermal circle. At some

heuristic level we should view U(1)T as a deformation of di↵(S1). Relations of the KMS

conditions to deformation quantization have indeed been explored in the past [37–40] without

incorporation of the extended symmetry structure we are exploring here. Note also that as

remarked earlier, the above discussion hides the fact that in general �� compares operators

which are non-locally separated in Euclidean time (see the definition (2.5)). Per se, we

therefore expect that the NT = 2 algebra is realized with a non-local action on the physical

Schwinger-Keldysh theory. These ideas may help us unveil the discrete structure valid outside

the low energy limit.

Returning to our main line of development, we can now take the existence of U(1)T in

the low energy limit to its logical conclusion. The simplest way to proceed is to introduce

a gauge field for the U(1)T symmetry of gauged thermal translations. The construction

of the thermal gauge superfield one-form proceeds exactly as in the general discussion of

equivariant cohomology. That is, we introduce a dodecuplet of fields and arrange them into

gauge field components as in (5.28a)-(5.28c). In the following we will denote the ‘thermal

U(1)T dodecuplet’ by the same letters as in Table 1, but give them a subscript “T” in order

to distinguish them from the general discussion of Part II.27

As an illustration, we can, for example, define now covariant Cartan di↵erentials of the

thermal SK-KMS equivariant theory:

Q ⌘ QSK + �T QKMS + �0
T

QKMS + ⌘T Q
0
KMS

,

Q ⌘ QSK + �
T

QKMS .
(6.12)

This follows from translating the definition of Cartan di↵erentials as in (5.20) to SK-KMS

context using the identifications in (6.5). From their naturalness in the theory of equivariant

cohomology, we would expect these linear combinations to play a role in the physics of SK

theories. As we will see later, this is indeed the case.28

27 It is amusing to note that the authors of [20] presciently labeled the number of topological symmetries

with a subscript T which does allow a dual interpretation as ‘topological’ or ‘thermal’ depending on one’s

inclination.
28 See also Eq. (A.15) of [10], where the operators {Q,Q} have appeared before in this context. For detailed

comparison, note the following di↵erence in convention between here and reference [10]:

[QKMS ]here = i[QKMS ][10] , [Q
KMS

]here = �i[Q
KMS

][10] , [Q0
KMS

]here = i[Q0][10] . (6.13)
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✦The superalgebra structure can then be captured by the anti-commutation 
relation among the Cartan charges as

by working with two gauge covariant Cartan charges Q and Q. Being gauge covariant, they

are not nilpotent, but rather square to a gauge transformation, which in the present case is

captured by LKMS . One finds by manipulating Eq. (A.14)[4]:
14

Q2 = (F̊
✓̄✓̄
|
✓̄=✓=0

)LKMS , Q2
= (F̊✓✓|✓̄=✓=0

)LKMS ,
⇥
Q,Q

⇤
±
= (F̊

✓✓̄
|
✓̄=✓=0

)LKMS (2.5)

As a di↵erential operator LKMS is realized as the operation �� = �i(1� e
�i �� ) ⇡ �� , which

implements a translation in the thermal direction, introduced in [4]. The super-field strength

F̊IJ is the one associated with the gauge field of U(1)T.

We can now compare the two algebras: suppose we identify Q and Q of HLR in [4, 7]

with �̄ and �, respectively of [8]. The disadvantage of the equivariant cohomology presentation

is that there are a whole slew of extra ghost fields (the Vafa-Witten quintet of [7]). It has

been argued in [4, 7] that most of the covariant ghost of ghost fields which include F̊
✓̄✓̄
| and

F̊✓✓| can be gauge fixed to zero, insofar as the macroscopic dynamics of the hydrodynamic

fields is concerned. The only field that plays a non-trivial role is the ghost number zero field

F̊
✓✓̄
|, which picks up a non-trivial vacuum expectation value in the thermal state, owing to

spontaneous CPT symmetry breaking in a dissipative system. Note that it is an important

ingredient of our approach to recognize the emergent second law and arrow of time in the fluid

system as a consequence of the spontaneous breaking of the microscopic CPT symmetry (see

[51, 52] for a detailed discussion). The U(1)T symmetry provides a dynamical mechanism for

this: we choose the CPT breaking value hF̊
✓✓̄
|i = �i for the order parameter of dissipation.15

With this understanding, we can simplify (2.5) to16

Q2 = 0 , Q2
= 0 ,

⇥
Q,Q

⇤
±
= �iLKMS 7! i£� (2.6)

In general £� Lie drags operators along the thermal circle17, but on scalars it acts as �a
@a.

In the static gauge, where �a=0 = �, �a=I = 0 this is indeed � @t, which then gives a precise

correspondence between the two algebras (2.4) and (2.6).

To put it in a nutshell, despite the di↵ering motivations, the superalgebras used by the

two groups to constrain hydrodynamic e↵ective actions is the same in the high temperature

limit. The main distinction is that (2.4) extends to beyond the high temperature limit and

thus is aware of the detailed quantum statistics.18 HLR have not made a conjecture about the

quantum algebra, though it is easy to speculate that the structure is closely connected to that

obtained by exponentiating the U(1)T algebra introduced in [3] to figure out the finite action

of U(1)T as a group. While we have not been as yet able to prove it, we would be willing to

speculate that the requisite group is the Virasoro-Bott group obtained by exponentiating the

14
The relevant arguments are explained in some detail in Sections 5 and 6 of [7].

15
See, e.g., [5] for a motivation of this choice.

16
There are algebraic subtleties with the interpretation of signs, which are explained in [7].

17
The operator £� refers to the Lie drag operation on worldvolume along the background vector �a

.
18

The high temperature limit, as the reader can immediately appreciate is equivalent to the classical limit,

since the quantum statistical distributions, Bose-Einstein or Fermi-Dirac, degenerate to the classical Maxwell-

Boltzmann distribution.
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CONSTRAINTS ON LOW ENERGY DYNAMICS

✦  Topological (BRST super) symmetries are efficient ways to encode SK + 
KMS constraints. 

 Unitarity                                                SK BRST supercharges 

 KMS/FDT                                              thermal diffeomorphism gauge symmetry

Q2 ⇠ 0 , Q̄2 ⇠ 0 , {Q, Q̄} ⇠ i� @t ⌘ i£�
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✦  Precedent: Langevin dynamics of a Brownian particle
Martin, Siggia, Rose (1973)        Parisi Sourlas (1982)

✦Direct implementation of MSR type logic in hydrodynamics
Kovtun, Moore, Romatschke (2014)



LOW ENERGY CONSTRAINTS II

✦  Effective dynamics constrained by

Mallick, Moshe, Orland  [1009.4800]
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unitarity & are CPT conjugates.
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<latexit sha1_base64="p2CjYV8GTtD1AY8l7L+hkhuNhCs="></latexit><latexit sha1_base64="p2CjYV8GTtD1AY8l7L+hkhuNhCs="></latexit><latexit sha1_base64="p2CjYV8GTtD1AY8l7L+hkhuNhCs="></latexit><latexit sha1_base64="p2CjYV8GTtD1AY8l7L+hkhuNhCs="></latexit>
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✦This algebra is well known in the statistical mechanics literature in the 
context of stochastic Langevin dynamics.
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TOY MODEL: LANGEVIN DYNAMICS

✦  Point particle in external potential subject to external forcing and noise

Consider a Brownian particle which is characterized by a single degree of freedom, its

position x(t). We will assume that this particle is subject to a time independent (conservative)

force, arising from a potential U(x), in addition to the friction it encounters from the fluid

medium it is immersed in. The stochastic Brownian motion is then described by the Langevin

equation:

m
d2x

dt2
+

@U

@x
+ ⌫ ��x = N , (A.1)

where we have normalized various terms with later applications in mind. The following

comments concerning the Langevin equation as a toy model for hydrodynamics are in order:

1. The kinetic term for the particle gives us a part of dynamical response that is adiabatic

and belongs to Class HS in the terminology of [5].

2. The second term denotes the static response to the background potential U(x) and

hence is Class HS .

3. The third term then incorporates dissipation by introducing a viscous drag parametrized

by the coe�cient ⌫. This is Class D transport.

4. The term on the right hand side finally adds a stochastic noise N which we assume

is independent of x. This did not enter into the considerations of [5] as the noise is

related to presence of dissipation via the fluctuation-dissipation theorem. In writing an

e↵ective action we will require that the noise is always integrated out. The noise term is

assumed to be drawn from a Gaussian ensemble (as appropriate for a linear dissipative

system), which we specify explicitly below, see (A.11).

A.1 Twisted supercharges for the Langevin system

By the logic espoused in the main text, the presence of the dissipative term requires that we

formulate the problem in terms of a SK path integral. Let us first do so by identifying the

degrees of freedom that make up the SK quadruplet. To do so, we first introduce a doubling

of the Brownian particle’s position, by x ! {xR, xL}. It will be useful to a-priori realize that

the Langevin description is naturally adapted to the advanced/retarded basis of fields (as

opposed to the {R, L} Keldysh basis), cf., footnote 14. Introduce therefore the retarded field

x(t) and its advanced field partner f (t) via:26

x ⌘ �i��1
�

(xR � e�i ��0 xL) , f ⌘ xR � xL (A.2)

The definition above can be treated as a classical di↵erential equation for the retarded field

by properly inverting the operator �� subject to the physical initial conditions. We recall

that the operator �� measures the deviation from the KMS condition and thus controls the

26 The Brownian particle is assumed to be bosonic and so (�1)F = 1.
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✦One can write down a SK effective action for this dissipative dynamics 

Martin, Siggia, Rose 1973
x = �i��1

�

⇣
xR � e�i �� xL

⌘
, x̃ = xR � xL

LSK =


x̃
@U

@x
+  ̄

@2U

@x2
 

�
� m


x̃

d2x

dt2
+  ̄

d2 

dt2

�
� ⌫

⇥
x̃ ��x �  ̄ �� 

⇤
+ i ⌫ x̃2 .

✦The dissipative part of the action is controlled by ghosts and is related to 
the fluctuation terms difference fields - fluctuation/dissipation relation.  

✦Convergence of the path integral fixes the sign of dissipative terms. 

✦Simplest realization of the extended equivariant cohomology algebra.



BROWNIAN  BRANES

✦Brownian particle immersed in a fluid undergoes dissipative motion. 

✦Langevin effective action: worldvolume B0-brane theory.

✦Data for the worldvolume theory: thermal equivariant multiplets for target 
space coordinate map and thermal gauge field data. just write

Å ⌘ Åt dt+ Å✓ d✓ + Å✓̄ d✓̄

⌘
�
✓ �

T
+ ✓̄ �0

T
+ ✓̄✓ ⌘̄

�
d✓ +

�
✓̄ �T � ✓̄✓ ⌘

�
d✓̄ ,

(6.23) eq:AWZ

Likewise the full position supermultiplet (6.20) reduces to the more familiar form (6.9).

In this Wess-Zumino gauge we can easily evaluate the Cartan charge action. We would

write as before

d = dSK + IKMS

✓̄ �T
� IKMS

✓̄✓ ⌘ ,

d̄ = d̄SK + IKMS

✓ �
T

+ IKMS

✓̄ �0
T
+ IKMS

✓̄✓ ⌘̄ .
(6.24) eq:QClangevin

so that on the position multiplet the action by {Q,Q} is given by

[Q, X]± ⌘ D̊✓̄X̊| = X ,
h
Q, X 

i

±
⌘ D̊✓̄D̊✓X̊| = �X̃ + �0

T
��X ,

[Q, X ]± ⌘ D̊✓̄D̊✓̄X̊| = �T��X ,
h
Q, X̃

i

±
⌘ D̊✓̄D̊✓D̊✓̄X̊| = �0

T
��X � �T��X + ⌘��X ,

⇥
Q, X

⇤
±
⌘ D̊✓X̊| = X ,

h
Q, X 

i

±
⌘ D̊✓D̊✓X̊| = �

T
��X ,

⇥
Q, X 

⇤
±
⌘ D̊✓D̊✓̄X̊| = X̃ ,

h
Q, X̃

i

±
⌘ D̊✓D̊✓D̊✓̄X̊| = �

T
��X .

(6.25) eq:PositionCartan

This set of equations was previously written down in [10]. Similarly, (6.22) defines also the

action on the ghost of ghost quintet. Using the identities (5.8) for gauge invariant field

strength components, one can readily verify the following relations:

⇥
Q,�0

T

⇤
±
⌘ D̊✓̄F̊✓✓̄| = ⌘ ,

⇥
Q,�0

T

⇤
±
⌘ D̊✓F̊✓✓̄| = ⌘̄ ,

[Q,�T ]± ⌘ D̊✓̄F̊✓̄✓̄| = 0 ,
⇥
Q,�T

⇤
±
⌘ D̊✓F̊✓̄✓̄| = �⌘ ,

⇥
Q,�

T

⇤
±
⌘ D̊✓̄F̊✓✓| = �⌘̄ ,

⇥
Q,�

T

⇤
±
⌘ D̊✓F̊✓✓| = 0 ,

[Q, ⌘]± ⌘ D̊2
✓̄ F̊✓✓̄| = (�,�0

T
)� ,

⇥
Q, ⌘

⇤
±
⌘ D̊✓D̊✓̄F̊✓✓̄| = (�T ,�T

)� ,

[Q, ⌘̄]± ⌘ D̊✓̄D̊✓F̊✓✓̄| = (�
T
,�T)� ,

⇥
Q, ⌘̄

⇤
±
⌘ D̊2

✓ F̊✓✓̄| = (�
T
,�0

T
)� .

(6.26) eq:GaugeCartan

[should we perhaps give more details about FIJ and its derivatives and Bianchi identity?]

Note that all these transformations ensure that Q2, Q2
,
⇥
Q,Q

⇤
±
are pure gauge, i.e., they

generate time translations with gauge parameters �T , �T
, �0

T
respectively. We have now all

the ingredients to formulate the Schwinger-Keldysh e↵ective theory of Langevin dynamics,

using equivariant language.

6.4 E↵ective action and fluctuation-dissipation
sec:LangActions

Our philosophy is to write down a worldvolume theory of the Brownian particle that explicitly

makes manifest the full NT = 2 symmetry. To this end we have already identified the various
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✦MSR action follows as the basic thermal U(1)T  gauge invariant effective 
action of the worldline theory

bracket, which acts to gauge transform all the matter fields. Given a gauge parameter ⇤̊ we

denote a gauge transformation of a matter multiplet X̊ via

(⇤̊, X̊)� = ⇤̊£�X̊ = ⇤̊��X̊ = ⇤̊�
d

dt
X̊ . (6.15) eq:betabrkX

One may view this as the action of the gauge symmetry on the fundamental representation.

We can work out the analog of the adjoint representation by examining the Wess-Zumino

commutator of the successive gauge transformations. The Jacobi identity, for instance, fixes

the action of thermal bracket on adjoint superfields, so that under U(1)T transformation

⇤̊0 7! ⇤̊0 + (⇤̊, ⇤̊0)� with

(⇤̊, ⇤̊0)� = ⇤̊£�⇤̊
0 � ⇤̊0£�⇤̊ . (6.16) eq:adbetabrk

We are now in a position to remedy the lack of explicit action of the U(1)T symmetry

in §6.2 by incorporating the gauge dodecuplet into the construction. We introduce the gauge

superfield superspace one-form as in (5.3) and associated field strength and covariant deriva-

tive. The main change from Eqs. (5.4) and (5.5) is that the gauge algebra is generated by

the thermal bracket (6.16) as appropriate for adjoint-valued gauge fields.

While it is possible to write down the full gauge field one-form, to keep the present

discussion under control we are going to exploit the following fact. The Brownian particle

has a one-dimensional worldline which means that any gauge field associated with it can be

trivially gauge fixed to zero. This implies that we can w.l.o.g. set the temporal component

Åt = 0. Then we are only required to deal with the octet of fields in the Å✓ and Å✓̄ superfields.

The structure of the Weil charge action discussed in §5.2 leads to the construction

Å✓̄ ⌘ GT + ✓̄

⇢
�T � 1

2
(GT , GT)�

�
+ ✓

⇢
BT � 1

2
(GT , GT)�

�

� ✓̄✓

⇢
⌘ + (GT ,�T)� � (GT , BT)� +

1

2
(GT , (GT , GT)�)�

�

Å✓ ⌘ GT + ✓

⇢
�

T
� 1

2
(GT , GT)�

�
+ ✓̄

⇢
�0

T
� BT � 1

2
(GT , GT)�

�

+ ✓̄✓

⇢
⌘ + (GT ,�0

T
)� � (GT ,�0

T
� BT)� +

1

2
(GT , (GT , GT)�)�

�

(6.17) eq:Asuper

In writing the above we have given a subscript T to the gauge multiplets to denote their

origin from the thermal KMS invariance. The thermal bracket acts on the Grassmann-odd

parameters as in (6.16), but with the usual extra sign; to wit,

(Â, B̂)� ⌘ Â�� B̂ � (�)AB
B̂�� Â (6.18)

for adjoint operators such as GT , BT , GT ,�T , ⌘,�0
T
,�

T
, ⌘̄.

With the gauge superfield Å at hand, we can immediately define a gauge invariant field

strength in complete analogy with the field strength in generic extended equivariant coho-

mology, c.f. Eq. (5.5):

F̊IJ ⌘ (1 � 1

2
�IJ)

⇣
@IÅJ � (�)IJ@JÅI + (ÅI , ÅJ)�

⌘
. (6.19)
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gauge covariant derivative to act as

D̊I = @I + [ÅI , · ] , (5.4) eq:covDI

which implies that the field strength is given by

F̊IJ ⌘ (1 � 1

2
�IJ)

⇣
@I ÅJ � (�)IJ @J ÅI + [ÅI , ÅJ ]

⌘
, (5.5) eq:fdef

In addition it is also convenient to define the following non-covariant object:

B̊✓✓̄ ⌘ @✓Å✓̄ +
1

2
[Å✓, Å✓̄] . (5.6)

This will be useful to pick out a particular non-gauge covariant field. Our definition explicitly

breaks the symmetry between ✓ and ✓̄, for under an exchange of these super-coordinates we

have B̊✓✓̄ 7! F̊✓✓̄ � B̊✓✓̄.

The covariant derivatives along the super-coordinates {✓, ✓̄} can be treated as the Cartan

charges: dC = D̊✓̄ , dC = D̊✓. This enables us to use the field strengths to define the covariant

fields that we will employ to parameterize the extended cohomological structure. As in our

previous discussion, the bottom component of the superfields Å✓ and Å✓̄ will be taken to be

ghost fields (with opposite ghost numbers). The other components of the gauge multiplets

can be filled out in terms of the field strengths. We find it useful to parameterize the super-

components (the ghosts and ghosts for ghosts) in the following fashion. First we pick out the

gauge non-invariant combinations and use them to define the various ghost fields (i.e., ghost

valued connection forms):

Å✓̄| = G , Å✓| = Ḡ , B̊✓✓̄| = B . (5.7) eq:triplet

We will refer to these fields as the Faddeev-Popov ghost triplet.

The remaining five fields which make up the superfields Å✓ and Å✓̄ are captured and

denoted as follows:

F̊✓̄✓̄| = � , F̊✓✓| = � , F̊✓✓̄| = �0 ,

D̊✓̄F̊✓✓̄| = ⌘ , D̊✓F̊✓✓̄| = ⌘ . (5.8) eq:quintet

We will henceforth refer to them as the Vafa-Witten ghost of ghost quintet following [18] where

this structure was first described. Finally, we have four more (vector) fields in the gauge

potential Åa, making up the vector quartet which we parameterize in a covariant fashion as

Åa| = Aa , F̊✓̄a| = �a , F̊✓a| = �a , D̊✓F̊✓̄a| = Fa . (5.9) eq:quartet

The ghost charge assignments for these fields can be worked out once we pick a convention

that assigns

gh(✓) = +1 , gh(✓̄) = �1 , (5.10) eq:ghththb
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SB0 =

ˆ
dt d✓ d✓̄

(
m

2

⇣
D̊tX̊

⌘2
� U(X̊)� i ⌫ D̊✓X̊D̊✓̄X̊

)

X̃

X

X̊ = X + ✓X + ✓̄X + ✓̄ ✓ X̃
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Hydrodynamic sigma models recap

★  Worldvolume with fixed reference thermal vector 

★  Physical degrees of freedom are the target space maps, leading to 
conservation equation as dynamics  

★  Upgrade to include SK+KMS constraints

physical fluidworldvolume/reference spacetime

�µ

gµ⌫

XµXµ(�)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gab
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�a
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gab = gµ⌫@aX
µ @bX

⌫
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> �µ = �a@aX

µ
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Topological sigma models: Fields

worldvolume superspace

3.2 Symmetries of the hydrodynamic sigma models

Let us now take stock of the symmetries inherent in the thermal Schwinger-Keldysh construc-
tion, encapsulated within the notion of thermal equivariance as described in §2, and upgrade
the hydrodynamic Goldstone dynamics of §3.1 to be cognizant of them. We have seen that
the symmetries arising from the microscopic picture, viz., U(1)T gauge invariance, together
with CPT and ghost number conservation are easily encoded in superspace.

This entails that we should first upgrade the worldvolume to superspace parameterized
by zI

= {�a, ✓, ✓̄}. The thermal vector will be uplifted to a thermal super-vector �̊I . Since we
have worldvolume diffeomorphisms that upgrade themselves to superdiffeomorphisms, we will
exploit some of the freedom to gauge fix components of the reference super-thermal vector as
indicated in (2.5).13

�µ

gµ⌫

�̊I

zI
= {�a, ✓, ✓̄}

X̊µ
(z)g̊IJ Xµ,⇥, ⇥̄
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Fig. 4: Illustration of the data for hydrodynamic sigma models. The physical degrees of freedom are
captured in the target space maps X̊µ

(�, ✓, ✓̄), along with the gauge condition which aligns
the Grassmann coordinates in target space with their worldvolume counterparts ⇥ = ✓ and
⇥̄ = ✓̄. The worldvolume geometry is equipped with a reference super-vector field �̊I , which
pushes forward to the physical thermal vector in spacetime, while the spacetime metric gµ⌫ (with
g⇥⇥̄ = i) pulls back to the worldvolume metric g̊IJ . The pullbacks and pushfowards are U(1)T

gauge covariant, since the worldvolume dynamics is constrained by this symmetry.

Furthermore, we realize that the target space maps which are sigma model fields should
be upgraded to superfields following (2.4): Xµ

(�) 7! X̊µ
(z), viz.,

X̊µ
= Xµ

+ ✓Xµ

 
+ ✓̄Xµ
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(3.1)

The contribution from target space connection to the top component of the superfield (where
the fluctuation field X̃µ resides) can be understood from covariance of the pullback map and
is explained for completeness in Appendix I.

However, not only do the bosonic hydrodynamic pions get upgraded to a superfield, but
we also should obtain the spacetime Grassmann odd partners, leading to a spacetime triplet

13 We will examine worldvolume symmetries more precisely in Appendix I, but note that the worldvolume
superdiffeomorphisms we allow are simply zI 7! zI

+ f I
(�a

).
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3.2 Symmetries of the hydrodynamic sigma models

Let us now take stock of the symmetries inherent in the thermal Schwinger-Keldysh construc-
tion, encapsulated within the notion of thermal equivariance as described in §2, and upgrade
the hydrodynamic Goldstone dynamics of §3.1 to be cognizant of them. We have seen that
the symmetries arising from the microscopic picture, viz., U(1)T gauge invariance, together
with CPT and ghost number conservation are easily encoded in superspace.

This entails that we should first upgrade the worldvolume to superspace parameterized
by zI

= {�a, ✓, ✓̄}. The thermal vector will be uplifted to a thermal super-vector �̊I . Since we
have worldvolume diffeomorphisms that upgrade themselves to superdiffeomorphisms, we will
exploit some of the freedom to gauge fix components of the reference super-thermal vector as
indicated in (2.5).13
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of superfields:14

X̊ µ̆
(z) = {X̊µ

(z), ⇥̊(z), ˚̄
⇥(z)} . (3.2)

Note that this structure is enforced by the way we wish to implement the Schwinger-Keldysh
construction. Even in the physical spacetime we have to allow for the superspace structure,
since after all it is there that our quantum system resides (and it is the quantum operators that
get uplifted to super-operators). We illustrate the superspace upgrade of the hydrodynamic
pion fields, which we henceforth work with, in Fig. 4.

The physical spacetime is equipped with a background metric gµ̆⌫̆ which being a back-
ground source, we are free to pick at will. We will use this freedom to demand

gµ⇥ = gµ⇥̄ = 0 , g
⇥⇥̄

= �g
⇥̄⇥

= i . (3.3)

We only turn on bottom components for the spacetime metric (thus enabling us to dispense
with superfield notational contrivances) which will suffice for the rest of the discussion. As
usual with sigma models we choose the target space data gµ̆⌫̆(X ⇢̆

) and its metric compatible
connection first and then upgrade the resulting expressions to functions on the worldvolume
with the zI dependence induced from the embedding X̊ µ̆

(z).
The symmetries alluded to above, viz., superdiffeomorphisms, CPT, and ghost number

symmetries act as usual on these. In addition the action of U(1)T is given as in (2.6); for
instance

(⇤̊, X̊µ
)� = ⇤̊ �̊I@IX̊µ , (3.4)

and similarly for {⇥̊(z), ˚̄
⇥(z)}. We will refer to this action as the action of U(1)T on funda-

mental representation (or 0-adjoints).15

On the worldvolume, the U(1)T gauge symmetry requires that we have in addition to
the reference super-vector (which mainly picks out the reference frame) the ÅI super-form
superfield. Since {X̊µ, ⇥̊, ˚̄

⇥} carry non-trivial U(1)T charges, gauge invariance on the world-
volume requires that we work with suitable gauge covariant objects. To this end, the pullback
map onto the worldvolume will be implemented in a U(1)T covariant manner. As a result the
worldvolume metric gab gets uplifted to a superfield g̊IJ

g̊IJ(z) = gµ⌫(X̊(z)) D̊IX̊µ D̊JX̊⌫
+ g

⇥⇥̄

⇣
D̊I⇥̊ D̊J

˚̄
⇥� D̊I

˚̄
⇥ D̊J ⇥̊

⌘
. (3.5)

where we have already incorporated our gauge condition (3.3) to simplify this expression, and
have stuck to DeWitt conventions [61] for super-index contractions as noted in §2.3.

Our goal will be to construct a topological sigma model governing the dynamics of the
fields {X̊µ, ⇥̊, ˚̄

⇥}. With the symmetries at hand, such a theory has been engineered to capture
the constraints arising from the Schwinger-Keldysh construction in thermal states. However,
the physical fluid dynamical theory is not a topological field theory; fluids have non-trivial
dynamics. To get the physical hydrodynamic data we should deform away from the topological

14 Notational conventions for indices is summarized in footnote 8.
15 Representations of the U(1)T thermal diffeomorphism symmetry are worked out in Appendix F.
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limit. This can be easily achieved by de-aligning the sources for the left and right fields. This
implies turning on the difference metric to obtain the physical the energy-momentum tensor.

We obtain the energy-momentum tensor on the world-volume and then push it forward
to the physical spacetime, and so will turn on a difference source hIJ on the world-volume,
i.e.,

g̊IJ(z) ! g̊IJ(z) + ✓̄ ✓ hIJ(�) . (3.6)

Given the worldvolume Lagrangian, varying it with respect to the source deformation hIJ will
give us the (worldvolume) fluid dynamical stress tensor TIJ . The dynamics for the fields will
be obtained by variation with respect to the fields X̊µ; for the classical field Xµ, the dynamics
is obtained by varying the fluctuation field X̃µ and will end up being the conservation equation
for the stress-tensor pushed-forward to the physical target space, T µ⌫ .

The reader may be wondering what about the spacetime Grassmann fields, which were
introduced to incorporate the Schwinger-Keldysh superspace structure directly in the physical
spacetime. However, here target space symmetries come to our rescue. What used to be ordi-
nary diffeomorphisms in spacetime, now get upgraded to target space superdiffeomorphisms
that act on {X̊µ, ⇥̊, ˚̄

⇥}. Furthermore, a fluid dynamical effective field theory is required to
respect this spacetime symmetry; fluids cannot have potentials in physical spacetime. Con-
sequently, this superdiffeomorphism symmetry can be exploited to fix a form of super-static
gauge. We gauge fix:

⇥̊ = ✓ , ˚̄
⇥ = ✓̄ , (3.7)

to simplify our discussion. As a consequence, in many formulae we will be sloppy about
indicating the full target super-tensor structure, so often the reader will encounter isolated
target spacetime components (indexed by lowercase Greek).

Let us take stock, now that we have assembled all the ingredients. The data for the
hydrodynamic effective field theories is captured by the following:

• A space filling Brownian-brane with intrinsic coordinates zI
= {�a, ✓, ✓̄} on the world-

volume.

• A U(1)T gauge super-multiplet captured by ÅI , and a reference super-vector �̊I , which
has been partially gauge fixed to have only its �a component non-zero, cf., (2.5).

• Target space superfields X̊ µ̆
= {X̊µ, ⇥̊, ˚̄

⇥}, which are the dynamical degrees of freedom
in the theory and corresponding sources for conserved currents. For neutral fluids we
have a spacetime super-metric, which has been gauge fixed to satisfy (3.3).

• Target spacetime superdiffeomorphisms are exploited to set ⇥̊ = ✓ and ˚̄
⇥ = ✓̄, leaving only

X̊µ as the physical degrees of freedom. They transform as in (3.4) under the worldvolume
U(1)T gauge symmetry.
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where we have already incorporated our gauge condition (3.3) to simplify this expression, and
have stuck to DeWitt conventions [61] for super-index contractions as noted in §2.3.

Our goal will be to construct a topological sigma model governing the dynamics of the
fields {X̊µ, ⇥̊, ˚̄

⇥}. With the symmetries at hand, such a theory has been engineered to capture
the constraints arising from the Schwinger-Keldysh construction in thermal states. However,
the physical fluid dynamical theory is not a topological field theory; fluids have non-trivial
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Topological sigma models: Gauge Symmetry

3.2 Symmetries of the hydrodynamic sigma models

Let us now take stock of the symmetries inherent in the thermal Schwinger-Keldysh construc-
tion, encapsulated within the notion of thermal equivariance as described in §2, and upgrade
the hydrodynamic Goldstone dynamics of §3.1 to be cognizant of them. We have seen that
the symmetries arising from the microscopic picture, viz., U(1)T gauge invariance, together
with CPT and ghost number conservation are easily encoded in superspace.

This entails that we should first upgrade the worldvolume to superspace parameterized
by zI

= {�a, ✓, ✓̄}. The thermal vector will be uplifted to a thermal super-vector �̊I . Since we
have worldvolume diffeomorphisms that upgrade themselves to superdiffeomorphisms, we will
exploit some of the freedom to gauge fix components of the reference super-thermal vector as
indicated in (2.5).13

�µ

gµ⌫

�̊I

zI
= {�a, ✓, ✓̄}

X̊µ
(z)g̊IJ Xµ,⇥, ⇥̄
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Fig. 4: Illustration of the data for hydrodynamic sigma models. The physical degrees of freedom are
captured in the target space maps X̊µ

(�, ✓, ✓̄), along with the gauge condition which aligns
the Grassmann coordinates in target space with their worldvolume counterparts ⇥ = ✓ and
⇥̄ = ✓̄. The worldvolume geometry is equipped with a reference super-vector field �̊I , which
pushes forward to the physical thermal vector in spacetime, while the spacetime metric gµ⌫ (with
g⇥⇥̄ = i) pulls back to the worldvolume metric g̊IJ . The pullbacks and pushfowards are U(1)T

gauge covariant, since the worldvolume dynamics is constrained by this symmetry.

Furthermore, we realize that the target space maps which are sigma model fields should
be upgraded to superfields following (2.4): Xµ

(�) 7! X̊µ
(z), viz.,

X̊µ
= Xµ

+ ✓Xµ

 
+ ✓̄Xµ

 + ✓̄✓
⇣

X̃µ � �
µ
⇢� X⇢

 
X�
 

⌘
(3.1)

The contribution from target space connection to the top component of the superfield (where
the fluctuation field X̃µ resides) can be understood from covariance of the pullback map and
is explained for completeness in Appendix I.

However, not only do the bosonic hydrodynamic pions get upgraded to a superfield, but
we also should obtain the spacetime Grassmann odd partners, leading to a spacetime triplet

13 We will examine worldvolume symmetries more precisely in Appendix I, but note that the worldvolume
superdiffeomorphisms we allow are simply zI 7! zI

+ f I
(�a

).
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★  KMS or fluctuation/dissipation data encoded by the thermal diffeomorphism 
gauge invariance. 

★  Gauged topological sigma model with a topological (BF-type) gauge kinetic 
term captures consistently all constraints on the low energy influence 
functionals.

2.2 Superspace and the thermal gauge multiplet

We now describe how to implement our proposed symmetries, and give references to more
detailed discussions.

The practical way of implementing thermal equivariance in explicit constructions is to
pass onto a superspace description as described in [5, 6]. We introduce two Grassmann odd
coordinates {✓, ✓̄}, identifying {QSK , QSK } ⇠ {@✓̄, @✓}, and promote fields Y to superfields
(denoted by a circle "˚" accent):

Y ! Y̊ = Y + ✓ Y ̄ + ✓̄ Y + ✓̄ ✓ Ỹ ⌘ 1

2
(YR + YL) + ✓ Y ̄ + ✓̄ Y + ✓̄ ✓ (YR � YL) . (2.4)

The top (✓̄✓) components of the superfields represent the difference operators while the Y , Y ̄
are the ghost super-partners carrying same spin but opposite Grassmann parity as Y. Individ-
ual components are recovered by taking suitable ✓, ✓̄ derivatives and projecting onto ordinary
space; we denote this projection as

�� ⌘
��
✓=✓̄=0

. This structure is sufficient to describe the
Schwinger-Keldysh formalism in generic initial states (see [20] for an example). We refer to
Appendix A for a brief review of the algebraic construction.

To describe our macroscopic gauge theory at a certain temperature we introduce a back-
ground timelike vector superfield �̊I

(z).8 We will use some of the superdiffeomorphism invari-
ance to simplify the thermal super-vector:

�̊✓ = �̊✓̄ = 0 = @✓�̊
a

= @✓̄�̊
a . (2.5)

We will consider below only that subset of superdiffeomorphisms which respect this gauge
choice for the background thermal super-vector �̊I .9 Appendix I contains a detailed discussion.

The U(1)T super-gauge transformations can be parameterized by an adjoint superfield
gauge parameter ⇤̊. They act on a superfield Y̊ by Lie dragging it along ⇤̊ �̊I and can be
represented by a thermal bracket,

(⇤̊, Y̊)� = ⇤̊£�Y̊ , (2.6)

where £� denotes the super-Lie derivative along �̊I . The infinitesimal gauge transformation
is thus given by

Y̊ 7! Y̊ + (⇤̊, Y̊)� . (2.7)
8 We work in conventions where zI ⌘ {�a, ✓, ✓̄} is the collection of superspace coordinates with lower case

Latin alphabet indexing the ordinary spacetime coordinates, reserving uppercase Latin indices for superspace.
The notation is adapted for sigma models of interest in our discussion later. zI will coordinatize the worldvol-
ume directions, while physical spacetime coordinates will be denoted as X µ̆

= {Xµ,⇥, ⇥̄} and indexed with
lowercase Greek alphabet for ordinary indices with accented (breve) Greek lowercase reserved for super-indices.

9 We can also introduce a thermal twist ⇤�(�) which encodes the chemical potential for general ensembles
with additional conserved charges. The twist is the phase entering the thermal periodicity conditions in a
particular flavour symmetry gauge. For simplicity we will not elaborate further on this.
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For scalar Y̊scalar this is just a thermal translation

(⇤̊, Y̊scalar)� = ⇤̊ �̊I@I Y̊scalar . (2.8)

The Jacobi identity then fixes the action of thermal bracket on adjoint superfields, so that
under successive U(1)T transformation ⇤̊

0 7! ⇤̊
0
+ (⇤̊, ⇤̊0

)� with

(⇤̊, ⇤̊0
)� = ⇤̊£�⇤̊

0 � ⇤̊
0£�⇤̊ . (2.9)

We introduce a U(1)T gauge superfield one-form as a triplet ÅI(z) ⌘ {Åa(z), Å✓(z), Å✓̄(z)}

ÅI(z) dzI
= Åa(z) d�a

+ Å✓(z) d✓ + Å✓̄(z) d✓̄ (2.10)

whose gauge transformation is like an adjoint superfield except for an inhomogeneous term,
viz.,

ÅI 7! ÅI + (⇤̊, ÅI)� � @I⇤̊ , (2.11)

with the thermal bracket as in (2.9). One can further define as usual a covariant derivative10

D̊I = @I + (ÅI , · )� , (2.12)

and an associated field strength

F̊IJ ⌘ (1 � 1

2
�IJ)

⇣
@I ÅJ � (�)

IJ @J ÅI + (ÅI , ÅJ)�

⌘
, (2.13)

where (�)
IJ is the mutual Grassmann parity of the two indices involved (see below). Given

the low-energy superfields Y̊, the theory of macroscopic fluctuations is given as the general
superspace action invariant under U(1)T gauge transformations. We explain some essential
features of the gauge algebra, the structure of the multiplets and the various fields involved,
and the attendant representation theory in the Appendices C, D, E. Some of the background
material has already been detailed in [6], so we also refer the reader there for further details.

The final symmetry we implement is CPT. It is important that the implementation of
CPT not conjugate the initial hydrodynamic state (which is crucial for example when chemical
potentials are turned on). We also require that such a symmetry be present even we discuss
non-relativistic systems with no microscopic CPT symmetry. As such any anti-linear involution
will suffice respecting these will suffice for our purposes.11 We want to encode the information
that the SK path integral be invariant under the combined CPT transformation of the initial

10 The covariant derivative D̊ introduced in (2.12) implements covariance under U(1)T transformations on
a flat superspace R

d�1,1|2 in Cartesian coordinates. Later on we will encounter a super-covariant derivative D̊

that will also involve additional contributions from the background geometric connection.
11 The manner we implement the anti-linear involution was inspired by Veltman’s diagrammatic rules for

the SK path integral for the vacuum initial state [60], which acts by exchanging incoming and outgoing states
in a scattering process.

– 14 –

of superfields:14

X̊ µ̆
(z) = {X̊µ

(z), ⇥̊(z), ˚̄
⇥(z)} . (3.2)

Note that this structure is enforced by the way we wish to implement the Schwinger-Keldysh
construction. Even in the physical spacetime we have to allow for the superspace structure,
since after all it is there that our quantum system resides (and it is the quantum operators that
get uplifted to super-operators). We illustrate the superspace upgrade of the hydrodynamic
pion fields, which we henceforth work with, in Fig. 4.

The physical spacetime is equipped with a background metric gµ̆⌫̆ which being a back-
ground source, we are free to pick at will. We will use this freedom to demand

gµ⇥ = gµ⇥̄ = 0 , g
⇥⇥̄

= �g
⇥̄⇥

= i . (3.3)

We only turn on bottom components for the spacetime metric (thus enabling us to dispense
with superfield notational contrivances) which will suffice for the rest of the discussion. As
usual with sigma models we choose the target space data gµ̆⌫̆(X ⇢̆

) and its metric compatible
connection first and then upgrade the resulting expressions to functions on the worldvolume
with the zI dependence induced from the embedding X̊ µ̆

(z).
The symmetries alluded to above, viz., superdiffeomorphisms, CPT, and ghost number

symmetries act as usual on these. In addition the action of U(1)T is given as in (2.6); for
instance

(⇤̊, X̊µ
)� = ⇤̊ �̊I@IX̊µ , (3.4)

and similarly for {⇥̊(z), ˚̄
⇥(z)}. We will refer to this action as the action of U(1)T on funda-

mental representation (or 0-adjoints).15

On the worldvolume, the U(1)T gauge symmetry requires that we have in addition to
the reference super-vector (which mainly picks out the reference frame) the ÅI super-form
superfield. Since {X̊µ, ⇥̊, ˚̄

⇥} carry non-trivial U(1)T charges, gauge invariance on the world-
volume requires that we work with suitable gauge covariant objects. To this end, the pullback
map onto the worldvolume will be implemented in a U(1)T covariant manner. As a result the
worldvolume metric gab gets uplifted to a superfield g̊IJ

g̊IJ(z) = gµ⌫(X̊(z)) D̊IX̊µ D̊JX̊⌫
+ g

⇥⇥̄

⇣
D̊I⇥̊ D̊J

˚̄
⇥ � D̊I

˚̄
⇥ D̊J ⇥̊

⌘
. (3.5)

where we have already incorporated our gauge condition (3.3) to simplify this expression, and
have stuck to DeWitt conventions [61] for super-index contractions as noted in §2.3.

Our goal will be to construct a topological sigma model governing the dynamics of the
fields {X̊µ, ⇥̊, ˚̄

⇥}. With the symmetries at hand, such a theory has been engineered to capture
the constraints arising from the Schwinger-Keldysh construction in thermal states. However,
the physical fluid dynamical theory is not a topological field theory; fluids have non-trivial
dynamics. To get the physical hydrodynamic data we should deform away from the topological

14 Notational conventions for indices is summarized in footnote 8.
15 Representations of the U(1)T thermal diffeomorphism symmetry are worked out in Appendix F.
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Gauge+matter degrees of freedom

ghost Faddeev-Popov Vafa-Witten ghost Vector Position
charge ghost triplet of ghost quintet quartet multiplet

2 �T

1 GT ⌘T �a Xµ
 

0 BT �0

T
Aa Fa Xµ X̃µ

-1 GT ⌘̄T �̄a Xµ

 

-2 �
T

Table 1: The set of basic fields in the NT = 2 superalgebra along with their respective ghost number
assignments, in terms of which the hydrodynamic effective action is written.

We have summarized this information after taking various gauge fixings into account in
a tabular form in Table 1.

In what follows we will explain how to use this data, the target space and worldvolume
symmetries (including target space CPT) to construct hydrodynamic effective field theories
as we envisaged in [1]. We will carry out this exercise first somewhat abstractly, indulging in
superspace variational calculus, to extract some general lessons. We then will illustrate this
with examples at low order in the gradient expansion, deriving explicit actions involving the
classical and fluctuation fields. The last stage of our discussion will be to make contact with
the eightfold classification of [2].

In order to keep the presentation reasonable, and to write down formulae in a succinct
manner, we have relegated some of the details on how the various multiplets appearing in
Table 1 are constructed to Appendices. The reader interested in details of how the multiplets
are organized is invited to consult the following:

• Appendix D for the general structure of the adjoint multiplet.

• Appendix E for the general structure of the gauge multiplet.

• Appendix G for the multiplet containing the hydrodynamic pion fields.

• Finally, Appendix H provides details on the construction of the worldvolume metric
which plays an important role in the construction of the actions.

Readers analyzing these appendices are advised to note that we first develop the structure
of the multiplet on a flat worldvolume; we do not endow the worldvolume with an intrinsic
metric. For this purpose it suffices to consider the U(1)T covariant derivative D̊ introduced in
(2.12). Of course in the physical theory, we want to work with the pullback metric g̊IJ and its
associated covariant derivative D̊. This turns out to be a bit more involved and we describe in
Appendix J how one might go about constructing a worldvolume connection, after describing
the symmetries and gauge fixing constraints we impose on our construction in Appendix I.
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Source deformed topological sigma models

★Physical fluids are of course not captured by the topological data alone. We 
need to deform the sigma model to get physical dynamics. 

★Topological sector is the theory of all difference correlators in a convenient 
form (no dynamics in this sector). 

★  Source deformation by a difference source, will insert an average operator 
into the functional integral as necessary to compute                                                   
hydrodynamic response functions. 

★  Easily implemented in the sigma model by 

limit. This can be easily achieved by de-aligning the sources for the left and right fields. This
implies turning on the difference metric to obtain the physical the energy-momentum tensor.

We obtain the energy-momentum tensor on the world-volume and then push it forward
to the physical spacetime, and so will turn on a difference source hIJ on the world-volume,
i.e.,

g̊IJ(z) ! g̊IJ(z) + ✓̄ ✓ hIJ(�) . (3.6)

Given the worldvolume Lagrangian, varying it with respect to the source deformation hIJ will
give us the (worldvolume) fluid dynamical stress tensor TIJ . The dynamics for the fields will
be obtained by variation with respect to the fields X̊µ; for the classical field Xµ, the dynamics
is obtained by varying the fluctuation field X̃µ and will end up being the conservation equation
for the stress-tensor pushed-forward to the physical target space, T µ⌫ .

The reader may be wondering what about the spacetime Grassmann fields, which were
introduced to incorporate the Schwinger-Keldysh superspace structure directly in the physical
spacetime. However, here target space symmetries come to our rescue. What used to be ordi-
nary diffeomorphisms in spacetime, now get upgraded to target space superdiffeomorphisms
that act on {X̊µ, ⇥̊, ˚̄

⇥}. Furthermore, a fluid dynamical effective field theory is required to
respect this spacetime symmetry; fluids cannot have potentials in physical spacetime. Con-
sequently, this superdiffeomorphism symmetry can be exploited to fix a form of super-static
gauge. We gauge fix:

⇥̊ = ✓ , ˚̄
⇥ = ✓̄ , (3.7)

to simplify our discussion. As a consequence, in many formulae we will be sloppy about
indicating the full target super-tensor structure, so often the reader will encounter isolated
target spacetime components (indexed by lowercase Greek).

Let us take stock, now that we have assembled all the ingredients. The data for the
hydrodynamic effective field theories is captured by the following:

• A space filling Brownian-brane with intrinsic coordinates zI
= {�a, ✓, ✓̄} on the world-

volume.

• A U(1)T gauge super-multiplet captured by ÅI , and a reference super-vector �̊I , which
has been partially gauge fixed to have only its �a component non-zero, cf., (2.5).

• Target space superfields X̊ µ̆
= {X̊µ, ⇥̊, ˚̄

⇥}, which are the dynamical degrees of freedom
in the theory and corresponding sources for conserved currents. For neutral fluids we
have a spacetime super-metric, which has been gauge fixed to satisfy (3.3).

• Target spacetime superdiffeomorphisms are exploited to set ⇥̊ = ✓ and ˚̄
⇥ = ✓̄, leaving only

X̊µ as the physical degrees of freedom. They transform as in (3.4) under the worldvolume
U(1)T gauge symmetry.
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Time reversal symmetry breaking

★  Our discussion thus far is time-reversal symmetric (has to be since we are 
keeping all constraints from microscopics). 

★  Time-reversal is broken dynamically by a choice of vacuum. 

★  We assume that there exists dynamics for thermal diffeomorphisms consistent 
with a gauge invariant ghost number zero field strength getting a vev. 

3.3 Comments on U(1)T gauge dynamics

Before proceeding however we should make one important disclaimer. A complete theory
would also involve us giving a prescription for U(1)T dynamics. While we believe this is
possible, and is captured by a topological BF -type theory, we have not yet managed to
construct all the machinery necessary to give a satisfactory presentation here. We will therefore
ignore the U(1)T dynamics, for the most part, and effectively treat Å as a background gauge
field.

Furthermore, we will be so bold as to assume that it is consistent to give thermal expec-
tation values to all the fields of the U(1)T gauge multiplet such that

hÅai = 0 , hÅ✓̄i = 0 , hÅ✓i = ✓̄ (�i) . (3.8)

after variations on the worldvolume theory. This amounts to having a non-zero flux for the
super-field strength,

hF✓̄✓i = �i (3.9)

We refer to this limit as the MMO limit after Mallick-Moshe-Orland [54] and will carry out
explicit computations in this setting in §5. We therefore define the background gauge config-
uration:

MMO limit: Åa = 0 , Å✓̄ = 0 , Å✓ = ✓̄ (�i) . (3.10)

We have argued previously [1, 6] that the reason behind this component of the field
strength acquiring an imaginary vev has to do with spontaneous CPT symmetry breaking
in systems with dissipation. This spontaneous breaking of CPT underlies the origin of the
macroscopic arrow of time, codified into the second law. This picture is inspired by the dis-
cussions of Mallick et.al., [54] and especially Gaspard [63, 64], who derive the non-equilibrium
Jarzynski relation [65] and the associated work statistics of Crooks [66], using this strategy.
We leave it to future work to show that such a mechanism exists.

It is actually not hard to argue that an appropriate BF theory exists, for our construction
closely hews to the logic of NT = 2 balanced topological field theories discussed in [67–70].
The prototype example, which was the inspiration for much of our work was the topologically
twisted version of N = 4 SYM constructed in [71]. The gauge dynamics we want to write
down is the generalization of their analysis to thermal U(1)T gauge symmetry (which is not
complicated), and additionally extend it to arbitrary dimensions. The latter is necessary for
us, since we want to describe the nature of fluids in any number of spacetime dimensions.
While the BF theory does exist with the requisite NT symmetries in arbitrary dimensions,
the structure of the B̊-multiplet changes owing to the fact that it has to capture a spacetime
codimension-2 form. It should be possible to work this out in detail (in fact using some of the
existing technology, see e.g., [70]) and demonstrate the aforementioned claim.

Due to this assumption, we will frequently drop terms in calculations, which will eventually
give rise to expressions proportional to one of the components of the U(1)T gauge field that we
set to zero at the end of the calculation. There is no obstruction to computing all these terms,

– 23 –

★  Note this is consistent with CPT action exchanging ✓ $ ✓̄
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★  If we implement this a-priori we end up with the stochastic BRST algebra as 
discussed. 

3.3 Comments on U(1)T gauge dynamics

Before proceeding however we should make one important disclaimer. A complete theory
would also involve us giving a prescription for U(1)T dynamics. While we believe this is
possible, and is captured by a topological BF -type theory, we have not yet managed to
construct all the machinery necessary to give a satisfactory presentation here. We will therefore
ignore the U(1)T dynamics, for the most part, and effectively treat Å as a background gauge
field.

Furthermore, we will be so bold as to assume that it is consistent to give thermal expec-
tation values to all the fields of the U(1)T gauge multiplet such that

hÅai = 0 , hÅ✓̄i = 0 , hÅ✓i = ✓̄ (�i) . (3.8)

after variations on the worldvolume theory. This amounts to having a non-zero flux for the
super-field strength,

hF✓̄✓i = �i (3.9)

We refer to this limit as the MMO limit after Mallick-Moshe-Orland [54] and will carry out
explicit computations in this setting in §5. We therefore define the background gauge config-
uration:

MMO limit: Åa = 0 , Å✓̄ = 0 , Å✓ = ✓̄ (�i) . (3.10)

We have argued previously [1, 6] that the reason behind this component of the field
strength acquiring an imaginary vev has to do with spontaneous CPT symmetry breaking
in systems with dissipation. This spontaneous breaking of CPT underlies the origin of the
macroscopic arrow of time, codified into the second law. This picture is inspired by the dis-
cussions of Mallick et.al., [54] and especially Gaspard [63, 64], who derive the non-equilibrium
Jarzynski relation [65] and the associated work statistics of Crooks [66], using this strategy.
We leave it to future work to show that such a mechanism exists.

It is actually not hard to argue that an appropriate BF theory exists, for our construction
closely hews to the logic of NT = 2 balanced topological field theories discussed in [67–70].
The prototype example, which was the inspiration for much of our work was the topologically
twisted version of N = 4 SYM constructed in [71]. The gauge dynamics we want to write
down is the generalization of their analysis to thermal U(1)T gauge symmetry (which is not
complicated), and additionally extend it to arbitrary dimensions. The latter is necessary for
us, since we want to describe the nature of fluids in any number of spacetime dimensions.
While the BF theory does exist with the requisite NT symmetries in arbitrary dimensions,
the structure of the B̊-multiplet changes owing to the fact that it has to capture a spacetime
codimension-2 form. It should be possible to work this out in detail (in fact using some of the
existing technology, see e.g., [70]) and demonstrate the aforementioned claim.

Due to this assumption, we will frequently drop terms in calculations, which will eventually
give rise to expressions proportional to one of the components of the U(1)T gauge field that we
set to zero at the end of the calculation. There is no obstruction to computing all these terms,
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but they proliferate quickly and obscure some of the physical aspects of the construction. We
do keep track of those terms involving Grassmann-odd tensor fields (or components thereof)
which play a role in the physical interpretation.

Once we gauge fix the U(1)T gauge field as in (3.10) the NT = 2 thermal equivariant algebra
simplifies drastically. One can show (see Appendix B) that the topological symmetries can be
captured by two supercharges (these are the Cartan charges in the equivariant construction)
Q, Q which are nilpotent, but anti-commute to a thermal translation:

Q2
= Q2

= 0 , {Q, Q} = i£� (3.11)

Since the Lie derivative acts on scalars as £� = �a@a, once we align �a
= � �a

0
we see

that {Q, Q} ⇠ i�@�0
. This gauge fixed algebra appears to be well known in the statistical

mechanics literature, and is used for example in [54] in their derivation of the Jarzynski
relation. In this form, this algebra also is the one written down in [4] in the high-temperature
(or as they put it, classical) limit.16 We will refer to the limit captured by (3.10), and the
resulting superalgebra (3.11), as the MMO limit henceforth. In this limit, we will recover the
constructions described in [1, 4] (see also [8, 10]).

Given this, the reader may ask, why do we even care if the U(1)T symmetry is gauged,
since after all we are effectively treating it as a global symmetry, and are picking a suitable
background field for our analysis in (3.10). There is an important physical distinction which
drives our considerations as we explained in [13], which we elaborate here.

If we stick to a background U(1)T gauge field ÅI , restricted to ensure that the field
strength component hF̊✓✓̄|i = �i as in (3.10), CPT is broken explicitly in the theory. We will
a-priori have biased the theory towards picking out an arrow of time which leads to entropy
production in the fluid. On physical grounds however, we expect CPT breaking to emerge
dynamically rather than being imposed by fiat from the beginning. This entails that we allow
for a framework where dynamics picks out saddle points where hF̊✓✓̄|i 6= �i. This clearly
requires for ÅI to be a dynamical field in the problem.17 As we shall see below, the U(1)T

super-Bianchi identity, which is independent of the particulars of the gauge dynamics ensures
that the corresponding current is conserved. Absent any fundamental obstructions to gauging
the thermal diffeomorphisms and making the superspace gauge fields dynamical, it behooves
us to consider the possibility for them to be so.

16 In interest of completeness, let us note that [4] posit that there is a single nilpotent supercharge �

implementing the Schwinger-Keldysh alignment condition, another emergent nilpotent supercharge �̄ arising
from the KMS condition, satisfying altogether:

�2 = �̄2 = 0 , {�, �̄} = 2 tanh

✓
i
2
� @t

◆
⇡ i�@t ,

where the last approximation holds in the high temperature limit.
17 In this discussion and for the rest of the paper we implicitly assume that the scale at which the U(1)T

gauge symmetry emerges is commensurate with the scale at which CPT is broken. We offer some further
thoughts on the relative hierarchy of scales between these two phenomena in §8.
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The hydrodynamic effective action

4 Dissipative effective action and entropy inflow mechanism

We are now in a position to make our central claim and write explicit hydrodynamic effective
actions. We posit the following:

All of hydrodynamic transport consistent with the second law is described by effective actions
of the form

Swv =

ˆ
dd� Lwv , Lwv =

ˆ
d✓ d✓̄

p
�̊g

z̊
L̊[̊gIJ , �a, D̊I , g̊( )

IJ , g̊( )

IJ ] , (4.1)

provided the following symmetries are respected:

1. Invariance under U(1)T thermal diffeomorphisms and NT = 2 BRST symmetry.

2. Physical spacetime superdiffeomorphisms X µ̆ 7! X µ̆
+ bH µ̆

(X), with bH µ̆
(X) being a

target super-vector.

3. Worldvolume diffeomorphisms zI 7! zI
+f I

(�a
), with f I

(�a
) being a worldvolume super-

vector.

4. Anti-linear CPT involution.

5. Ghost number conservation.

In addition we require that the imaginary part of this action is constrained to be positive
Im(Swv) � 0 (see Appendix A of [7] for a clear discussion).

To rephrase this statement: any Lagrangian that is allowed by the NT = 2 symmetry
of U(1)T covariant Schwinger-Keldysh formalism is allowed and is consistent with the second
law, and these actions are complete vis a vis hydrodynamic transport at all orders in the
derivative expansion.18

Some comments and explanations are in order:

• In writing the action we introduced a derivative operator D̊I which upgrades the U(1)T

covariant derivative introduced in (2.12) to allow for construction of superdiffeomorphism
covariant tensors. We will only require that this derivative operator be such that: (i) we
can integrate by parts, and (ii) D̊I �̊ = D̊I �̊ (i.e., the action on scalars agrees with the
U(1)T covariant derivative); we make no further assumption about the connection that
specifies it. Importantly, it will not be required to be metric compatible, which upends
some of the standard intuition. In Appendix J we discuss what classes of connections are
compatible with this assumption, and construct and explicit example that we work with
for explicit computations in §5 and §6. Our choice of connection for explicit computations
is summarized in §5.2.19

18 This holds in the usual perturbation or effective field theory sense, i.e., we are not claiming to have a
non-perturbative theory.

19 In actual implementation we also require that the commutators of the two derivatives on scalars agrees
and closed on U(1)T field strengths, which can be defined in the absence of a metric connection.
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★  Superspace action manifestly respects topological and thermal 
diffeomorphism symmetry.

★  Physical target space superdiffeomorphisms should be respected, so we 
cannot have potentials in the target coordinates.  

★Allowed worldvolume diffeomorphisms are of the form:

4 Dissipative effective action and entropy inflow mechanism

We are now in a position to make our central claim and write explicit hydrodynamic effective
actions. We posit the following:

All of hydrodynamic transport consistent with the second law is described by effective actions
of the form

Swv =

ˆ
dd� Lwv , Lwv =

ˆ
d✓ d✓̄

p
�̊g

z̊
L̊[̊gIJ , �a, D̊I , g̊( )

IJ , g̊( )

IJ ] , (4.1)

provided the following symmetries are respected:

1. Invariance under U(1)T thermal diffeomorphisms and NT = 2 BRST symmetry.

2. Physical spacetime superdiffeomorphisms X µ̆ 7! X µ̆
+ bH µ̆

(X), with bH µ̆
(X) being a

target super-vector.

3. Worldvolume diffeomorphisms zI 7! zI
+f I

(�a
), with f I

(�a
) being a worldvolume super-

vector.

4. Anti-linear CPT involution.

5. Ghost number conservation.

In addition we require that the imaginary part of this action is constrained to be positive
Im(Swv) � 0 (see Appendix A of [7] for a clear discussion).

To rephrase this statement: any Lagrangian that is allowed by the NT = 2 symmetry
of U(1)T covariant Schwinger-Keldysh formalism is allowed and is consistent with the second
law, and these actions are complete vis a vis hydrodynamic transport at all orders in the
derivative expansion.18

Some comments and explanations are in order:

• In writing the action we introduced a derivative operator D̊I which upgrades the U(1)T

covariant derivative introduced in (2.12) to allow for construction of superdiffeomorphism
covariant tensors. We will only require that this derivative operator be such that: (i) we
can integrate by parts, and (ii) D̊I �̊ = D̊I �̊ (i.e., the action on scalars agrees with the
U(1)T covariant derivative); we make no further assumption about the connection that
specifies it. Importantly, it will not be required to be metric compatible, which upends
some of the standard intuition. In Appendix J we discuss what classes of connections are
compatible with this assumption, and construct and explicit example that we work with
for explicit computations in §5 and §6. Our choice of connection for explicit computations
is summarized in §5.2.19

18 This holds in the usual perturbation or effective field theory sense, i.e., we are not claiming to have a
non-perturbative theory.

19 In actual implementation we also require that the commutators of the two derivatives on scalars agrees
and closed on U(1)T field strengths, which can be defined in the absence of a metric connection.

– 25 –

★Anti-linear CPT involution (broken perhaps by choice of vacuum). 

★Ghost number conservation.



The hydrodynamic effective action

4 Dissipative effective action and entropy inflow mechanism

We are now in a position to make our central claim and write explicit hydrodynamic effective
actions. We posit the following:

All of hydrodynamic transport consistent with the second law is described by effective actions
of the form

Swv =

ˆ
dd� Lwv , Lwv =

ˆ
d✓ d✓̄

p
�̊g

z̊
L̊[̊gIJ , �a, D̊I , g̊( )

IJ , g̊( )

IJ ] , (4.1)

provided the following symmetries are respected:

1. Invariance under U(1)T thermal diffeomorphisms and NT = 2 BRST symmetry.

2. Physical spacetime superdiffeomorphisms X µ̆ 7! X µ̆
+ bH µ̆

(X), with bH µ̆
(X) being a

target super-vector.

3. Worldvolume diffeomorphisms zI 7! zI
+f I

(�a
), with f I

(�a
) being a worldvolume super-

vector.

4. Anti-linear CPT involution.

5. Ghost number conservation.

In addition we require that the imaginary part of this action is constrained to be positive
Im(Swv) � 0 (see Appendix A of [7] for a clear discussion).

To rephrase this statement: any Lagrangian that is allowed by the NT = 2 symmetry
of U(1)T covariant Schwinger-Keldysh formalism is allowed and is consistent with the second
law, and these actions are complete vis a vis hydrodynamic transport at all orders in the
derivative expansion.18

Some comments and explanations are in order:

• In writing the action we introduced a derivative operator D̊I which upgrades the U(1)T

covariant derivative introduced in (2.12) to allow for construction of superdiffeomorphism
covariant tensors. We will only require that this derivative operator be such that: (i) we
can integrate by parts, and (ii) D̊I �̊ = D̊I �̊ (i.e., the action on scalars agrees with the
U(1)T covariant derivative); we make no further assumption about the connection that
specifies it. Importantly, it will not be required to be metric compatible, which upends
some of the standard intuition. In Appendix J we discuss what classes of connections are
compatible with this assumption, and construct and explicit example that we work with
for explicit computations in §5 and §6. Our choice of connection for explicit computations
is summarized in §5.2.19

18 This holds in the usual perturbation or effective field theory sense, i.e., we are not claiming to have a
non-perturbative theory.

19 In actual implementation we also require that the commutators of the two derivatives on scalars agrees
and closed on U(1)T field strengths, which can be defined in the absence of a metric connection.
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• The measure for superspace integration involves the field

z̊ = 1 + �̊I ÅI (4.2)

which explicitly depends on the gauge field. Its origins can be traced back to the fact
that our pullback maps are implemented using the gauge covariant derivative (3.5).
Given the transformation of the hydrodynamic pions (3.4) it is easy to check that

D̊IX̊µ
= D̊IX̊µ

= @IX̊µ
+ (ÅI , X̊µ

)� = (�)
J
⇣
� J

I + ÅI �̊J
⌘
@JX̊µ . (4.3)

Consequently, we end up with factors of z̊ when taking traces, determinants, etc., as
noted in [1]:

ddX d⇥ d⇥̄

p
�g̊ = dd� d✓ d✓̄

p
�̊g

det[@IX̊ µ̆
]

det[D̊IX̊ µ̆]
= dd� d✓ d✓̄

p
�̊g

z̊
. (4.4)

• We have also introduced the fields

g̊( )

IJ ⌘ D̊✓g̊IJ , g̊( )

IJ ⌘ D̊✓̄g̊IJ . (4.5)

These turn out to be covariant 2-tensors consistent with all our symmetries (as explained
in Appendix I.1).

• Finally, note that symmetries 1, 2, and 3 are manifest in our formulation, while 4 and 5
can be trivially implemented.

We now describe how the effective actions of the form (4.1) maintain consistency with
the second law, give rise to the correct dynamical equations of motion, and note some ad-
ditional salient features. Most of these are summarized in the companion paper [13], and
non-superspace versions of some statements have already been noted earlier in [1].

4.1 Super-adiabaticity from U(1)T Bianchi identity

Let us first see how the action maintains consistency with the second law. To this end consider
the Ward identity associated with a U(1)T gauge transformation by a parameter ⇤̊. Define
the energy-momentum and free-energy Noether super-currents20

T̊IJ ⌘ 2p
�̊g

�

�̊gIJ

⇣p
�̊g L̊

⌘
,

N̊I ⌘ � z̊p
�̊g

�

�ÅI

✓p
�̊g

z̊
L̊

◆
.

(4.6)

20 Note that variation of with respect to g̊IJ inside {̊g( )

IJ , g̊( )

IJ } is well defined since integration by parts of
the Grassmann odd derivatives in {̊g( )

IJ = D̊✓̄ g̊IJ , g̊( )

IJ = D̊✓ g̊IJ} is allowed in this case. See Appendix I.1.
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★  Covariant pullback of target implies measure is modified on worldvolume

★  Target space superdiffeomorphisms are manifestly respected  by working 
with the covariant pullback data.

• The measure for superspace integration involves the field
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dynamical data

★  Some parts of the worldvolume metric’s covariant derivative are dynamical 

★The worldvolume geometry+thermal gauge covariant derivative is D
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Superadiabaticity Bianchi identity

★  Consider the Bianchi identity for the thermal diffeomorpshism gauge 
symmetry

• The measure for superspace integration involves the field
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The expression for the energy-momentum tensor should be familiar (modulo our upgrade to
a super-tensor). The Noether current N̊I is related to the free-energy super-current G̊I up to
a factor of the temperature:

N̊I
= �G̊I

T̊
, (4.7)

generalizing the construction of free-energy currents in hydrodynamic sigma models [2].
Consider a U(1)T transformation by ⇤̊. The worldvolume metric inherits the U(1)T

transformation from (3.4) while the gauge field ÅI transforms inhomogeneously as in (2.11).
The reference thermal super-vector �̊I does not transform. All told, we find that the U(1)T

gauge transformation acts as follows on the action:21

�
⇤̊

Swv =

ˆ
dd�

ˆ
d✓ d✓̄

p
�̊g

z̊

⇢
1

2
T̊IJ

(⇤̊, g̊IJ)� + D̊I(⇤̊) N̊I

�

=

ˆ
dd�

ˆ
d✓ d✓̄

p
�̊g

z̊
⇤̊

⇢
1

2
T̊IJ £�g̊IJ � D̊IN̊

I

�
.

(4.8)

In writing the second line, we invoked the U(1)T transformation of the pullback metric, in-
herited from (3.4), and performed an integration by parts in superspace.22

The quantity inside the curly braces must vanish due to the U(1)T symmetry. We shall
refer to this Ward identity as the super-adiabaticity equation:

D̊IN̊
I � 1

2
T̊IJ £�g̊IJ = 0 . (4.9)

This equation turns out to embody the physics of entropy production, and allows for a clean
parameterization of dissipative contributions. The connection is made through the off-shell
adiabaticity equation introduced in [2]. We review the basics of that analysis and explain
how entropy production arises in terms of a superspace inflow. One can equivalently view this
directly as a non-equilibrium detailed balance condition analogous to the Jarzynski relation
(as partly explained in [1]). Before doing so however it will be helpful to also understand the
dynamical content of the superspace action (4.1).

4.2 Fluid dynamical equations of motion

In superspace, we simply derive the equations of motion by varying (4.1) with respect to the
superfield X̊µ. Since g̊IJ is the dynamical worldvolume field (through its X̊µ-dependence),

21 In (4.8) the first term inside the braces has a sign (�)
I+J+IJ from super-index contractions, which we

have suppressed, while the second term is free of any signs. We will suppress signs from index contractions in
all of the present section.

22 We reiterate that we have not explicitly specified the worldvolume connection. Importantly, it is not the
Christoffel connection of g̊IJsince pullback is performed respecting U(1)T covariance. We prove the existence
of a measure compatible connection in Appendix J, which along with the fact that the connection does not
contribute to derivatives of worldvolume scalars, is all we need for (4.8).
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Super energy-momentum  

         Free energy current

★Off-shell super-adiabaticity equation:

The expression for the energy-momentum tensor should be familiar (modulo our upgrade to
a super-tensor). The Noether current N̊I is related to the free-energy super-current G̊I up to
a factor of the temperature:
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T̊
, (4.7)
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of superfields:14

X̊ µ̆
(z) = {X̊µ

(z), ⇥̊(z), ˚̄
⇥(z)} . (3.2)

Note that this structure is enforced by the way we wish to implement the Schwinger-Keldysh
construction. Even in the physical spacetime we have to allow for the superspace structure,
since after all it is there that our quantum system resides (and it is the quantum operators that
get uplifted to super-operators). We illustrate the superspace upgrade of the hydrodynamic
pion fields, which we henceforth work with, in Fig. 4.

The physical spacetime is equipped with a background metric gµ̆⌫̆ which being a back-
ground source, we are free to pick at will. We will use this freedom to demand

gµ⇥ = gµ⇥̄ = 0 , g
⇥⇥̄

= �g
⇥̄⇥

= i . (3.3)

We only turn on bottom components for the spacetime metric (thus enabling us to dispense
with superfield notational contrivances) which will suffice for the rest of the discussion. As
usual with sigma models we choose the target space data gµ̆⌫̆(X ⇢̆

) and its metric compatible
connection first and then upgrade the resulting expressions to functions on the worldvolume
with the zI dependence induced from the embedding X̊ µ̆

(z).
The symmetries alluded to above, viz., superdiffeomorphisms, CPT, and ghost number

symmetries act as usual on these. In addition the action of U(1)T is given as in (2.6); for
instance

(⇤̊, X̊µ
)� = ⇤̊ �̊I@IX̊µ , (3.4)

and similarly for {⇥̊(z), ˚̄
⇥(z)}. We will refer to this action as the action of U(1)T on funda-

mental representation (or 0-adjoints).15

On the worldvolume, the U(1)T gauge symmetry requires that we have in addition to
the reference super-vector (which mainly picks out the reference frame) the ÅI super-form
superfield. Since {X̊µ, ⇥̊, ˚̄

⇥} carry non-trivial U(1)T charges, gauge invariance on the world-
volume requires that we work with suitable gauge covariant objects. To this end, the pullback
map onto the worldvolume will be implemented in a U(1)T covariant manner. As a result the
worldvolume metric gab gets uplifted to a superfield g̊IJ

g̊IJ(z) = gµ⌫(X̊(z)) D̊IX̊µ D̊JX̊⌫
+ g

⇥⇥̄

⇣
D̊I⇥̊ D̊J

˚̄
⇥ � D̊I

˚̄
⇥ D̊J ⇥̊

⌘
. (3.5)

where we have already incorporated our gauge condition (3.3) to simplify this expression, and
have stuck to DeWitt conventions [61] for super-index contractions as noted in §2.3.

Our goal will be to construct a topological sigma model governing the dynamics of the
fields {X̊µ, ⇥̊, ˚̄

⇥}. With the symmetries at hand, such a theory has been engineered to capture
the constraints arising from the Schwinger-Keldysh construction in thermal states. However,
the physical fluid dynamical theory is not a topological field theory; fluids have non-trivial
dynamics. To get the physical hydrodynamic data we should deform away from the topological

14 Notational conventions for indices is summarized in footnote 8.
15 Representations of the U(1)T thermal diffeomorphism symmetry are worked out in Appendix F.
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Superadiabacity & Entropy Inflow

★  We can examine component form of the superadiabaticity equation. Note first  
the terms that will push-forward to familiar terms in target space:

The equations of motion we have written down only involve the variations of the superfield
X̊mu. In target space we also have supercoordinates ⇥̊ and ˚̄

⇥, which we have previously
gauged fixed to ⇥̊ = ✓ and ˚̄

⇥ = ✓̄. We could of course vary with respect to these fields (prior to
gauge fixing) and get corresponding equations – these will be related by the underlying BRST
supersymmetry to (4.10). What is a-priori clear is that these equations will be Grassmann
odd and thus proportional to the ghost fields. Since for the most part we will ignore the
ghost partners below, we will not have occasion to analyze these equations of motion in detail
here. We should however note that a corresponding analysis for Langevin dynamics has been
explicitly carried out earlier in section 7 of [6].

4.3 Adiabaticity equation, entropy inflow, and the second law

We recall that the conventional axiomatic formulation of hydrodynamics not only demands
that the dynamics be governed by conservation equations, but requires that the local form of
the second law be upheld on-shell in every fluid configuration. Usually this is taken to mean
that there exists an entropy current Jµ

S with non-negative divergence. It is however efficacious
to take the statement of entropy production off-shell, by introducing a Lagrange multiplier
field. Exploiting the field-redefinition freedom in hydrodynamics, this can be recast as the
statement [2]:

rµJµ
S + �µr⌫T µ⌫

= � � 0 , (4.16)

where rµ is the usual target space metric compatible covariant derivative. Note that � is the
total (off-shell) entropy production. Legendre transforming the entropy current to free energy
Noether current via

Nµ
= Jµ

S + �⌫ T µ⌫ (4.17)

we arrive at the grand canonical form for the off-shell statement of the second law, which
demands that

rµNµ � 1

2
T µ⌫£�gµ⌫ = � � 0 , (4.18)

where £�gµ⌫ = 2r(µ�⌫).
The special case where transport produces no entropy was given the name adiabatic fluids.

In this case an ordinary-space adiabaticity equation holds:

1

2
T µ⌫

(adiabatic) £�gµ⌫ = rµNµ
(adiabatic) . (4.19)

The adiabaticity relation (4.18) was initially discussed in the target space as reviewed
above, but we can readily pull-back the relation to the worldvolume. Firstly, we note that

D̊aN̊
a
�� = rµNµ

+ ghost bilinears + fluctuations
T̊ab£�g̊ab

�� = T µ⌫£�gµ⌫ + ghost bilinears + fluctuations
(4.20)

Modulo some extra terms that we will interpret below, we can indeed view (4.9) as the world-
volume version of the adiabaticity equation (uplifted to superspace). It is interesting that the
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★Separating out the components along the Grassmann directions:

intricacies involved with the U(1)T covariant pull-backs essentially cancel out completely after
push-forward. We will now try to extract the some basic lessons by decomposing the super-
adiabaticity equation in more familiar terms by separating out the super-tensor components.

Super-adiabaticity equation as entropy inflow from superspace: In the manifestly
NT = 2 supersymmetric formalism, the adiabaticity equation is implied by (4.9). Writing out
the latter and separating the contributions from the ordinary and superspace directions, we
end up with:
✓

D̊aN̊
a � 1

2
T̊ab £� g̊ab

◆ ����
| {z }

classical + fluctuations

= �
⇣

D̊✓N̊
✓

+ D̊✓̄N̊
✓̄

+ T̊a✓ £� g̊a✓ + T̊a✓̄ £� g̊a✓̄ + T̊✓✓̄ £� g̊✓✓̄

⌘ ����
| {z }

entropy inflow

(4.21)

Firstly, noting that {T̊ab, T̊✓✓̄, N̊a} are the only Grassmann-even tensors (i.e., their bottom
components are Grassmann even fields) we project (4.21) down to ✓ = ✓̄ = 0, isolating the part
that contains these tensors.25 It is worth reiterating here that when we project Grassmann
even quantities to their bottom component, we will end up with expressions involving the
classical fields Xµ, the fluctuations X̃µ, the zero ghost number element of the Vafa-Witten
quintet F̊✓̄✓| = �0

T
, or ghost bilinears (either of the form Xµ

 
X⌫
 , or involving the gauge sector).

Therefore, upto contributions from the fluctuation fields (and ghost bilinears), the terms
we have isolated on the l.h.s. of (4.21) are precisely the combination appearing on the l.h.s.
of (4.18). This naturally suggests interpreting the second set of terms indicated as ‘entropy
inflow’ as the part that contributes to �. Hence,

� = �
⇣

D̊✓N̊
✓

+ D̊✓̄N̊
✓̄

+ T̊a✓ £� g̊a✓ + T̊a✓̄ £� g̊a✓̄ + T̊✓✓̄ £� g̊✓✓̄

⌘ ��� . (4.22)

We interpret this equation as saying that the entropy production is controlled by the Grassmann-
odd descendants of the free energy and energy-momentum super-tensors.

The total entropy produced manifests itself in the physical spacetime, although it orig-
inates from the superspace components. This is highly reminiscent of the anomaly inflow
mechanism, where one realizes a theory with an anomalous symmetry as the boundary dy-
namics at the edge of a topological (bulk) field theory. The connection is not coincidental –
the entropy current for charged fluids with mixed flavor-gravitational anomalies is naturally
captured by introducing a thermal gauge field whose chemical potential is the temperature
[43]. This construction provided the rationale behind the introduction of the U(1)T gauge
field in [2, 23], but as we see here the full justification is for this is provided by working within
the aegis of the thermal equivariance formalism.

To compare with conventional hydrodynamics, we only need to match the classical part,
since this is all that is captured in the familiar presentation of the system in terms of consti-
tutive relations. Dropping the ghost bilinears and setting X̃µ

= 0 in the other terms, we see
25 This can be inferred by looking at the ghost charges or equivalently noting that g̊a✓ and g̊a✓̄ are clearly

Grassmann-odd owing to them being proportional to D̊✓X̊µ and D̊✓̄X̊µ, respectively.
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Entropy production
that we can easily match the first set of terms in (4.22) with the entropy production equation,
provided we identify the ghost (Grassmann-odd) components of the free energy current, N̊✓

and N̊✓̄, as encoding the total dissipation:

� = �
⇣

D✓N
✓

+ D✓̄N
✓̄
⌘

+ ghost bilinears . (4.23)

We have dropped the contribution involving T✓✓̄ since it vanishes with our super-static gauge
choice which sets the bottom component g̊✓✓̄| = i.26

Positivity of entropy production: We are now left with understanding why � � 0,
i.e., the second law. Let us first note that an abstract argument for entropy production
may be given by noting that the super-adiabaticity equation is equivalent to the Jarzynski
relation [65, 73] which provides the general non-equilibrium second law. We have previously
argued in [1] that U(1)T invariance and breaking of CPT symmetry imply Jarzynski’s equation
by employing the strategy described for Langevin dynamics in [54]. We won’t undertake
the upgrade of this statement to superspace directly. Instead we will follow an alternate
route and make direct connection between the analysis here and the eightfold classification of
hydrodynamic transport given in [2]. We can then invoke our earlier results to constrain the
contributions to � and show that it is indeed non-negative definite.

Let us first attempt to gain some intuition for the terms in the r.h.s. of (4.23). We
will ignore the contribution from T✓a and T✓̄a for we have seen that they contribute only
ghost bilinear terms. The physical entropy production will be a functional of the macroscopic
degrees of freedom Xµ, though we will often keep track of the fluctuation contribution as well
(given by terms involving X̃µ). The free energy Noether current appears in the action (to
linear order) as

Swv � �
ˆ

dd�d✓d✓̄

p
�̊g

z̊
N̊I ÅI = �

ˆ
dd� @✓ @✓̄

✓p
�̊g

z̊
N̊I ÅI

◆ ���

=

ˆ
dd�

⇣
�D✓N

✓ @✓̄A✓ + D✓̄N
✓̄ @✓A✓̄ + · · ·

⌘ (4.24)

where the ellipses (· · · ) denote the ghost bilinear terms that we are dropping. We are also not
writing non-linear terms, which are necessary to ensure full covariance, but will not contribute
to �. Given (4.24) it is clear that � can be extracted by switching on suitable sources for the
superfields @✓̄A✓ and @✓A✓̄; to wit,

� =

✓
�

�@✓̄A✓
� �

�@✓A✓̄

◆
Swv (4.25)

An easy way to extract the contribution to � is to turn on sources for the gauge superfield,
Å✓̄ = ✓B� and Å✓ = �✓̄B�. By construction the source B� for � has ghost number zero; in

26 We note that £� g̊✓✓̄ = (�)
I �̊I@I g̊✓✓̄ � @✓̄�̊I g̊✓I + (�)

I @✓�̊I g̊I✓̄. The last two terms vanish because of
our gauge choice on the thermal super-vector (2.5). The first term does not obviously vanish (recall that we
are working with a connection that is not metric compatible, so have to exercise care in using usual intuition).
However, we have a flat metric in the superspace directions (̊g✓✓̄| = i) leading to a simple result: £� g̊✓✓̄| = 0.
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✦Switching off the fluctuation fields leads to physical entropy flowing from 
superspace:



Inflow analogy

✦While the inflow mechanism for entropy arises from the superspace, it is 
morally similar to the manner in which the inflow mechanism operates in 
the context of  Hall insulators & chiral edge states (’t Hooft anomalies).

J
H

J
BZ

Jcons
@M : physical theory

M : Hall insulator

Figure 2. Illustration of the anomaly inflow mechanism. The bulk theory in M2n+1 is the Hall
insulator theory, and on the boundary we have the physical theory with the anomaly. The Hall
current J

H
propagates in the bulk and its inflow shows up as anomaly in the boundary theory.

Coupling to the Hall insulator corrects the physical current Jcons by a Bardeen-Zumino contribution
J

BZ
. The consistent boundary current Jcons together with the Bardeen-Zumino term J

BZ
gives the

total current Jcov which transforms covariantly.

characterized by a Chern-Simons (2n + 1)-form ICS

2n+1[A] in one dimension higher. In
turn, this Chern-Simons form defines an anomaly polynomial P [F ] = dICS

2n+1[A] which is a
(2n+2)-form defined in two dimensions higher than the original field theory. As the notation
signifies, the anomaly polynomial P is a gauge-invariant functional of the background field
strength F .

To clarify the physical interpretation of these forms, we adopt an inflow picture of
anomalies whereby one imagines placing the field theory under question at the boundary of
an appropriate Hall insulator in one dimension higher.9 The anomaly in the QFT is then
simply understood as a flow of a conserved charge from the Hall bulk to the boundary, see
Fig. 2. These charge currents in the Hall insulator are captured by a generating function
ICS

2n+1[A] which is the Chern-Simons (2n + 1)-form introduced above. More explicitly, let
the variation of this Chern-Simons term be characterized by

�ICS

2n+1 = �A ^ ?2n+1JH
+ d [�A ^ ?J

BZ
] , (2.3)

9
We refer the reader to the appendices of [30] for a recent review of anomaly inflow along with the

explicit form of anomalies that follows from this picture.
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anomaly inflow: coupling to a topological sector 
with physical entropy being sourced in superspace

Callan, Harvey (1985)



No Energy-Momentum Inflow

✦Target space diffeomorphisms ensure that the dynamical content of the 
effective action is simply super-energy momentum conservation.

✦However, superspace components of energy-momentum tensor conspire 
to mutually cancel out and do not modify dynamical equations.

this means that the variation will depend on the stress tensor. We thus find the following
equation of motion:

D̊I

⇣
T̊IJ D̊JX̊

µ
⌘

= 0 . (4.10)

At face value this seems not quite what we need, since the equation above involves all the super-
components of the energy-momentum tensor. In particular, expanding out in components and
distributing derivatives, we infer that20

0 = D̊a

⇣
T̊ab D̊bX̊

µ
⌘

+

⇣
D̊✓T̊

a✓
+ D̊✓̄T̊

a✓̄
⌘

D̊aX̊
µ � T̊✓✓̄

⇣
D̊✓D̊✓̄ � D̊✓̄D̊✓

⌘
X̊µ

| {z }
classical + fluctuations

+ T̊a✓ D̊✓D̊aX̊
µ � D̊a

⇣
T̊a✓ D̊✓X̊

µ
⌘

+ T̊✓̄b D̊✓̄D̊bX̊
µ � D̊a

⇣
T̊a✓ D̊✓̄X̊

µ
⌘

| {z }
ghost bilinears

+ D̊✓̄T̊
✓✓̄ D̊✓X̊

µ � D̊✓T̊
✓✓̄ D̊✓̄X̊

µ

| {z }
ghost bilinears

(4.11)

The second and third line are indicated as being ghost bilinears since each term is made of
tensors carrying non-vanishing ghost number. These we are free to ignore, so the physical
equation of motion that arises from (4.1) simply can be expressed as the projection of the first
line onto ordinary space:
⇢

D̊a

⇣
T̊ab D̊bX̊

µ
⌘

+

⇣
D̊✓T̊

a✓
+ D̊✓̄T̊

a✓̄
⌘

D̊aX̊
µ � T̊✓✓̄

⇣
D̊✓D̊✓̄ � D̊✓̄D̊✓

⌘
X̊µ

��� = 0 + ghosts.

(4.12)

Setting the ghost bilinears implicit in (4.12) to zero, we will end up with equations that
involve both the classical field Xµ as well the fluctuations X̃µ. The latter are ignored in the
classical hydrodynamic equations, but the advantage of having a full effective action, is that
the deformation to the equations of motion owing to the statistical (and quantum) fluctuations
is made explicit.

The astute reader might wonder why such fluctuation terms are not encountered in the
MSR construction for Langevin dynamics [12] (see the textbook discussion in [69]). In that
case there is a stochastic noise term, which is assumed to be Gaussian. Consequently, the
fluctuations enter simply as a Lagrange multiplier enforcing the physical dynamical equation,
which can also be seen from the explicit superspace construction described in [6]. The novelty
in hydrodynamics is the non-Gaussianity of the noise. There can be (and in general are) non-
trivial noise kernels in the system. As a result the fluctuation variable will no longer enter
simply as a Lagrange multiplier.

The formalism we have outlined here has the power to completely encompass such be-
haviour. This is somewhat hard to see at the abstract level we are describing, so we will indeed
exemplify some of these statements with explicit calculations for dissipative hydrodynamics
up to second order in gradients in §6.

20 Note there is overall (�)
J sign coming from the contraction of indices.
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✦This by itself would be problematic, since we would learn that the equations 
are contaminated by the presence of super-components which turn out to 
include physical degrees of freedom (not ghosts or fluctuations). 

While ignoring the ghost bilinears allows us to drop the second two lines of (4.11), we
still have to understand the contribution from the super-components of the energy-momentum
tensor. We will now argue that they do not contribute to the leading classical dynamics, and
in fact should simply provide the fluctuation terms in the equation of motion. Rewriting the
commutator of Grassmann odd derivatives, we claim:

n⇣
D̊✓T̊

a✓
+ D̊✓̄T̊

a✓̄
⌘

D̊aX̊µ � T̊✓✓̄
⇣

2 D̊✓D̊✓̄X̊
µ � (F̊✓✓̄, X̊µ

)�

⌘o �� = O(X̃µ
) . (4.13)

This turns out to be pretty non-trivial to prove, but is explicitly borne out in examples that
we have computed (see §5.3). With this understanding, we can then see that the classical
hydrodynamic equations are contained entirely in the first term of (4.12), viz.,

D̊a

⇣
T̊ab D̊bX̊

µ
⌘ �� = 0 . (4.14)

To derive the first equation above we used the pullbacks and the fact that 0 = D̊I e̊I
µ| = D̊ae̊a

µ|
which follows from our choice of the worldvolume connection be measure compatible, cf.,
(J.21).

Equations (4.13) and (4.14) should be understood as follows: there is no superspace inflow
of energy-momentum modifying the classical hydrodynamic equations of motion. At best there
are additional fluctuation contributions arising from the Grassmann-odd directions. We view
this as a non-trivial consistency check of our formalism’s ability to incorporate the correct
dynamics.

This separation makes explicit the idea that we can capture the classical part of the
equations of motion by focusing on the ordinary space components alone. The role of the
superspace is to bring in the fluctuations (and associated Grassmann odd terms). Given that
the superspace directions control the entropy production, it makes sense for them to capture
the fluctuation deformations of the dynamical equations as well.

Let us also convince ourselves that the worldvolume equation of motion (4.14) indeed
gives the correct dynamical equations for the hydrodynamic fields after pushing forward the
data to the target space. Writing21 T̊IJ

= e̊ I
µ̆ e̊ J

⌫̆ T µ̆⌫̆ (contraction signs left implicit) we have

D̊a

⇣
T̊ab D̊bX̊

µ
⌘ �� = D̊aX̊ ⌫̆ r⌫̆

⇣
e̊a
⇢̆ T ⇢̆µ

⌘
|

= r⌫T µ⌫
+ D̊ae̊a

⌫ T µ⌫ | + ghost bilinears + fluctuations
= rµT µ⌫

+ ghost bilinears + fluctuations

(4.15)

where the last equality is ensured by the measure compatibility of the worldvolume connection
as can be seen directly from (J.21). The issues arising from the U(1)T covariant pullbacks
are taken care of by the fact that (4.10) is a target space vector, and the contracted indices
transform homogeneously in both the worldvolume and target space. We will have use for
this statement when we try to understand the super-adiabaticity equation below.

21 e̊ I
µ̆ span the dual basis with (�)

I e̊ I
µ̆ D̊IX̊ ⌫̆

= � ⌫̆
µ̆ and (�)

µ̆ D̊J X̊ µ̆ e̊ I
µ̆ = � I

J , written as usual in DeWitt
conventions [58].
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Dissipative terms & second law

✦  The set of dissipative terms in the effective action can be captured by the 
superspace upgrade of our 4-tensor structure:

fact it appears in the gauge potential in the same place as the bare ghost number zero element
of the Faddeev-Popov triplet BT – compare the above with (E.5b) and (E.5c), respectively.27

In explicit computations we will encounter non-linear terms in B�, which will be necessary to
ensure that the action transforms correctly under U(1)T and CPT. The easiest way to infer
the contribution of B� will turn out to be by means of performing a Faddeev-Popov rotation
of the fields with a gauge parameter ⇤̊F P = ✓̄✓B� and work with the non-covariant versions
of X̃µ and Fa as explained in footnote 27.

In summary, we start with the action (4.1) and pick out the contributions linear in B�:

� = � 1p
�g

�Swv

�B�

. (4.26)

With this interpretation we are now in a position to constrain � � 0. Since we are interested in
contributions to the action proportional to @✓̄Å✓ and @✓Å✓̄, we conclude that B� will occur in
covariant derivatives of the worldvolume metric g̊IJ , the thermal vector �̊I , the field strengths
F̊JK , and their derivatives. We can further isolate contributions by examining the discrete
CPT symmetry that acts as a Z2 anti-linear involution (recall that we implement CPT as
R-parity on the worldvolume).

Firstly, unlike charge currents, N̊I is even under CPT, while � is CPT odd. Therefore,
the only terms that can contribute to � are those that transform with an additional pair
of super-covariant derivatives in the Grassmann odd directions (D̊✓ and D̊✓̄), with an overall
factor of i to account for the anti-linearity of the CPT transformation. Secondly, while a-
priori these Grassmann-odd derivatives can appear inside various other derivatives, we can
adapt a trick introduced in [2] to simplify the analysis. One can capture extra derivatives
acting on the fluid dynamical fields through the action of a differential operator valued tensor.
Utilizing these two simple facts, we are lead to the observation that the only sets of terms that
contribute non-trivially to � are those where we have a contribution from g̊( )

IJ = D̊✓g̊IJ and
g̊( )

IJ = D̊✓̄g̊KL. The free indices have to be contracted against a differential operator valued
super-tensor ⌘̊IJKL

[̊gIJ , �̊I , D̊I ]. That is, the action takes the form:

Lwv, diss =

ˆ
d✓ d✓̄

p
�̊g

z̊

✓
� i

4

◆
⌘̊IJKL g̊( )

IJ g̊( )

KL . (4.27)

The dissipative tensor ⌘̊IJKL is graded symmetric in both its first and second pair of indices.
In addition it is required to also be graded symmetric under the exchange of the first and

27 To be clear, we turn on the source B� only in the two aforementioned components, so as to aid in
extracting � directly from the action. In particular, we do not perform a full Faddeev-Popov rotation discussed
in Appendices E and G. The difference amounts to the following: a full FP-rotation by BT will shift the top
component of the vector multiplet Fa 7! Fa + DaBT , as well as the fluctuation field, X̃µ 7! X̃µ � (BT , Xµ

)�,
as is clear from (E.5a) and (G.12), respectively. These combinations are U(1)T covariant. However, extracting
� requires us to break the U(1)T covariance since we want to isolate a part of the full adiabaticity equation.
A full Faddeev-Popov rotation to introduce BT will, the reader can check, give back the super-adiabaticity
equation (more precisely: its bottom component).
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second pair of indices, viz.,

⌘̊(IJ)(KL)
= (�)

IJ ⌘̊(JI)(KL)
= (�)

KL ⌘̊(IJ)(LK)

⌘̊(IJ)(KL)

(D)
= (�)

(I+J)(K+L) ⌘̊(KL)(IJ)

(D)
.

(4.28)

See also §7.2 for more details.
With this ansatz for the dissipative terms it is easy to isolate the contributions to �.

To this end we need the leading ghost free contributions, g̊( )

IJ = ✓ (B� � �0

T
, gIJ)� + · · · and

g̊( )

IJ = �✓̄ (B�, gIJ)� + · · · , which leads us to:

� = � 1p
�g

�Swv

�B�

=
1

4
⌘abcd £�gab £�gcd + fluctuations + ghost-bilinears , (4.29)

where we have employed the expectation value h�0

T
i = �i owing to spontaneous CPT breaking

which signifies the origin of dissipation as argued for in [1].
We are now in a position to infer that as long as ⌘abcd is a positive definite (derivative

operator valued) map from the space of symmetric two-tensors to symmetric two-tensors,
the amount of entropy produced is non-negative definite, viz., � � 0. This is precisely the
condition inferred in [2], which generalizes the theorem proven by Sayantani Bhattacharyya
in [44, 45]. In the present context, this condition simply follows from demanding convergence
of the path integral – if ⌘abcd had negative eigenvalues, it would lead to divergent terms in
the path integral. We elaborate further in §7.2.

We will now proceed to give explicit examples of various classes of transport for illustra-
tion. In §7 we will return to a general discussion of all classes of hydrodynamic transport and
how they are realized as specific forms of the Lagrangian (4.1). This will then prove evidence
for our central claim delineated at the beginning of this section.

5 The MMO limit: a truncation for explicit calculations

The previous discussion, whilst comprehensive, was quite abstract. To see how the fluid
dynamical effective actions work, and to verify the statements made above, it is helpful to
consider some explicit examples of terms that contribute to the action. This can, of course,
be done explicitly, since we only have to construct suitable U(1)T invariant actions build from
the hydrodynamic fields. The one complicating factor is that in terms of explicit fields we
have many components – there are four fields in the target space maps X̊µ and the U(1)T

super-gauge field ÅI has 12 component fields (3 of which are non-covariant potentials). The
full set of variables, organized by ghost number, is given in Table 1. In addition we turn on
sources for various currents (see below).

In this section we motivate a truncated sector of the theory which suffices to capture the
essential physics, and allows us to make contact with the familiar form of the hydrodynamic
constitutive relations. The basic idea is to set all the fields carrying non-vanishing ghost
number to zero, and furthermore effectively treat the U(1)T symmetry as a global symmetry
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✦Computing the variations etc., we can check what the entropy production is 
and obtain the by now familiar constraint from Bhattacharyya’s theorem:

second pair of indices, viz.,

⌘̊(IJ)(KL)
= (�)

IJ ⌘̊(JI)(KL)
= (�)

KL ⌘̊(IJ)(LK)
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(D)
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(I+J)(K+L) ⌘̊(KL)(IJ)

(D)
.

(4.28)

See also §7.2 for more details.
With this ansatz for the dissipative terms it is easy to isolate the contributions to �.

To this end we need the leading ghost free contributions, g̊( )

IJ = ✓ (B� � �0
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, gIJ)� + · · · and
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IJ = �✓̄ (B�, gIJ)� + · · · , which leads us to:
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⌘abcd £�gab £�gcd + fluctuations + ghost-bilinears , (4.29)

where we have employed the expectation value h�0

T
i = �i owing to spontaneous CPT breaking

which signifies the origin of dissipation as argued for in [1].
We are now in a position to infer that as long as ⌘abcd is a positive definite (derivative

operator valued) map from the space of symmetric two-tensors to symmetric two-tensors,
the amount of entropy produced is non-negative definite, viz., � � 0. This is precisely the
condition inferred in [2], which generalizes the theorem proven by Sayantani Bhattacharyya
in [44, 45]. In the present context, this condition simply follows from demanding convergence
of the path integral – if ⌘abcd had negative eigenvalues, it would lead to divergent terms in
the path integral. We elaborate further in §7.2.

We will now proceed to give explicit examples of various classes of transport for illustra-
tion. In §7 we will return to a general discussion of all classes of hydrodynamic transport and
how they are realized as specific forms of the Lagrangian (4.1). This will then prove evidence
for our central claim delineated at the beginning of this section.

5 The MMO limit: a truncation for explicit calculations

The previous discussion, whilst comprehensive, was quite abstract. To see how the fluid
dynamical effective actions work, and to verify the statements made above, it is helpful to
consider some explicit examples of terms that contribute to the action. This can, of course,
be done explicitly, since we only have to construct suitable U(1)T invariant actions build from
the hydrodynamic fields. The one complicating factor is that in terms of explicit fields we
have many components – there are four fields in the target space maps X̊µ and the U(1)T

super-gauge field ÅI has 12 component fields (3 of which are non-covariant potentials). The
full set of variables, organized by ghost number, is given in Table 1. In addition we turn on
sources for various currents (see below).

In this section we motivate a truncated sector of the theory which suffices to capture the
essential physics, and allows us to make contact with the familiar form of the hydrodynamic
constitutive relations. The basic idea is to set all the fields carrying non-vanishing ghost
number to zero, and furthermore effectively treat the U(1)T symmetry as a global symmetry

– 34 –

� =
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

✦A clean way to understand this is to demand that the imaginary part of the 
effective action is positive definite (this implies the second law).

 Glorioso, Liu  [1612.07705]



Fluctuation-dissipation & Jarzynski

✦The spontaneous CPT symmetry breaking in dissipative dynamical 
systems leads to a susy Ward identity that implies the Jarzynski relation.

conclude that the transformation we seek shifts the fluid variables as:

g̃ab 7! g̃ab �
�
F✓✓̄, gab

�
�
, Ãa 7! Ãa +DaF✓✓̄ . (5.3)

Implementing this we see that the worldvolume Lagrangian density transforms with an inho-

mogeneous piece (as expected due to the gauge fixing)

Lwv 7! Lwv +
�Lwv

�g̃ab
�g̃ab +

�Lwv

�Ãa

�Ãa (5.4)

= Lwv � F✓✓̄

✓
1

2
Tab

wv£� gab �DaN
a

◆
+ boundary terms . (5.5)

The boundary terms above get contributions from the various integrations by parts performed

in doing the transformations and superspace integrals.

We now invoke the expectation value of hF✓✓̄i = �i and write the change in the action

functional Swv ⌘
´
d
d
�Lwv suggestively as

i Swv 7! i Swv � T�1 (Gf �Gi +W ) . (5.6)

We introduced here the free energy di↵erence and total work done by the external source:

Gf �Gi ⌘ �T

ˆ
d
d
�

p
�g

1 + �eAe
DaN

a = �T

ˆ
⌃E

Na
d
d�1

Sa

� ����
tf

ti

, (5.7)

W ⌘ T

ˆ
d
d
�
p
�g

✓
1

2
Tab

wv£� gab

◆
, (5.8)

with the assumption that the boundary terms will conspire to cancel out of this analysis.

The integral in Gf �Gi over worldvolume time has been performed such as to localize onto

a hydrostatic integral over the Euclidean base manifold ⌃E with volume element d
d�1

Sa

evaluated in the equilibrium configurations at initial and final times ti, tf . Note in particular

that this integral is independent of the (generically non-adiabatic) protocol which takes the

system from the initial to the final configuration and it includes contributions from the ghost

superpartners of the fields.

From equation (5.6) we can get the hydrodynamic fluctuation-dissipation result we seek

following [39]. The underlying topological symmetry implies the following Ward identity

he�
W
T i = e

� 1
T(Gf�Gi), (5.9)

i.e., the expectation value of the exponential of the work done is the exponential of the free

energy di↵erence. Using Jensen’s inequality on the above we obtain

hW i � Gf �Gi , (5.10)

which asserts that entropy is produced in the system. In other words the generalized work

relation (5.9) implies the second law of thermodynamics, ensuring that our construction is

consistent with the axioms of hydrodynamics.
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Jarzynski ’97; Crooks ‘98

✦Jarzynski is a non-equilibrium fluctuation dissipation relation that relates 
work done on the system out of equilibrium to the free energy difference.

Mallick, Moshe, Orland ’10; Gaspard ‘12

✦Using Jensen’s inequality, or convexity of exponential one arrives at

conclude that the transformation we seek shifts the fluid variables as:

g̃ab 7! g̃ab �
�
F✓✓̄, gab

�
�

, Ãa 7! Ãa +DaF✓✓̄ . (5.3)

Implementing this we see that the worldvolume Lagrangian density transforms with an inho-

mogeneous piece (as expected due to the gauge fixing)

Lwv 7! Lwv +
�Lwv

�g̃ab
�g̃ab +

�Lwv

�Ãa

�Ãa (5.4)

= Lwv � F✓✓̄

✓
1

2
Tab

wv £� gab �DaN
a

◆
+ boundary terms . (5.5)

The boundary terms above get contributions from the various integrations by parts performed

in doing the transformations and superspace integrals.

We now invoke the expectation value of hF✓✓̄i = �i and write the change in the action

functional Swv ⌘
´

d
d
� Lwv suggestively as

i Swv 7! i Swv � T�1 (Gf � Gi + W ) . (5.6)

We introduced here the free energy di↵erence and total work done by the external source:

Gf � Gi ⌘ �T

ˆ
d

d
�

p
�g

1 + �e Ae
DaN

a = �T

ˆ
⌃E

Na
d

d�1
Sa

� ����
tf

ti

, (5.7)

W ⌘ T

ˆ
d

d
�
p
�g

✓
1

2
Tab

wv £� gab

◆
, (5.8)

with the assumption that the boundary terms will conspire to cancel out of this analysis.

The integral in Gf � Gi over worldvolume time has been performed such as to localize onto

a hydrostatic integral over the Euclidean base manifold ⌃E with volume element d
d�1

Sa

evaluated in the equilibrium configurations at initial and final times ti, tf . Note in particular

that this integral is independent of the (generically non-adiabatic) protocol which takes the

system from the initial to the final configuration and it includes contributions from the ghost

superpartners of the fields.

From equation (5.6) we can get the hydrodynamic fluctuation-dissipation result we seek

following [39]. The underlying topological symmetry implies the following Ward identity

he� W
T i = e

� 1
T(Gf �Gi), (5.9)

i.e., the expectation value of the exponential of the work done is the exponential of the free

energy di↵erence. Using Jensen’s inequality on the above we obtain

hW i � Gf � Gi , (5.10)

which asserts that entropy is produced in the system. In other words the generalized work

relation (5.9) implies the second law of thermodynamics, ensuring that our construction is

consistent with the axioms of hydrodynamics.
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Fluctuation-Dissipation and Time reversal breaking

✦Stochasticity and dissipation arises because of spontaneous CPT 
symmetry breaking. 

✦  The Ward identities following from CPT convolved with a thermal gauge 
transformation results in the Jarzynski work relation for the Brownian 
particle

SB0 7! SB0 � i hF̊✓✓̄|i� (�G+W ) =) he��W i = e���G

Mallick, Moshe, Orland (2010)

hF̊✓✓̄|i = �i

✦The CPT symmetry in our construction is implemented as R-parity in 
superspace and its breaking encoded in the vev for the ghost number 
zero field strength:

✦Expect similar statements to hold in hydrodynamic effective field theories.



Exemplifying effective actions

This coupling is generic, as can be seen from the fact that every occurance of the source hab
(which by definition contributes to the energy-momentum tensor) is accompanied by a g̃ab.
Partial integration yields the following:

ˆ p
�g X̃µr⌫T

µ⌫ (5.17)

where rµ is the usual Christoffel connection with respect to the target space metric gµ⌫ .

5.3 Zeroth order: Ideal fluidsec:mmoideal
The effective superspace action has the form (4.1) with the Lagrangian being simply the
pressure superfield. We parameterize the action by a scalar superfield ˚f(˚)T and explicitly
evaluate it in the MMO limit to be

L̊
(ideal)

=

p
�̊g

z̊
f̊(T̊ )

=
p
�g f(T )

✓
1 + ✓̄✓


1

2
gcd (hcd + g̃cd)� �aFa +

f0(T )

f(T )
T̃

�◆ (5.18) eq:sfL0

Here we have kept all classical and fluctuation fields, but have discarded ghost contributions.
After the superspace integration we will end up with:

L
(ideal)

wv =

ˆ
d✓d✓̄ L̊

(ideal)
⌘ D̊✓D̊✓̄ L̊

(ideal) ��
✓=✓̄=0

=
p
�g f(T )

✓
1

2
gcd (hcd + g̃cd)� �a Fa +

f0(T )

f(T )
T̃

◆
+

�
B�,

p
�g f(T )

�
�

(5.19) eq:wvL0

The last term on the right hand side is a total derivative and therefore irrelevant in the
action. From the coefficients of the deformations hab and Fa we can easily read off the energy-
momentum tensor and free energy current, respectively:

Tab

(ideal)
⌘ 2p

�g

�L(ideal)
wv

�hab
= f(T )

✓
gab +

f0(T )

f(T )
T 3 �a �b

◆
,

Na

(ideal)
⌘ � 1p

�g

�L(ideal)
wv
�Fa

= f(T )�a ,

(5.20) eq:TNwvdefideal

The entropy current is related to the free energy current via (4.11). It can also be obtained
directly from the action by varying also the Fa inside g̃ab (see (5.4)). The tensor Tab

(ideal)

encodes both pressure p(T ) and energy density "(T ), which are obtained from the function f.
We identify

p(T ) = f(T ) , "(T ) = T f0(T )� f(T ) (5.21) eq:pepsfT

Note that there are no source terms in the ideal fluid for the components T✓a

(ideal)
, T✓̄a

(ideal)
, and

T✓✓̄

(ideal)
(and similarly for the entropy current).
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To obtain the equations of motion (i.e., conservation equations), we vary the action with
respect to the fluctuation field X̃µ. The only occurence of X̃µ in (5.19) is inside g̃cd. Carrying
out this variation simply yields the expected conservation:

ra Tab

(ideal)
= 0 . (5.22)

Finally, there is no explicit dependence on B� in the Lagrangian (5.19). Variation with
respect to B� gives the free energy divergence, raNa

(ideal)
. We therefore get:

�(ideal) ⌘ � 1p
�g

�L(ideal)
wv

�B�

= 0 . (5.23)

5.4 First order: viscosity and dissipation
sec:mmo1st

Let us mow turn to the next order in the gradient expansion. We already know from earlier
analysis (see eg., [19]) that there is no non-dissipative contribution at this order. So we should
now focus on the dissipative terms, which gives us an opportunity to get some intuition for the
general arguments described in §4.1. As noted in [1] and explained around (4.19) the structure
of dissipative terms is encapsulated in super-tensors ⌘̊IJKL

(T̊ ). Since this tensor is contracted
against terms that contain explicit superderivatives of the metric, to first order in gradients it
sufficies to consider it to be built out of zero derivative objects. The natural structure then is
simply combinations of the projection supertensor P̊ IJ respecting the conditions (4.20). All
other tensors can be argued to be equivalent once field redefinition ambiguities are accounted
for (this is a superspace version of the arguments given in Section 5 of [19]).

These requirements then single out two tensor structures that are parameterized by scalar
superfields ⇣̊(T̊ ) and ⌘̊(T̊ ), respectively. We then can write the Lagrangian in the form:

L̊
(visc.)

= �
p
�̊g

z̊

i

4
(�)

I(J+K+L)+J(K+L)+K(1+L)+L ⌘̊IJKL D̊✓g̊IJ D̊
✓̄
g̊KL

⌘̊IJKL
= ⇣̊(T̊ ) T̊ P̊ IJ P̊ KL

+ 2 ⌘̊(T̊ ) T̊ (�)
K(I+J) P̊ KhI P̊ JiL

(5.24) eq:Lageta

We have made the index contraction signs following from (4.5) explicit above, so that one can
simply evaluate the terms. The bottom components of the scalar superfields, viz, ⇣(T ) and
⌘(T ) will end up as the usual bulk and shear viscosity transport coefficients.

We can expand the superspace structure (5.24) more explicitly to guide the eye. Using
the fact that in the absence of sources carrying non-zero fermion number, D̊✓g̊✓a ! 0 and
D̊

✓̄
g̊
✓̄a

! 0 we can truncate and evaluate the signs and symmetry factors:

L̊
(visc.)

= �
p
�̊g

z̊

i

4

n
⌘̊abcd D̊✓g̊ab D̊

✓̄
g̊cd � 2 ⌘̊✓✓̄cd D̊✓g̊✓✓̄ D̊

✓̄
g̊cd � 2 ⌘̊ab✓✓̄ D̊✓g̊ab D̊

✓̄
g̊
✓✓̄

+ 4 ⌘̊✓✓̄✓✓̄ D̊✓g̊✓✓̄ D̊
✓̄
g̊
✓✓̄

+ 2 ⌘̊a✓̄cd D̊✓g̊a✓̄
D̊

✓̄
g̊cd � 2 ⌘̊abc✓ D̊✓g̊ab D̊

✓̄
g̊c✓

+ 4 ⌘̊✓✓̄c✓ D̊✓g̊✓✓̄ D̊
✓̄
g̊c✓ � 4 ⌘̊a✓̄✓✓̄ D̊✓g̊a✓̄

D̊
✓̄
g̊
✓✓̄

+ 4 ⌘̊a✓̄c✓ D̊✓g̊a✓̄
D̊

✓̄
g̊c✓

o
.

(5.25) eq:L1simMma2

We will now compute this expression for bulk and shear viscosity separately.
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✦Positivity of entropy production follows on demanding the imaginary part is 
positive definite (which reduces us back to the remit of Bhattacharyya’s theorem).

�

factor of i to account for the anti-linearity of the CPT transformation. Secondly, while a-priori
these Grassmann-odd derivatives can appear inside various other derivatives, we can adapt a
trick introduced in [19] to simplify the analysis. One can capture extra derivatives acting on
the fluid dynamical fields into a differential operator valued tensor. Utilizing these two simple
facts, we are lead to the observation that the only sets of terms that matter are those where
we have a contribution from D̊✓g̊IJ and D̊

✓̄
g̊KL. The free indices have to be contracted against

a differential operator valued supertensor ⌘̊IJKL, i.e., terms in the action of the form:16

Lwv, diss =

ˆ
d✓ d✓̄

p
�̊g

z̊

✓
� i

4

◆
⌘̊IJKL D̊✓g̊IJ D̊

✓̄
g̊KL (4.19) eq:Ldiss

The dissipative tensor ⌘IJKL is graded-symmetric in both its first and second pair of indices.
In adidition it is required to also be graded symmetric under the exchange of the first and
second pair of indices, viz.,

⌘̊(IJ)(KL)
= (�)

IJ ⌘̊(JI)(KL)
= (�)

KL ⌘̊(IJ)(LK)

⌘̊(IJ)(KL)

(D)
= (�)

(I+J)(K+L)
[⌘̊(KL)(IJ)

(D)
]
CPT .

(4.20) eq:etacpt1

The latter condition is a consequence of CPT and follows from our implementation in terms
of a R-partity action (see §6 for the derivation).

With this ansatz for the dissipative terms it is easy to isolate the contributions to �. To
this end we need the leading ghost free contributions, D̊

✓̄
g̊IJ = ✓ (B� � �0

T
, gIJ)� + · · · and

D̊✓g̊IJ = �✓̄ (B�, gIJ)� + · · · , which leads us to:

� =
1p
�g

�Swv

�B�

=
i

4
⌘̊IJKL �0

T
£�g̊IJ £�g̊KL

��

=
1

4
⌘abcd £�gab £�gcd + fluctuations + ghost-bilinears .

(4.21) eq:Delgg

In writing the second line we have used the fact that h�0

T
i = �i owing to spontaneous CPT

breaking which signifies the origin of dissipation as argued for in [1].
We are now in a position to infer that as long as ⌘abcd is a postive definite (derivative

operator) valued map from the space of symmetric two-tensors to symmetric two-tensors,
the amount of entropy produced is non-negative definite, viz., � � 0. This is precisely the
condition inferred in [19], which generalizes the theorem proven by Sayantani Bhattacharyya
in [36, 37]. In the present context, this condition simply follows from demanding convergence
of the path integral – if ⌘abcd had negative eigenvalues, it would lead to divergent terms in
the path integral. We will return to further details about entropy production in §6 once we
have seen some explicit examples in §5.

16
As written the expression is not super-covariant, but can be made so by employing the ✏-symbol in

superspace as we shall make clear later in §6.
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✦ Ideal fluid is obviously captured by the pressure super-potential functional

✦Dissipative terms are captured by a an appropriate 4-tensor inspired 
coupling that involves the superderivatives of the metric:

the contribution of B� will turn out to be by means of performing a Faddeev-Popov rotation
of the fields with a gauge parameter ⇤̊F P = ✓̄✓B� and work with the non-covariant versions
of X̃µ and Fa as explained in footnote 24.

In summary, we start with the action (4.1) and pick out the contributions linear in B�:

� = � 1p
�g

�Swv

�B�

. (4.26)

With this interpretation we are now in a position to constrain � � 0. Since we are interested in
contributions to the action proportional to @✓̄Å✓ and @✓Å✓̄, we conclude that B� will occur in
covariant derivatives of the worldvolume metric g̊IJ , the thermal vector �̊I , the field strengths
F̊JK , and their derivatives. We can further isolate contributions by examining the discrete
CPT symmetry that acts as a Z2 anti-linear involution (recall that we implement CPT as
R-parity on the worldvolume).

Firstly, unlike charge currents, N̊I is even under CPT, while � is CPT odd. Therefore,
the only terms that can contribute to � are those that transform with an additional pair
of super-covariant derivatives in the Grassmann odd directions (D̊✓ and D̊✓̄), with an overall
factor of i to account for the anti-linearity of the CPT transformation. Secondly, while a-
priori these Grassmann-odd derivatives can appear inside various other derivatives, we can
adapt a trick introduced in [2] to simplify the analysis. One can capture extra derivatives
acting on the fluid dynamical fields through the action of a differential operator valued tensor.
Utilizing these two simple facts, we are lead to the observation that the only sets of terms that
contribute non-trivially to � are those where we have a contribution from g̊( )

IJ = D̊✓g̊IJ and
g̊( )

IJ = D̊✓̄g̊KL. The free indices have to be contracted against a differential operator valued
super-tensor ⌘̊IJKL

[̊gIJ , �̊I , D̊I ]. That is, the action takes the form:

Lwv, diss =

ˆ
d✓ d✓̄

p
�̊g

z̊

✓
� i

4

◆
⌘̊IJKL g̊( )

IJ g̊( )

KL . (4.27)

The dissipative tensor ⌘̊IJKL is graded symmetric in both its first and second pair of indices.
In addition it is required to also be graded symmetric under the exchange of the first and
second pair of indices, viz.,

⌘̊(IJ)(KL)
= (�)

IJ ⌘̊(JI)(KL)
= (�)

KL ⌘̊(IJ)(LK)

⌘̊(IJ)(KL)

(D)
= (�)

(I+J)(K+L) ⌘̊(KL)(IJ)

(D)
.

(4.28)

See also §7.2 for more details.
With this ansatz for the dissipative terms it is easy to isolate the contributions to �.

To this end we need the leading ghost free contributions, g̊( )

IJ = ✓ (B� � �0

T
, gIJ)� + · · · and

g̊( )

IJ = �✓̄ (B�, gIJ)� + · · · , which leads us to:

� = � 1p
�g

�Swv

�B�

=
1

4
⌘abcd £�gab £�gcd + fluctuations + ghost-bilinears , (4.29)
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Eightfold Classification revisited

L̊(L) [̊gIJ , �̊I , D̊J ]
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1

4
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(B) g̊( ̄)IJ g̊( )KL
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The fluid/gravity correspondence
❖ The fluid/gravity correspondence establishes a correspondence between 

Einstein’s equations with a negative cc and those of relativistic conformal fluids. 

Bhattacharyya, Hubeny, Minwalla, MR ‘07

this statement we are assuming that we have performed a Kaluza-Klein reduction of the

Type IIB supergravity fields over the compact S5 leading to an infinite tower of massive
fields coupled to the gravitational degrees of freedom.

The general structure of this effective five-dimensional lagrangian is not only complicated

but it also depends on the details of the internal space. Were one to replace the S5 by a

Sasaki-Einstein five manifold X5 one would end up with a different effective description

corresponding to a different field theory fixed point in four dimensions. However, there is a

universal sub-sector of Type IIB supergravity which we can focus on – this is just the sector
of solely gravitational dynamics in AdS5 i.e., we set all the Kaluza-Klein harmonics of the

graviton modes on S5 and other matter degrees of freedom consistently to zero. We will

restrict attention to this sub-sector which corresponds in the dual field theory to focussing

on just the dynamics of the energy-momentum tensor.

4.1 The universal sector: gravity in AdSd+1

As discussed above we will concentrate on pure gravitational dynamics in asymptotically

AdS spacetimes. This in particular allows us to work without loss of generality in arbitrary

dimensions as the form the gravitational action is independent of the number of spacetime
dimensions. Let us therefore consider starting with a string or M-theory background of

the form AdSd+1 ×X where X is some compact internal manifold ensuring that one has a

consistent string/M-theory vacuum.21 The universal sector of this theory which we focus on

is the dynamics of Einstein gravity with a negative cosmological constant, i.e.,

Sbulk =
1

16π G(d+1)
N

∫
dd+1x

√
−G (R − 2 Λ) . (4.1)

With a particular choice of units (RAdS = 1) Einstein’s equations are given by22

EMN = RMN − 1

2
GMNR − d(d − 1)

2
GMN = 0

=⇒ RMN + d GMN = 0, R = −d(d + 1).
(4.2)

Of course the equations (4.2) admit AdSd+1 solutions, which correspond to the vacuum

state of the dual field theory. Recall that global AdSd+1 has as its boundary the Einstein

static universe, R×Sd−1. We are free to consider other choices of boundary manifolds Bd; for

instance to discuss field theory on Minkowski space Rd−1,1 we would focus on the Poincaré
patch of AdSd+1. Given a metric g on the boundary Bd we have the bulk geometry to zeroth

21We will be interested in d > 2. As discussed in [66, 69] there is no interesting hydrodynamic limit for a
1+1 dimensional CFT. A conserved traceless stress tensor is simply made up of left and right moving waves
which propagate with no dissipation.

22We use upper case Latin indices {M, N, · · · } to denote bulk directions, while lower case Greek indices
{µ, ν, · · · } refer to field theory or boundary directions. Finally, we use lower case Latin indices {i, j, · · · } to
denote the spatial directions in the boundary.

24

Einstein’s eqn with negative 
cosmological constant (cc)

Relativistic ideal fluid equations 
and beyond… 

✦ Given any solution to the hydrodynamic equations, one can construct, in a 
gradient expansion, an approximate inhomogeneous, dynamical black hole 
solution in an asymptotically AdS spacetime. 

(✏+ p)⇥+ uµrµ ✏+ · · · = 0

P µ
↵ rµp+ (✏+ p) a↵ + · · · = 0



Long-wavelength in gravity
✦  How do  we `derive‘  fluid dynamics from gravity? 

✦ Intuition: perturbations of planar AdS black holes reveal long-wavelength 
quasinormal modes having hydrodynamic character:

scalar/sound channel vector/shear channelRe(!) Re(!)

Im(!)Im(!)

!(k) ! 0 as k ! 0

Horowitz, Hubeny ’98; Policastro, Son, Starinets ‘02



Nonlinear fluids from gravity

Fig. 1: Penrose diagram of the uniform black brane and the causal structure of the spacetimes dual to
fluid mechanics illustrating the tube structure. The dashed line in the second figure denotes
the future event horizon, while the shaded tube indicates the region of spacetime over which
the solution is well approximated by a tube of the uniform black brane.

βi(xµ) are small, G(0) is “tubewise” well approximated by a boosted black brane. Conse-
quently, for slowly varying functions b(xµ), βi(xµ), it might seem intuitively plausible that

(4.11) is a good approximation to a true solution of Einstein’s equations with a regular event

horizon. In [4] this intuition is shown to be correct, provided the functions b(xµ) and βi(xµ)

obey a set of equations of motion, which turn out simply to be the equations of boundary

fluid dynamics.

Einstein’s equations, when evaluated on the metric G(0), yield terms which involve deriva-
tives of the temperature and velocity fields in the boundary directions (i.e., (xi, v) ≡ xµ)

which we can organise order by order in a gradient expansion. Note that since G(0) is an

exact solution to Einstein’s equations when these fields are constants, terms with no deriva-

tives are absent from this expansion. It is then possible to show that field theory derivatives

of either ln b(xµ) or βi(xµ) always appear together with a factor of b. As a result, the con-

tribution of n derivative terms to the Einstein’s equations is suppressed (relative to terms
with no derivatives) by a factor of (b/L)n ∼ 1/(T L)n. Here L is the length scale of varia-

tions of the temperature and velocity fields in the neighbourhood of a particular point, and

T is the temperature at that point. Therefore, provided L T ≫ 1, it is sensible to solve

Einstein’s equations perturbatively in the number of field theory derivatives.29 Essentially

we are requiring that
∂uµ

T
,
∂ log T

T
∼ O (ε) ≪ 1 (4.12)

29Note that the variation in the radial direction, r, is never slow. Although we work order by order in
the field theory derivatives, we will always solve all differential equations in the r direction exactly. This
should be contrasted with the holographic renormalization group which is a perturbative expansion in the
Fefferman-Graham radial coordinate [99].

29

✴ Treat the light quasinormal 
modes as moduli of the 
gravitational problem. 

✴ Hydrodynamics is the collective 
field theory of these modes and 
can be constructed 
systematically in a perturbation 
expansion. 

✴ Intuition: patch together 
different bulk black hole 
spacetimes, along tubes of 
locally equilibrated fluid.



Black holes as lumps of fluid

✦ Black holes really behave as lumps 
of fluid in the low energy limit. 

✦ In the fluid/gravity correspondence, 
the fluid lives at the end of the 
universe, on the asymptotic 
boundary of the spacetime where 
the black hole resides. 

✦ Here the fluid is a hologram, 
honestly capturing all the low 
energy physics of the entire 
geometry.



Classification of Weyl invariant fluids

✦ Weyl invariant neutral (and to some extent charged) fluids have been well 
studied from both  

✴  kinetic theory  (weak coupling) 

✴ holography via fluid/gravity (strong coupling)

✦ All of the known data can be neatly compiled into the eightfold classification 
scheme. 

York, Moore ‘08

Baier et. al.;  Bhattacharyya et. al., ‘07
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III. THE ROUTE TO DISSIPATION

Having classified solutions to the adiabaticity equation
let us now turn to the characterization of hydrodynamic
transport including dissipative terms (Class D). We will
do so by first systematically eliminating all of the adia-
batic transport by the following algorithm:

1. Enumerate the total number of transport coe�-
cients, Totk@ , at the kth order in the derivative ex-
pansion. This can be done by either working in a
preferred fluid frame, or more generally by classify-
ing frame-invariant scalar, vector and tensor data.

2. Find the particular solution to the anomaly induced
transport (if any); this fixes all terms in Class A.

3. Restrict to hydrostatic equilibrium. The (inde-
pendent) non-vanishing scalar fields and transverse
conserved vectors determine HS and HV respec-
tively (after factoring out terms which are related
up to total derivatives), which parameterize the
(Euclidean) partition function [9, 10].

4. Classify the number of tensor structures entering
constitutive relations that survive the hydrostatic
limit. Since they are to be determined from HS and
HV respectively, we should have a number of hy-
drostatic relations HF . In general the hydrostatic
constrained transport coe�cients are given as lin-
ear di↵erential combinations of unconstrained ones.

5. Determine the Class L scalars that vanish in hy-
drostatic equilibrium HS from the list of frame in-
variant scalars after throwing out terms in HS (and
those related by total derivatives).

6. Find all solutions to Class B and HV terms at the
desired order in the gradient expansion by clas-
sifying potential tensor structures {N ,X ,S} and
{CN ,CX ,CS} respectively. We have now solved for
the adiabatic part of hydrodynamics.

7. The remainder of transport is dissipative and con-
tributes to � 6= 0. Class D is subdivided into
two classes: terms constrained by the second law
lie in Class Dv, while those in Class Ds contribute
sub-dominantly to entropy production and are ar-
bitrary. The goal at this stage is to isolate the Dv

terms; fortunately they only show up only at the
leading order in the gradient expansion (k = 1);
for k � 1 all dissipative terms are in Class Ds (cf.,
[3, 4]).

8. Finally, Class Ds can be written in terms of dissi-
pative tensor structures using the same formalism
employed for Class B, except now we pick a di↵er-
ent symmetry structure to ensure � 6= 0.

Steps 1-6 can be implemented straightforwardly in the
U(1)T invariant LT , but we will exemplify this algorithm
by a more pedestrian approach below.

In Table I we provide a classification of transport coef-
ficients for few hydrodynamic systems up to second order
in gradient expansion.

Fluid Type Tot HS HS HF HV A B HV D
Neutral 1@ 2 0 0 0 0 0 0 0 2
Neutral 2@ 15 3 2 5 0 0 2 0 3

Weyl neutral 2@ 5 2 1 0 0 0 1 0 1
Charged 1@ 3 0 0 0 0 0 0 0 3
Charged 2@ 51 7 5 17 0 0 11 2 9

TABLE I. Transport taxonomy for some simple (parity-even)
fluid systems. The fluid type refers to whether we describe
pure energy-momentum transport (neutral) or transport with
a single global symmetry (charged). We have indicated the
derivative order at which we are working by k@.

IV. AN EXAMPLE: WEYL INVARIANT
NEUTRAL FLUID

To illustrate our construction consider a (parity-even)
Weyl invariant neutral fluid which has been studied ex-
tensively in the holographic context [14–16]. Weyl invari-
ance implies that the stress tensor must be traceless and
built out of Weyl covariant tensors. Our classification
suggests the following constitutive relation written in a
basis adapted to the eightfold way:5

Tµ⌫ = p (d uµu⌫ + gµ⌫)� ⌘ �µ⌫

+ (�1 � )�<µ↵�⌫>

↵
+ (�2 + 2 ⌧ � 2) �<µ↵! ⌫>

↵

+ ⌧
�
u↵DW

↵
�µ⌫ � 2�<µ↵! ⌫>

↵

�
+ �3 !

<µ↵! ⌫>

↵

+ 
�
Cµ↵⌫� u↵ u� + �<µ↵�⌫>

↵
+ 2�<µ↵! ⌫>

↵

�
. (8)

To obtain this note that for a neutral fluid there are no
anomalies so A = 0. At first order there is only a Class
D term ⌘ �µ⌫ which contributes to � = ⌘ �2, leading
to ⌘ � 0 (shear viscosity is non-negative). At second
order we have two hydrostatic scalars !µ⌫ !⌫µ and WR;
hence HS = 2 corresponding to �3 and  terms. As
�µ⌫ vanishes in hydrostatics only two tensors survive the
limit; thus there are no constraints, HF = 0. There are
no transverse vectors and so HV = HV = 0. Surprisingly
(�2 + 2 ⌧ � 2) �<µ↵! ⌫>

↵
is a Class B term – it can be

obtained from N [(µ⌫)|(↵�)] ⇠ (�2 + 2 ⌧ � 2) (!µ↵P ⌫� +
perms.). There is one non-hydrostatic scalar �2 which
is in HS corresponding to ⌧ term above. This leaves
us with one Class D term which can be inferred to be
(�1�)�<µ↵� ⌫>

↵
. Its contribution to entropy production

is rµJ
µ

S
⇠ (�1�)�↵⌫�⌫��↵

�
. This being sub-dominant

5 The fluid tensors are defined via the decomposition rµ u⌫ =
�(µ⌫) +![µ⌫] +

1
d�1 ⇥ (gµ⌫ +uµ u⌫)� a⌫ uµ and <> denotes the

symmetric, transverse (to uµ) traceless projection. The Weyl co-
variant derivative [17] (and associated curvatures) preserve ho-
mogeneity under conformal rescaling.

✦ The stress tensor for a conformal fluid can be expressed in the eightfold 
basis as:

HS

D

B

HS
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holography. Translating the results of [65] we have91

kR = �
ce↵

d � 2

✓
4⇡

d

◆
d�2

,

k! =
d � 2

2
kR ,

k� =
ce↵

2 d

✓
4⇡

d

◆
d�2

Harmonic

✓
2

d
� 1

◆
,

(14.36)

where Harmonic(x) = �e + �
0
(x)

�(x)
is the Harmonic number function (�e is Euler’s constant).

Thus, the fluid-gravity result for second order neutral fluid transport can be determined

explicitly from a Lagrangian density

L
W = ce↵

✓
4⇡T

d

◆
d

� ce↵

✓
4⇡T

d

◆
d�2

 W
R

(d � 2)
+

1

2
!

2 +
1

d
Harmonic

✓
2

d
� 1

◆
�

2

�
(14.37)

where we have included also the zero derivative pressure term.

It is really amazing that the simple e↵ective action (14.37) captures all the non-trivial

results about the thermodynamics of a strongly coupled plasma along with the non-linear part

of transport. Only the value of the first order Class D term, shear viscosity, is undetermined

and indeed modulo this contribution (which is of course important), holographic plasmas

are e↵ectively adiabatic. Coupled with the low value of shear viscosity [87], it follows that

flows of these plasmas tend to minimize the amount of dissipation. The nearly perfect fluid

picture, persists even more strongly perhaps at second order in gradients. We argue in §18

that this suggests a minimum entropy production conjecture, which would be fascinating to

understand in greater detail than explored herein.

It is an interesting challenge in fluid-gravity correspondence to give a gravity prescription

to directly derive this expression. We advocate this as a sharp test for the proposals on how

to think about AdS/CFT e↵ective actions in the presence of horizons (see, for example [90]).

14.5.2 Kinetic theory and adiabatic fluids

We will now turn to examine the existing results in weakly coupled field theories in the light

of our eightfold classification. Computations in weak coupling are surprisingly more di�cult

than the AdS/CFT computations in the previous subsection.

The transport coe�cients in the hydrostatic Classes HS and HV are computable via

straightforward Euclidean methods without any subtle issues regarding analytic continuation.

At weak coupling, the leading contributions to these coe�cients are generically given by free-

theory results which can be then systematically corrected via perturbative expansion. These

coe�cients are also more amenable to numerical methods in lattice. The most common

91 We use ce↵ to denote the e↵ective central charge of the field theory; ce↵ =
`
d�1
AdS

16⇡ GN
. For N = 4 SYM in

d = 4 with gauge group SU(N) this is 1
8⇡2 N2.
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adiabaticity equation (2.13) in Class L for non-anomalous fluids has J
µ

S
= s u

µ one may in fact

view the result as naturally being cast in the entropy frame (see also [46, 48]). To compare

the results with the Landau frame presentation, we first switch o↵ the first order terms (since

they carry no physical information). We then project the stress tensor computed by the vari-

ational principle onto the frame invariant tensor and scalar parts. This is a relatively trivial

exercise and one can then read o↵ the coe�cients of the independent tensors used in (F.12).

The projectors in question are given explicitly in (8.14). Carrying out the aforementioned

computation we find the following set of transport coe�cients for a Weyl invariant neutral

fluid [65]51

⌘ = ⇣ = 0 ,

⌧ = � (2 (d � 2) kR + 2 k�) T
d�2

,

 = �2 (d � 2) kR T
d�2

,

�1 = �2 (d � 2) kR T
d�2

,

�2 = 4 k�T
d�2

,

�3 = �2 ((d � 2) kR � 2 k!) T
d�2

.

(8.23)

The scaling with temperature can of course be determined on dimensional grounds. Equiva-

lently, the Weyl covariant stress tensor in Class L is forced to take the form

T
µ⌫

(2),W = ⌧
�
u
↵DW

↵ �
µ⌫

� 2�<µ↵
!

⌫>

↵

�
+ �3 !

<µ↵
!

⌫>

↵

+ 

⇣
C

µ↵⌫�
u↵ u� + �

<µ↵
�
⌫>

↵ + 2�<µ↵
!

⌫>

↵

⌘ (8.24)

which is written in the basis of (8.22) and can be derived from a two-derivative Lagrangian

density

L
W
2 =

1

4


�

2

(d � 2)
(W

R) + 2 ( � ⌧)�2 + (�3 � )!2

�
. (8.25)

What is interesting about the result (8.23) is the following: given that there are a-priori

three parameters allowed in our Lagrangian, {k�, k!, kR}, after exploiting field redefinition

freedom, we expect two relations between the five transport coe�cients. These can be ascer-

tained by inspection of (8.24) to be the simple linear relations:

�1 =  , �2 = 2 ( � ⌧) . (8.26)

These relations are actually quite fascinating; we have an infinite class of hydrodynamic con-

stitutive relations for which they hold thanks to the holographic fluid/gravity correspondence,

cf., [52]. We will return to a complete discussion of holographic fluids and its relation to the

adiabatic eightfold way in §14.

51 The first derivation of the second order transport coe�cients was carried out explicitly in d = 4 by [41, 67].
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✦ For holographic fluids with Einstein gravity dual,  shear viscosity is related to 
entropy density and the second order transport data is explicitly known:

⌘ =
s

4⇡
⇣ = 0
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p in L(1), the curvature WR and !
2 terms in L(2) are the hydrostatic terms (Class HS) which

were first discussed in [8, 9]. The �
2 term in L(2) is the Landau-Ginzburg Class HS term

described in [13]. These terms combine to form the Class L terms that are present in a neutral

conformal fluid. If we restrict to hydrostatic equilibrium only the Class HS terms are allowed;

everything else vanishes. The SK path integral constructed above localizes to the Euclidean

path integral. The remaining terms involve the intertwining tensor: the contributions from

⌘(ab)(cd)
(1) and ⌘(ab)(cd)

(2,D) , which involve tensors symmetric under (ab) $ (cd), are clearly the

dissipative Class D terms. They are purely real, and thus consistent with the requirements

of Onsager reciprocity as demanded by (4.2).

It is instructive to adapt these results for a holographic conformal fluid for which the

transport data is readily available from [54] and [27, 52]. For fluids dual to Einstein gravity,

we have the aforementioned Lagrangian density parameterized by

p(T) = ce↵

✓
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(4.17)

where ce↵ is the e↵ective central charge of the QFT.13 This can be succinctly written as a

superspace integral
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(4.18)

This expression generalizes the bosonic Class L Lagrangian given in [12, 13] for the adiabatic

part of the constitutive relations, cf., equation (14.35) of the latter.

Holographic fluids described by Einstein-Hilbert gravity thus do not give the most general

conformal fluid; as noticed in [13] they miss out on the Class B term (owing to the �2 relation

derived first in [55]) and pick out the value of �1 that makes the second order dissipative

contribution vanish. We have conjectured hitherto that this has to do with holographic fluids

being optimal dissipators [12].

It is worth noting that the dissipative transport coe�cients scale with the central charge

ce↵. This means that the noise terms are suppressed by a factor of c
�1
e↵ . In familiar holographic

systems the dissipative energy-momentum tensor has thus two contributions: a leading O(ce↵)

13 For holographic theories it is convenient to normalize ce↵ =
`d�1
AdS

16⇡ GN
, so as to get a simple result for the

Bekenstein-Hawking entropy. For SU(N), N = 44d SYM we obtain ce↵ = N2

8⇡2 .
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✦Known second order transport of holographic fluids follows from the 
action (note we have dropped some superspace terms for simplicity)

✦How does the bulk gravity theory realize this effective action?
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