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The Weak Gravity Conjecture

• The conjecture: 

“Gravity is the Weakest Force” 

• For every long range gauge field there exists a particle 
of charge q and mass m, s.t.   

• This is often known as the mild form, as it only 
requires a state satisfying the bound.
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The Weak Gravity Conjecture
• The motivation of the (mild) WGC is for an extremal BH to decay: 

• Strong forms of the WGC have been proposed, e.g., sLWGC 
[Montero, GS, Soler, ’16],[Heidenreich, Reece, Rudelius, ’16], tower WGC 
[Andriolo, Junghans, Noumi, GS, ’18].

• We first prove for a wide class of theories the mild form using 
unitarity and causality, then present evidence for the tower WGC.

Q=M

Q<M

Q>M



WGC and Blackholes



Extremality of Blackholes
• The mild form of the WGC requires only some state for an 

extremal BH to decay to. 
• Can an extremal BH satisfy the WGC?

conditions, at least one of the outgoing particles must have a smaller M/Q ratio than
the original particle.

The argument extends to black holes, which are believed to be the low-energy
description of elementary particles whose masses are much above the Planck scale.
Since it is unnatural to have an infinite number of exactly stable particles, the mass-

charge relation for extremal black holes M = Q cannot be exact: the M/Q ratio for
extremal black holes should decrease with decreasing Q, so that for every extremal

black hole there is another black hole with a smaller M/Q ratio (see figure 1). Because
states with M/Q < 1 must exist, the most natural expectation is that the black holes,
states with very high values of M, Q, also satisfy M/Q < 1, although the difference

from 1 is tiny.

Figure 1: The classical mass-charge relation for extremal black holes is represented by the

dashed line; it must be valid in the limit M ≫ MPl. Curve A shows a possible exact mass-

charge relation. Curve B is unacceptable because it would imply an infinite number of states

that cannot decay.

Since the net force between black holes with M = Q vanishes, the previous argu-
ment also predicts that the net force will become repulsive. This is indeed expected
because if the force were attractive, heavier bound states with a lower M/Q ratio would

be possible, again creating an infinite number of states that cannot decay. While the
relation between the decrease of the mass and the repulsion is trivial in the case of
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• Higher derivative corrections can 
make extremal BHs lighter than the 
classical bound Q=M 

• Demonstrated to be the case for 4D 
heterotic extremal BHs.               
[Kats, Motl, Padi, ’06]

• We showed that this behavior (A) 
follows from unitarity (at least for 
some classes of theories).         
[Hamada, Noumi, GS]



WGC from Unitarity and Causality
• We assume a weakly coupled UV completion at scale ΛQFT. Our proof for 

the strict WGC bound applies to at least two classes of theories: 

• Theories with light (compared with ΛQFT), neutral i) parity-even 
scalars (e.g., dilaton, moduli), or ii) spin ≥ 2 particles

• UV completion where the photon & the graviton are accompanied by 
different sets of Regge states (as in open string theory).
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

whereM andQ are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,
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because extremal BHs in the Einstein-Maxwell theory
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1�↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.
Below the scale ⇤QFT, there may exist massive parti-

cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣
M

2
Pl
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2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is



Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of the photon 

and the graviton. 
• In D=4, the general effective action up to 4-derivative operators 

(assume parity invariance for simplicity): 

where

S =

Z
d

4
x

p
�g


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4
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Higher Derivative Corrections
• In the IR, the BH dynamics is described by an EFT of the photon 

and the graviton. 
• In D=4, the general effective action up to 4-derivative operators 

(assume parity invariance for simplicity): 

by field redefinition. Here, Wμνρσ is the Weyl tensor:
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We provide an existence proof of the Weak Gravity Conjecture in the perturbative UV completion
of quantum gravity. (We are proving the mild form)

INTRODUCTION

The weak gravity conjecture (WGC) [1] is very inter-
esting if true. In this letter we provide a strong evidence
of its mild version from the causality and unitarity point
of view....

Our

EVIDENCE OF WGC IN D = 4

The mild form of WGC requires existence of a charged

state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|
m

� 1 . (1)

HereMPl is the reduced Planck mass scale. In this paper,
based on unitarity, we argue that even if there exists no
particle satisfying the WGC bound (1), heavy extremal
BHs play the role of the required charged state in the
following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion of gravity.1 Here “tree-level UV
completion” means that every four point amplitude
can be understood as the product of three point
amplitudes [3] (Is this statement too strong? Are
there better references?).

2. Theories with a parity-even light neutral boson
such as dilaton and moduli. The meaning of the
light will be clarified soon.

These two classes cover a wide class of theories, including
generic stringy setups, providing a strong evidence of the
mild form of WGC.

Strategy

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-

1 [TN: For D � 5, we need more than half SUSY (or more) to kill
the Gauss-Bonnet term. This section is about D = 4, so maybe
it’s OK not to mention it here, just as in the present writing.]

ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].
Suppose that the theory is described by photon and

graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by

S =

Z
d

4
x

p�g


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e
F
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�
, (2)

where Wµ⌫⇢� is the Weyl tensor. Also we assumed parity
invariance for simplicity [YH: Probably this assumption
can be removed.]. In general, we can add the parity vio-
lating term like Fµ⌫F

µ⌫
F⇢�F̃

⇢�, but this does not change
our conclusion. Note that other four-derivative operators
such as R

2
µ⌫ may be absorbed into the three operators

displayed in the above by field redefinition. The higher
derivative operators modify black hole solutions, so that
the charge-to-mass ratio of extremal black holes are cor-
rected as [2]2

z =

p
2MPl|Q|
M

= 1 +
2
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Q

2
(2↵1 � ↵3) , (3)

whereM andQ are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

2 [TN: A dictionary between our ↵i and their ci is c5M2
Pl = ↵2 �

↵3, c6M2
Pl = ↵3/2, and c7M4

Pl = ↵1/4 � ↵2/4. A dictionary
between ours and Chung-Remmen [5] is a01 = ↵1, a02 = ↵2, and
b3 = �↵3 in the unit 2M2

Pl = 1]



Extremality Condition
• The higher derivative operators modify the BH solutions, so the 

charge-to-mass ratio of an extremal BH is corrected: 

applicable when the BH is sufficiently heavy: 

because extremal BHs in Einstein-Maxwell theory satisfy: 

• Proving the WGC (mild form) amounts to showing: 

so large extremal BHs can decay into smaller extremal BHs.
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Our

EVIDENCE OF WGC IN D = 4

The mild form of WGC requires existence of a charged

state with the charged-to-mass ratio z bigger than unity.
In D = 4 the bound is given by

z =

p
2MPl|q|
m

� 1 , (1)

where MPl is the reduced Planck mass scale. In this
Letter, based on unitarity, we argue that even if there
exists no particle satisfying the WGC bound (1), heavy
extremal BHs play the role of the required charged state
in the following two classes of theories:

1. Supersymmetric (SUSY) theories with tree-level
UV completion. Here “tree-level UV completion”

means that every four-point amplitude associated
to higher derivative operators is generated by heavy
particle exchange (see [3] for a related program).

2. Theories with a parity-even light neutral scalar,
such as dilaton and moduli, or a spin 2 light neutral
particle. Here “light” means the mass smaller than
the scale ⇤QFT where the quantum gravity e↵ects
come in and the QFT description breaks down.

These two classes cover a wide class of theories, includ-
ing generic stringy setups, providing a strong evidence of
the mild form of WGC. Extension to general spacetime
dimension D � 5 is also given in Supplement Material.

STRATEGY

One might wonder that our claim is trivial because
the extremal charged BHs in the Einstein-Maxwell the-
ory saturates the bound z = 1. However, it is not true
because the BH solutions is modified by higher derivative
corrections and so is the charge-to-mass ratio of extremal
BHs accordingly [2].
Suppose that the theory is described by photon and

graviton in the infrared. In D = 4 their general e↵ective
action up to four-derivative operators is then given by
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where Wµ⌫⇢� is the Weyl tensor. Also we assumed par-
ity invariance for simplicity. In general, we can add the
parity violating terms like Fµ⌫F

µ⌫
F⇢�F̃

⇢�, but they do
not change our conclusion.[TN: Check this statement by
listing up all the parity violating terms.] Note that other
four-derivative operators such as R

2
µ⌫ may be absorbed

into the three operators displayed in the above by field re-
definition. The higher derivative operators modify black
hole solutions, so that the charge-to-mass ratio of ex-
tremal black holes are corrected as [2]
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

whereM andQ are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M

4
Pl/M

2 and F

2 ⇠ M

6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1�↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus

s
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.
Below the scale ⇤QFT, there may exist massive parti-

cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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More generally, the size of the e↵ective couplings
can be estimated as
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, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

whereM andQ are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,
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On the other hand, if 2↵1�↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.
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We then summarize the unitarity constraints on the
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ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
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string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.
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cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

whereM andQ are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1�↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.
Below the scale ⇤QFT, there may exist massive parti-

cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is



Sketch of the Proof
• We first show that for the aforementioned theories, causality implies 

• The helicity amplitudes M (1+, 2+, 3+2) & M (1-, 2-, 3-2) induced by 𝛼3 
lead to causality violation at the energy scale: 

• Moreover, an infinite tower of massive higher spin particles with  

(just like string theory!) is required to UV complete the EFT at tree-
level [Camanho, Edelstein, Maldacena, Zhibodev]. 

• This infinite tower is also confirmed by a holographic derivation 
using the conformal bootstrap approach [Li, Melzer, and Poland].

• If there are light fields or different Regge towers, 𝛼3 is subdominant 
compared with the causality preserving terms 𝛼1 and 𝛼2.

|α1 | ≫ |α3 |

E ⇠ MPl/
p
↵3
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m ≳ MPl / α3

[Hamada, Noumi, GS]



Sketch of the Proof
• The forward limit t→0 of γγ scattering for the aforementioned theories: 

• The higher derivative operator parametrized by 𝛼1 leads to:

[Hamada, Noumi, GS]

Froissart bound

α1(FμνFμμ)2 ⇒ ℳ ∼ α1s2

a state

extremal 
BH

Q = M
Q − q ≤ M − m

q ≥ m

Unitarity ⇒ 𝛼1 > 0 

can be an extremal BH!
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P1234
sn

(1) +
gh1h4ngh̄3h̄2n

m2
n + s

P1432
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(1)] + analytic

Spinning polynomials  
[Arkani-Hamed, Huang, Huang, ’17]



Proof in more details



Sources of Higher Dimensional Operators
• There are 3 sources of higher dimensional operators, which we 

refer to as (a), (b), (c):

(a) Neutral Bosons 

(b) Loop Effects

s

s0�s0

s

s0�s0

O(z4) O(z2) O(z0)(c) UV Effects

• We now discuss in turn their unitarity constraints.

(dilaton, axion, moduli)

(charged particles)

(string states)

|p2| ⌧ m2
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g g
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F µ⌫
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(a) Light Neutral Bosons
• Consider a scalar (dilaton) and a pseudoscalar (axion): 

• Integrating them out leads to tree-level effective couplings: 

• More generally, the positivity of 𝛼1,2 is consequence of unitarity ⇒ 𝛼1>0 
(𝛼2>0) for parity-even (odd) neutral scalar or spin ≥ 2 particle 

• The proof is a bit technical (see [Hamada, Noumi, GS]) but it follows from 
expressing scattering amplitudes in terms of the spinning polynomials basis 
[Arkani-Hamed, Huang, Huang] and the fact that the forward limit amplitude < s2. 
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1�↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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More generally, the size of the e↵ective couplings
can be estimated as
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⇣
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, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
coupled to a parity-even neutral scalar or a spin 2
neutral particle. Similarly, ↵2 > 0 when photon is
coupled to a neutral pseudo-scalar or a spin 2 neu-
tral particle [4, 5]. Note that the spin 2 particle
may carry an arbitrary parity in either case.

(b) Light charged particles and fermions

In contrast to neutral bosons, charged particles and
fermions cannot generate the e↵ective couplings ↵i
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that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).
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An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1�↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus
the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.

Below the scale ⇤QFT, there may exist massive parti-
cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:
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where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,
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More generally, the size of the e↵ective couplings
can be estimated as
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which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is
coupled to a parity-even neutral scalar or a spin 2
neutral particle. Similarly, ↵2 > 0 when photon is
coupled to a neutral pseudo-scalar or a spin 2 neu-
tral particle [4, 5]. Note that the spin 2 particle
may carry an arbitrary parity in either case.

(b) Light charged particles and fermions

In contrast to neutral bosons, charged particles and
fermions cannot generate the e↵ective couplings ↵i



(b) Charged Particles
• Do not contribute at tree-level, leading contribution is 1-loop: 

• For example, 1-loop effective couplings generated by 
minimally coupled charged particles 

• If z ≫ 1, |𝛼1|, |𝛼2| ≫ |𝛼3| ≫1. In this limit, gravity is negligible and 
unitarity for QFT implies

s

s0�s0

s

s0�s0

O(z4) O(z2) O(z0)

3

at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4),O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1,↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-1)
give a positive contribution to ↵1 and ↵2 (if any) as a con-
sequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.
Let us then focus on the tree-level e↵ects (a) and (c)

in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.
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[Adams et al, ’06];
[Hamada, Noumi, GS]



(b) Charged Particles
• Do not contribute at tree-level, leading contribution is 1-loop: 

• For example, 1-loop effective couplings generated by 
minimally coupled charged particles 

• If z ≫ 1, |𝛼1|, |𝛼2| ≫ |𝛼3| ≫1. Not only do we have superextremal 
particles, there are extremal BHs with z>1:
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at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4),O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1,↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-1)
give a positive contribution to ↵1 and ↵2 (if any) as a con-
sequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.
Let us then focus on the tree-level e↵ects (a) and (c)

in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.
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FIG. 1: A schematic picture of particle spectrum: We assume
that photon and graviton control the BH dynamics at the in-
frared. The ordinary QFT description breaks down at ⇤QFT,
which corresponds to the string scaleMs in string theory. The
spectrum may contain light particles below ⇤QFT (left), but
it is also possible that there are no such light particles (right).

whereM andQ are the mass and charge of the black hole,
respectively. This formula is applicable as long as the
higher derivative corrections are small. More explicitly,
it is applicable if the black hole is su�ciently heavy,

M

2 ⇠ Q

2
M

2
Pl � ↵iM

2
Pl , (4)

because extremal BHs in the Einstein-Maxwell theory
satisfy R ⇠ M

4
Pl/M

2 and F

2 ⇠ M

6
Pl/M

2.
An important observation made in [2] is that extremal

BHs (in the mass range M

2 � ↵iM
2
Pl) have the charge-

to-mass ratio bigger than unity z � 1, if the Wilson co-

e�cients ↵i satisfy the condition,

2↵1 � ↵3 � 0 . (5)

On the other hand, if 2↵1�↵3 < 0, the expectation is no
more valid that extremal BHs satisfy the WGC bound.
In the rest of this section we show that the bound (5)
with a strict inequality indeed follows from unitarity in
the aforementioned two classes of setups.

UNITARITY CONSTRAINTS

We then summarize the unitarity constraints on the
Wilson coe�cients ↵i. For this purpose, let us clar-
ify our setup by classifying possible sources of higher
dimensional operators. Fig. 1 shows a schematic pic-
ture of the particle contents we have in mind. First, we
assume that the BH dynamics is controlled by photon
and graviton at the infrared, and they are weakly cou-
pled. We also assume weakly coupled UV completion of
gravity throughout the paper. There will be some high
energy scale ⇤QFT where the ordinary QFT description
breaks down. Generically, it is below the Planck scale
⇤QFT ⌧ MPl. For example, in string theory it is the
string scale ⇤QFT ⇠ Ms, beyond which we have to fol-
low the dynamics of infinitely many local fields and thus

s

s0�s0

s

s0�s0

O(z4) O(z2) O(z0)

FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In
the other two, the diagrams involve graviton (double wavy
line). If z � 1, gravity is negligible, so that we may apply the
positivity bound derived in non-gravitational theories. The
same argument holds in more general, where the charge-to-
mass ratio z is replaced by the ratio of the photon coupling
of the massive particle and the gravitational force.

the ordinary QFT description breaks down. Note that
Ms ⌧ MPl in the perturbative string.
Below the scale ⇤QFT, there may exist massive parti-

cles, which we call light particles because their masses
are smaller than ⇤QFT. Their contributions to higher
dimensional operators are qualitatively di↵erent among
light neutral bosons and the others as we explain below.

(a) Light neutral bosons (ex. dilaton, axion, moduli)

First, light neutral bosons may generate the e↵ec-
tive interactions ↵i at the tree-level. Let us con-
sider the dilaton � and the axion a for example:

L� = �1

2
(@µ�)2 � m

2
�

2
�

2 +
�

f�
Fµ⌫F

µ⌫
, (6)

La = �1

2
(@µa)

2 � m

2
a

2
a

2 +
a

fa
Fµ⌫

e
F

µ⌫
, (7)

where m and f are the mass and decay constant,
respectively. Integrating out the dilaton and axion,
we obtain the tree-level e↵ective couplings,

↵1 =
2M4

Pl

m

2
�f

2
�

, ↵2 =
2M4

Pl

m

2
af

2
a

. (8)

More generally, the size of the e↵ective couplings
can be estimated as

|↵i| & O
⇣
M

2
Pl

m

2

⌘
, (9)

which is indeed the case for the above examples if
we assume f . MPl. Also in the above examples,
the signs of Wilson coe�cients are always positive:

↵1 > 0 , ↵2 > 0 , (10)

which is a consequence of unitarity. More gener-
ally, unitarity implies that ↵1 > 0 when photon is



(b) Charged Particles
• Do not contribute at tree-level, leading contribution is 1-loop: 

• For example, 1-loop effective couplings generated by 
minimally coupled charged particles 

• If z ≲ 1, 𝛼i ~ O (1), no rigorous unitarity bound is known, but 
other effects (A) and (C) dominate.
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at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive
charged particles are estimated as (cf. Fig. 2)1

↵1,2 = max
�O(z4),O(1)

 
, ↵3 = O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wil-
son coe�cients enjoy |↵1|, |↵2| � |↵3| � 1. More-
over, ↵1,↵2 > 0 follows from unitarity for z � 1,
where gravity is negligible compared to the electric
force [4, 5]. On the other hand, we have ↵i = O(1)
for z . 1. In this regime, as far as we know, no
rigorous bound on ↵i is known so far essentially
because gravity is not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵1|, |↵2| � |↵3| and the positivity of ↵1 and ↵2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources. [TN: Esti-
mate the size of ↵i in a concrete example, such as
Stefano’s nonminimal coupling.]

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the EFT point of view, this e↵ect is sup-
pressed by the scale ⇤QFT, where the quantum
gravity e↵ects come in and the ordinary QFT de-
scription breaks down. Generically, we have

↵i = O
⇣

M

2
Pl

⇤2
QFT

⌘
, (12)

which corresponds to the ↵

0 corrections in string
theory for example. In general it is di�cult to fix
the sign of this e↵ect inside the EFT framework
without knowing the details of the UV completion
of gravity. One possible assumption is that higher
derivative corrections describing the four-point am-
plitude are generated by the diagrams mediated by
some intermediate states. This seems natural as-
sumption from the view point of perturbative string
theory. In particular, in weakly coupled UV com-
pletion, this e↵ect is dominated by the tree-level

1 Note that the running of coupling constants are in the O(1) ef-
fect, which is valid as long as we are in the perturbative regime.
[TN: Please double check this statement.]

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵1,↵2 > 0

(b) charged particles

(b-1) z � 1 |↵1|, |↵2| � |↵3| � 1 ↵1,↵2 > 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects ↵i = O
⇣ M2

Pl

⇤2
QFT

⌘
↵1,↵2 > 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-1)
give a positive contribution to ↵1 and ↵2 (if any) as a con-
sequence of unitarity. The same positivity bounds may be
obtained for the UV e↵ects (c) if we assume the tree-level UV
completion of higher derivative four-point interactions.

particle exchange. We call this assumption the tree-
level UV completion of higher derivative four-point
interactions. Under this assumption, one may de-
rive ↵1 > 0 and ↵2 > 0 from unitarity just as the
tree-level e↵ect (a) [4, 5]. We do not necessarily
use this assumption, but we believe that it is use-
ful to investigate the consequences of tree-level UV
completion.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I. In
particular, the loop e↵ect (b) may be further classified
into the two, (b-1) and (b-2), by the size of interactions
between photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would
like to explore:2 we are interested in if extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤QFT . MPl. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.
Let us then focus on the tree-level e↵ects (a) and (c)

in the following. As we explained, ↵1 and ↵2 are well

2 We note that, even in this situation, the heavy extremal BHs
satisfies WGC in addition to the massive charged particle.



(c) UV Effects
• Higher derivative operators can also be generated by 

integrating out UV effects: 

where ΛQFT is the scale above which ordinary QFT breaks 
down. In string theory, these are 𝛼’ effects. 

• Crucial obstruction in deriving a unitarity bound for gravitational 
theories is that the t-channel graviton exchange in the forward 
limit t→0 dominates and diverges quadratically in s: 

• The UV behavior is made mild if the graviton is accompanied 
by a Regge tower of higher spin states.
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FIG. 2: Typical one-loop corrections to the F 4 terms: In
the left figure the massive charged particle (solid line) in-
duces four-point interactions of photon (wavy line) through
the gauge coupling, hence it is proportional to q4 / z4. In the
other two, the diagrams involve graviton (double wavy line).
If z � 1, gravity is negligible, so that we may apply the posi-
tivity bound derived in non-gravitational theories. The same
argument holds more generally, where the charge-to-mass ra-
tio z is replaced by the ratio of the photon coupling of the
massive particle and the gravitational force.

can be estimated as

|↵i| & O
⇣

M

2

Pl

m

2

i

⌘
, (9)

which is indeed the case for the above examples if
we assume f . M

Pl

. Also in the above examples,
the signs of the Wilson coe�cients are always pos-
itive:

↵

1

> 0 , ↵

2

> 0 , (10)

which is a consequence of unitarity. More generally,
unitarity implies that ↵

1

> 0 when photon is cou-
pled to a parity-even neutral scalar or a spin s � 2
neutral particle. Similarly, ↵

2

> 0 when photon is
coupled to a neutral pseudo-scalar or a spin s � 2
neutral particle. Note that the spin s � 2 particle
may carry an arbitrary parity in either case. See
the Supplemental Material for our derivation3.

(b) Light charged bosons and fermions

In contrast to neutral bosons, charged bosons and
fermions cannot generate the e↵ective couplings ↵i

at the tree-level, hence the leading contribution is
at one-loop. For example, the one-loop e↵ective
coupling generated by a minimally coupled massive

3 To our knowledge, there is no explicit derivation of the
bound (10) in the literature. The bound was suggested in the
seminal work [20], but an explicit derivation of positivity bounds
was demonstrated only in a scalar field model. Also, in [17], it
was claimed that the bound (10) follows from unitarity by a spec-
tral decomposition argument. However, the interactions that [17]
can cover are restrictive (allowing only intermediate states with
spin 0 and 2). Moreover, the interaction for spin 2 is singular in
the UV. We thank Grant Remmen for discussion on this point.

charged particles are estimated as (cf. Fig. 2)4

↵

1,2 = max
�O(z4), O(1)

 
, ↵

3

= O(z2) , (11)

where z is the charge-to-mass ratio of the particle
integrated out. Notice here that when the particle
has a large charge-to-mass ratio z � 1, the Wilson
coe�cients enjoy |↵

1

|, |↵
2

| � |↵
3

| � 1. Moreover,
↵

1

,↵

2

> 0 follows from unitarity for z � 1, where
gravity is negligible compared to the electric force.
On the other hand, we have ↵i = O(1) for z . 1. In
this regime, as far as we know, no rigorous bound
on ↵i is known so far essentially because gravity is
not negligible.

More generally, when the interaction between pho-
ton and the massive particle is stronger than
the gravitational force, there exists the hierarchy
|↵

1

|, |↵
2

| � |↵
3

| and the positivity of ↵
1

and ↵

2

follows from unitarity. If the two interactions are
comparable, there is no known rigorous bound,
but the induced e↵ective interaction is very small
↵i = O(1) compared to other sources.

On top of these possible e↵ects of light particles, there
are higher derivative corrections from the UV completion
of gravity, which we call the UV e↵ects:

(c) UV e↵ects

From the e↵ective field theory (EFT) point of view,
this e↵ect is suppressed by the scale ⇤

QFT

, where
the quantum gravity e↵ects come in and the ordi-
nary QFT description breaks down. Generically,
we have5

↵

1,2 = O
⇣

M

4

Pl

⇤4

QFT

⌘
, ↵

3

= O
⇣

M

2

Pl

⇤2

QFT

⌘
, (12)

which corresponds, e.g., to the ↵

0 corrections in
string theory. In general it is di�cult to fix the
sign of this e↵ect within the EFT framework with-
out knowing the details of the UV completion of
gravity. However, as we discuss in the Supplemen-
tal Material, ↵

1

> 0 and ↵

2

> 0 follow from uni-
tarity as long as the higher spin states Reggeizing
graviton exchange are subdominant in the photon

4 The running of coupling constants are included in theO(1) e↵ect,
which is valid as long as we are in the perturbative regime.

5 One would expect a hierarchy |↵
1

|, |↵
2

| � |↵
3

|, but it is not a
general statement. In this estimate, we assumed that there is a
single scale ⇤

QFT

and other dimensionless constants are O(1),
which corresponds to assuming m ⇠ f in the Lagrangian (6)-(7).
The estimate changes, e.g., when m ⌧ f ⇠ M

Pl

. As we shall see,
another ingredient such as causality or symmetry is necessary to
have a hierarchy |↵

1

|, |↵
2

| � |↵
3

| in general. Our point here is
simply that the Wilson coe�cients ↵i are suppressed by ⇤

QFT

.
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bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵
1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general



(c) UV Effects
• In the Regge limit s→∞ (with t<0 fixed), the amplitude: 

is bounded by < s2  for t<0 as long as 𝛾>0. 
• Expanding the amplitude in powers of t:
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bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general
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bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general



(c) UV Effects
• In the Regge limit s→∞ (with t<0 fixed), the amplitude: 

is bounded by < s2  for t<0 as long as 𝛾>0. 
• Expanding the amplitude in powers of t:
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bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general
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bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general

bounded by s3, but less bounded than non-gravitational case



(c) UV Effects
• In the Regge limit s→∞ (with t<0 fixed), the amplitude: 

is bounded by < s2  for t<0 as long as 𝛾>0. 
• Expanding the amplitude in powers of t:
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bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general

8

bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general

bounded by s3, but less bounded than non-gravitational case

Analytic part of M may contain           terms with a negative  
coefficient, thus cannot derive positivity bound on the           term.

𝒪(s2)
𝒪(s2)



(c) UV Effects
• In string theory, 𝛾 is 𝛼’ , the Regge states contributions to 

• The unitarity bound we found earlier is applicable if ∃ other more 
dominant contribution from, e.g., a light neutral boson with m ≪ Ms  or 
a different Regge tower. 

• For example, the open string coupling 

• In UV completions where the higher spin states Reggeizing the 
graviton exchange are subdominant in the photon scattering: 
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bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general

g0 ∼ g1/2
s > > gs

8

bounds (21) may be justified. A crucial obstruction for
deriving a rigorous unitarity bound in gravitational sys-
tems is that the t-channel graviton exchange dominates
in the forward limit t ! 0 and quadratically diverges in
the high energy limit:

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

. (31)

Then, the ansatz (28) is not applicable anymore. Pre-
sumably, the only way to make mild the UV behavior of
forward scattering is for the graviton to be accompanied
by higher spin states (Regge states) to have amplitudes
of the form,

M(s, t) ⇠ � 1

M

2

Pl

s

2+�t+O(t2
)

t

, (32)

in the Regge limit s ! 1 (t < 0 : fixed). The amplitude
is then bounded as < s

2 for small negative t as long as
� > 0. It is also instructive to expand Eq. (32) as

M(s, t) ⇠ � 1

M

2

Pl

s

2

t

� �

M

2

Pl

s

2 log s + O(t) , (33)

which implies that the O(t0) term behaves as ⇠ s

2 log s in
the high energy limit. It is polynomially bounded < s

3,
but less bounded than the non-gravitational case. Hence,
O(s2) terms may appear as an analytic component of
Eq.(28). Since these new analytic O(s2) terms may have
a negative coe�cient, we can not derive the positivity
bound on the O(s2) term anymore.

Does it mean that we cannot say anything about the
sign of the Wilson coe�cients ↵i in gravitational sys-
tems? Physically speaking, it is not true: We should be
able to get bounds at least when the gravitational e↵ects
are small enough. For example in string theory, the coef-
ficient � is determined by the string scale Ms as � ⇠ M

�2

s

and the O(t0) component of the scattering amplitude is
schematically of the form,

s

2

M

2

Pl

M

2

s

1X

n=0

cn

✓
s

M

2

s

◆n

, (34)

with O(1) coe�cients cn. Then, the Regge states (asso-
ciated to the graviton and thus are closed strings) con-
tribute to ↵

1

and ↵

2

as

[↵
1,2]

Regge

⇠ M

2

Pl

M

2

s

. (35)

The bound (21) is therefore applicable if there exists
other intermediate states generating four-photon e↵ec-
tive interactions bigger than Eq. (35). This is the case,
e.g., when the photon is coupled to a light neutral bo-
son with the mass m ⌧ Ms. Another typical example is
when the photon comes from an open string. Since the

intermediate open string states generate e↵ective inter-
actions,

[↵
1,2]

open

⇠ M

2

Pl

gsM

2

s

, (36)

this e↵ect is parametrically bigger than (35) due to a
factor g

�1

s � 1. Note that the infinitely many higher
spin open string states contribute to the e↵ective cou-
pling ↵

1,2 (recall that intermediate states with an arbi-
trary spin may contribute). More generally, we expect
that the bound (21) may be justified if the contribution,

[↵
1,2]

Regge

⇠ M

2

Pl

⇤2

Regge

, (37)

from the Regge states which UV complete gravity is sub-
dominant compared to other e↵ects, where we introduced
the typical mass scale of the Regge states as ⇤

Regge

.

Why not using the contour deformation?

One would wonder why we did not use the argument
of the reference [20] based on the contour deformation on
the complex s-surface.

I
ds

2⇡i

M(s, 0) (38)

M(s, t) ' 1

M

2

Pl

s

2

t

+
s

2

m

2

f

2

(39)

t � f

2

M

2

Pl

m

2 (40)

If the decay constant is parametrically smaller than the
Planck scale f ⌧ M

Pl

, it is possible to choose t such that

m

2 � t � f

2

M

2

Pl

m

2

, (41)

where the momentum transfer is parametrically smaller
than the mass of the exchanged particle, so that we may
think of this process as a forward scattering. We believe
that. However, the dilaton typically has a decay constant
f ⇠ M

Pl

.
Nevertheless, it is interesting to notice that

M(s, t) ' �s

2

t

+ (2↵

1

� ↵

3

)s2 (42)

Extension to D � 5

In this section we extend our 4D argument to general
spacetime dimension D � 5. The WGC bound in general

unitarity ⇒ α1 > 0 and α2 > 0



WGC from Unitarity

• When (b-1) dominates,  

⇒ large extremal BHs can decay but then we already have a 
superextremal particle satisfying the WGC. 

• We are interested in whether extremal BHs may play the role 
of the WGC state when there are no particles with z ≥ 1 

⇒ Effects (a) or (c) (which are tree-effects) dominate.

2↵1 � ↵3 > 0
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4

magnitude unitarity

(a) neutral bosons ↵i & O
⇣M2

Pl

m2

⌘
↵

1

,↵
2

> 0

(b) loop e↵ects

(b-1) z � 1 |↵
1

|, |↵
2

| � |↵
3

| � 1 ↵
1

,↵
2

> 0

(b-2) z = O(1) ↵i = O(1) N.A.

(c) UV e↵ects

↵
1,2 = O

⇣ M4

Pl

⇤4

QFT

⌘

↵
3

= O
⇣ M2

Pl

⇤2

QFT

⌘ ↵
1

,↵
2

> 0 (?)

TABLE I: Sources of higher derivative operators: The tree-
level e↵ect (a) from neutral bosons and the loop e↵ect (b-
1) give a positive contribution to ↵

1

and ↵
2

(if any) as a
consequence of unitarity. The same bounds are applicable
to the UV e↵ects (c) if the Regge states associated to the
graviton are subdominant in the photon scattering.

scattering. This may happen, e.g., when the pho-
ton and the graviton are accompanied by di↵erent
sets of Regge states, just as in open string theory.

The magnitude of the three e↵ects (a)-(c) and the uni-
tarity constraints on them are summarized in Table I.
In particular, the loop e↵ect (b) may be further classi-
fied into two, (b-1) and (b-2), by the size of interactions
between the photon and the massive particle.

WGC FROM UNITARITY

We now discuss implications of unitarity on the WGC.
See also Fig. 3 for a summary of our argument. One easy
observation is that the inequality (5) is satisfied when
the e↵ect (b-1) dominates over the others because its
contribution to the l.h.s. of Eq. (5) is always positive.
This is the case, e.g., when there exists a massive charged
particle with z � 1. Since this particle trivially satisfies
the WGC bound, this situation is not what we would like
to explore6: We are interested in whether extremal BHs
may play the role of the charged state required by the
WGC in case there are no particles with z � 1. Also,
the e↵ect (b-2) is always subleading at least as long as
⇤

QFT

. M

Pl

. Therefore, in nontrivial setups for our
question, the loop e↵ect (b) from light particles is always
subleading.

Let us then focus on the tree-level e↵ects (a) and (c)
in the following. As we explained, ↵

1

and ↵

2

are well
constrained by unitarity, but no rigorous bound on ↵

3

is
known so far, as far as we know. Since the inequality (5)
involves ↵

3

, one might give up deriving it from unitarity.

6 We note that, even in this situation, extremal BHs can satisfy
the WGC in addition to the massive charged particle.

However, it is useful to recall that the ↵

3

operator is
significantly constrained by causality.

Causality constraints

The key is that ↵

3

generates new photon-photon-
graviton helicity amplitudes which do not exist in the
Einstein-Maxwell theory. The photon-photon-graviton
amplitudes in the setup (2) are schematically given by

M(1+

, 2�, 3±2) = M(1�, 2+

, 3±2) ⇠ E

2

M

Pl

,

M(1+

, 2+

, 3+2) = M(1�, 2�, 3�2) ⇠ ↵

3

E

4

M

3

Pl

,

(other helicity amplitudes) = 0 , (13)

where M(1+

, 2+

, 3+2) stands for the scattering ampli-
tude of two helicity plus photons and one helicity plus
graviton (in the all in-coming notation) for example. Also
E is a typical energy scale.

In [21], an interesting observation was made that the
new helicity amplitudes lead to causality violation at the

energy scale E ⇠ M

Pl

/↵

1/2

3

, so that this scale has to be
beyond the EFT cuto↵. Moreover, it was argued that an
infinite tower of massive higher spin particles (just like
string theory!) with the lightest particle at the scale m ⇠
M

Pl

/↵

1/2

3

is required to UV complete the EFT at the
tree-level without causality violation (see also [22] for a
holographic derivation based on the conformal bootstrap
approach). In other words, the ordinary QFT description
with a finite field content is not available beyond the scale

⇠ M

Pl

/↵

1/2

3

, hence ⇤
QFT

. M

Pl

/↵

1/2

3

. Therefore, ↵

3

generated at the tree-level is suppressed as

tree-level e↵ects: ↵

3

. M

2

Pl

⇤2

QFT

, (14)

which means that all the tree-level contribution to ↵

3

is
classified into the e↵ect (c) in Table I and thus the e↵ect
(a) from light neutral bosons has no contribution to ↵

3

.

Case (1): theories with light neutral bosons

We now find that if the tree-level e↵ect (a) of light
neutral bosons dominates over the others, the Wilson
coe�cients enjoy

|↵
1

| , |↵
2

| � |↵
3

| (15)

as a consequence of causality. Since the e↵ect (a) gives a
positive contribution to ↵

1

as a consequence of unitarity,
the inequality (5) and thus the mild form of the WGC
are satisfied. Recall that we need a parity-even neutral
scalar or a spin s � 2 neutral particle to have nonzero



Causality
• The helicity amplitudes M (1+, 2+, 3+2) & M (1-, 2-, 3-2) induced 

by 𝛼3 lead to causality violation at the energy scale: 
• Moreover, an infinite tower of massive higher spin particles 

with m ≳              is required to UV complete the EFT at tree-
level [Camanho, Edelstein, Maldacena, Zhibodev] 

• This infinite tower is also confirmed by a holographic derivation 
using the conformal bootstrap approach [Li, Melzer, and Poland] 

• The scale at which QFT breaks down: 

E ⇠ MPl/
p
↵3
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constrained by unitarity, but no rigorous bound on ↵3 is
known so far, as far as we know. Since the inequality (5)
involves ↵3, one might give up deriving it from unitarity.
However, it is useful to recall that the ↵3 operator is
significantly constrained by SUSY and causality.

Supersymmetry

Let us first discuss implications of SUSY. A crucial
point is that ↵3 generates new photon-photon-graviton
helicity amplitudes which do not exist in the Einstein-
Maxwell theory. The photon-photon-graviton ampli-
tudes in the setup (2) are schematically given by

M(1+, 2�, 3±2) = M(1�, 2+, 3±2) ⇠ E

2

MPl
,

M(1+, 2+, 3+2) = M(1�, 2�, 3�2) ⇠ ↵3
E

4

M

3
Pl

,

(other helicity amplitudes) = 0 , (13)

where M(1+, 2+, 3+2) stands for the scattering ampli-
tude of two helicity plus photons and one helicity plus
graviton (in the all in-coming notation) for example.
Also E is a typical energy scale. The helicity ampli-
tudes M(1+, 2+, 3+2) and M(1�, 2�, 3�2) generated by
the ↵3 coupling are incompatible with the SUSY Ward-
Takahashi identity, essentially because they break the he-
licity symmetry too much (see, e.g., the textbook [7]).
Hence ↵3 = 0 in SUSY theories and then the inequal-
ity (5) is simply reduced to

↵1 � 0 . (14)

Recall that the e↵ect (a) always gives a positive contribu-
tion to ↵1 (if any), whereas the e↵ect (c) is positive if the
dominant contributions to higher derivative operators are
from the tree-level exchange of heavy particles. We there-
fore conclude that in SUSY theories the inequality (5)
and thus the mild form of WGC follow from unitarity
under the assumption of the tree-level UV completion of
higher derivative four-point interactions.

Here we would like to remark that what we used to
set ↵3 = 0 (in the dominant e↵ects (a) and (c)) is SUSY
of tree-level scattering amplitudes. Therefore, our argu-
ment is applicable even in non-SUSY theories as long as
the tree-level scattering of photon and graviton is consis-
tent with SUSY. This is the case, e.g., in the heterotic su-
perstring without spacetime SUSY [8], where spacetime
SUSY is broken by a non-conventional GSO projection,
but the tree-level vertices of the bosonic sector are the
same as ordinary E8 ⇥ E8 heterotic superstring.3 We

3 To be precise, the model in [8] has a non-Abelian gauge group

also remark that the same conclusion is available if there
exists another principle prohibiting ↵3 at the tree-level.
For example, if we assume that higher derivative cubic in-
teractions are also generated by heavy particle exchange,
↵3 = 0 follows unless either photon or graviton mixes
with heavy particles kinematically.

Causality

We then discuss implications from causality. The key
is again the new helicity amplitudes generated by ↵3. See
Eq. (13). An interesting observation given in [9] is that
the new helicity amplitudes lead to causality violation at

the energy scale E ⇠ MPl/↵
1/2
3 , so that this scale has to

be beyond the EFT cuto↵. Moreover, it was argued that
an infinite tower of massive higher spin particles (just

like string theory!) with the mass m ⇠ MPl/↵
1/2
3 is re-

quired to UV complete the EFT at the tree-level without
causality violation. In other words, the ordinary QFT
description with a finite field content has to break down

at the scale ⇤QFT ⇠ MPl/↵
1/2
3 . Therefore, ↵3 generated

at the tree-level is suppressed by ⇤QFT as

tree-level e↵ects: ↵3 ⇠ M

2
Pl

⇤2
QFT

, (15)

which means that all the tree-level contribution to ↵3 is
classified into the e↵ect (c) in Table I and thus the e↵ect
(a) from light neutral bosons has no contribution to ↵3.
We now find that if the tree-level e↵ect (a) of light

neutral bosons dominates over the others, the Wilson
coe�cients enjoy

|↵1| , |↵2| � |↵3| (16)

as a consequence of causality. Since the e↵ect (a) gives
a positive contribution to ↵1 as a consequence of unitar-
ity, the inequality (5) and thus the mild form of WGC
are satisfied. Recall that we need a parity-even neutral
scalar or a spin 2 neutral particle to have nonzero ↵1. We
therefore conclude that the mild form of WGC is satisfied
by heavy extremal BHs even if there are no charged par-
ticles with z � 1, as long as a parity-even neutral scalar
or a spin 2 neutral particle with the mass m ⌧ ⇤QFT is
coupled to photon. The dilaton and moduli may play the
role of this neutral particle (as long as they are not too
heavy), hence this scenario is quite generic.
We also remark that this scenario matches with string

theory very well:4 In string theory, charged particles are

O(16) ⇥ O(16), so that we need to Higgs it to multiple U(1)’s
in order to make it relevant for the WGC. Also note that in
contrast to this model, ↵3 is non-vanishing at the tree-level in
bosonic string theory.

4 We thank Cumrun Vafa for sharing with us this interpretation
of him.[TN: Is this way of acknowledge OK?]
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time delay/advancement on shock waves

We emphasize that we work here with the on-shell three-point functions, independently

of the precise way we write the Lagrangian. This discussion depends only on on-shell three-

point functions and not on other contact terms. Any contact four point interaction does

not give rise (at tree level) to the long range force at a non-zero value of the impact

parameter.

3.3. Problems with Higher Derivative Corrections to the Three-Point Functions

We discussed above how the three-point functions give rise to the leading order ex-

pression for the phase shift δ(⃗b, s) = sF (⃗b). If this result were exponentiated, as eiδ , then

we could get a time advance problem similar to what we found for the shock waves. Here

we would like to explain how to get a time advance problem without using the particular

non-linear structure of shock waves. The goal is to present the problem in a way that

depends only on very general principles.

Fig. 5: We imagine a particle going through a set of successive scattering events.

The intrinsic quantum uncertainty in v is ∆qv. We have drawn a situation where
there is a final time advance after going through all the shocks that is larger than the

quantum uncertainty. In this figure we have neglected the delay of the u-localized
particles.

First note that in order for time delay to be a problem we would like to find that the

time delay ∆v = ∂p2,vδ is larger than the quantum mechanical uncertainty that is implicit

20

phase shift of photon propagation

fig: Camanho et al ’14

x

t

δ ∼ s (ln(LIR/b) ± |α3 |
b2

+ …)
time delay in GR

helicity dependent phase shit
: impact parameterb : IR cutoffLIR

※ time advancement for b2 ln(L/b) ≪ |α3 |
→ causality violation 
    unless this scale is beyond UV cutoff

※ similar argument shows 
    massive particle w/spin          does not helpJ ≤ 2



an infinite tower of higher spins!
# phase shift generated by spin J is δ ∼ sJ−1

- causality requires that          is analytic on the complex s UHPeiδ(s)

- unitarity requires                   on the UHP|eiδ(s) | ≤ 1

# consistency requirements 
 [Camanho-Edelstein-Maldacena-Zhiboedov ’14, Maldacena-Shenker-Stanford ’15]

# suppose that             for large |s|, then δ ∼ sp p ≤ 1

→ finite spinning particles do not help 
→ at least requires an infinite higher spin particles (Regge tower)



Class 1: Theories with Light Neutral Bosons
• If tree-level effect (a) dominates, casualty implies 

• The WGC can be satisfied by extremal BHs if ∃ a parity-even 
neutral scalar or a spin ≥ 2 neutral particle with m ≪ ΛQFT. 

• Open-closed string duality interpretation:

4

constrained by unitarity, but no rigorous bound on ↵3 is
known so far, as far as we know. Since the inequality (5)
involves ↵3, one might give up deriving it from unitarity.
However, it is useful to recall that the ↵3 operator is
significantly constrained by SUSY and causality.

Supersymmetry

Let us first discuss implications of SUSY. A crucial
point is that ↵3 generates new photon-photon-graviton
helicity amplitudes which do not exist in the Einstein-
Maxwell theory. The photon-photon-graviton ampli-
tudes in the setup (2) are schematically given by

M(1+
, 2�

, 3±2) = M(1�
, 2+

, 3±2) ⇠ E

2

MPl
,

M(1+
, 2+

, 3+2) = M(1�
, 2�

, 3�2) ⇠ ↵3
E

4

M

3
Pl

,

(other helicity amplitudes) = 0 , (13)

where M(1+
, 2+

, 3+2) stands for the scattering ampli-
tude of two helicity plus photons and one helicity plus
graviton (in the all in-coming notation) for example.
Also E is a typical energy scale. The helicity ampli-
tudes M(1+

, 2+
, 3+2) and M(1�

, 2�
, 3�2) generated by

the ↵3 coupling are incompatible with the SUSY Ward-
Takahashi identity, essentially because they break the he-
licity symmetry too much (see, e.g., the textbook [7]).
Hence ↵3 = 0 in SUSY theories and then the inequal-
ity (5) is simply reduced to

↵1 � 0 . (14)

Recall that the e↵ect (a) always gives a positive contribu-
tion to ↵1 (if any), whereas the e↵ect (c) is positive if the
dominant contributions to higher derivative operators are
from the tree-level exchange of heavy particles. We there-
fore conclude that in SUSY theories the inequality (5)
and thus the mild form of WGC follow from unitarity
under the assumption of the tree-level UV completion of
higher derivative four-point interactions.

Here we would like to remark that what we used to
set ↵3 = 0 (in the dominant e↵ects (a) and (c)) is SUSY
of tree-level scattering amplitudes. Therefore, our argu-
ment is applicable even in non-SUSY theories as long as
the tree-level scattering of photon and graviton is consis-
tent with SUSY. This is the case, e.g., in the heterotic su-
perstring without spacetime SUSY [8], where spacetime
SUSY is broken by a non-conventional GSO projection,
but the tree-level vertices of the bosonic sector are the
same as ordinary E8 ⇥ E8 heterotic superstring.3 We

3 To be precise, the model in [8] has a non-Abelian gauge group

also remark that the same conclusion is available if there
exists another principle prohibiting ↵3 at the tree-level.
For example, if we assume that higher derivative cubic in-
teractions are also generated by heavy particle exchange,
↵3 = 0 follows unless either photon or graviton mixes
with heavy particles kinematically.

Causality

We then discuss implications from causality. The key
is again the new helicity amplitudes generated by ↵3. See
Eq. (13). An interesting observation given in [9] is that
the new helicity amplitudes lead to causality violation at

the energy scale E ⇠ MPl/↵

1/2
3 , so that this scale has to

be beyond the EFT cuto↵. Moreover, it was argued that
an infinite tower of massive higher spin particles (just

like string theory!) with the mass m ⇠ MPl/↵

1/2
3 is re-

quired to UV complete the EFT at the tree-level without
causality violation. In other words, the ordinary QFT
description with a finite field content has to break down

at the scale ⇤QFT ⇠ MPl/↵

1/2
3 . Therefore, ↵3 generated

at the tree-level is suppressed by ⇤QFT as

tree-level e↵ects: ↵3 ⇠ M

2
Pl

⇤2
QFT

, (15)

which means that all the tree-level contribution to ↵3 is
classified into the e↵ect (c) in Table I and thus the e↵ect
(a) from light neutral bosons has no contribution to ↵3.
We now find that if the tree-level e↵ect (a) of light

neutral bosons dominates over the others, the Wilson
coe�cients enjoy

|↵1| , |↵2| � |↵3| (16)

as a consequence of causality. Since the e↵ect (a) gives
a positive contribution to ↵1 as a consequence of unitar-
ity, the inequality (5) and thus the mild form of WGC
are satisfied. Recall that we need a parity-even neutral
scalar or a spin 2 neutral particle to have nonzero ↵1. We
therefore conclude that the mild form of WGC is satisfied
by heavy extremal BHs even if there are no charged par-
ticles with z � 1, as long as a parity-even neutral scalar
or a spin 2 neutral particle with the mass m ⌧ ⇤QFT is
coupled to photon. The dilaton and moduli may play the
role of this neutral particle (as long as they are not too
heavy), hence this scenario is quite generic.
We also remark that this scenario matches with string

theory very well:4 In string theory, charged particles are

O(16) ⇥ O(16), so that we need to Higgs it to multiple U(1)’s
in order to make it relevant for the WGC. Also note that in
contrast to this model, ↵3 is non-vanishing at the tree-level in
bosonic string theory.

4 We thank Cumrun Vafa for sharing with us this interpretation
of him.[TN: Is this way of acknowledge OK?]

open string loop tree level
closed string propagation

equivalent

z > 1 z < 1



Class 2: Open-String Type UV Completion
• The photon and the graviton can be accompanied by different 

sets of Regge states, e.g., in theories with open strings: 

• Unitarity implies:                               which can be explicitly 
seen in the photon scattering of Type I string theory. 

• The graviton comes with a Regge tower with a mass scale: 

• 𝛼3=0  for SUSY theories since M (1+, 2+, 3+2) and M (1-, 2-, 3-2) 
are incompatible with the SUSY Wald-Takahashi identity. 

• Regardless of SUSY:

5

dominant loop effects?
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↵

1

NO NO

※ essentially “weak gravity”
photon-matter-matter >> gravity

→ heavy extremal BHs with z > 1
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causality: ↵
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|
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WGC from causality WGC if graviton Regge states are 
subdominant in photon scattering
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different sets of Regge states 
for photon and graviton?

YES

FIG. 3: A flow chart for our derivation of the WGC from unitarity: Each step explains which conditions are necessary besides
unitarity to show that heavy extremal BHs have the charge-to-mass ratio z > 1 and thus the mild form of WGC is satisfied.

↵

1

. We therefore conclude that the mild form of WGC
is satisfied by heavy extremal BHs even if there are no
charged particles with z � 1, as long as the photon is
coupled to a parity-even neutral scalar or a spin s � 2
neutral particle with a mass m ⌧ ⇤

QFT

. The dilaton
and moduli may play the role of this neutral particle (as
long as they are not too heavy), hence this scenario is
quite generic.

We also remark that our findings match well with the
expectation from open-closed string duality7. In string
theory, charged particles are generically associated to
open strings. If their charge-to-mass ratios do not sat-
isfy the WGC bound z < 1, the open string has to be
long such that its lowest mode is heavy enough to make
z small. In this regime, it is more appropriate to in-
terpret the open string loop as a tree-level exchange of
closed strings, which naturally gives the tree-level e↵ect
(a) from light neutral particles such as dilaton and mod-
uli.

Case (2): open string type UV completion

Then, what is the case without light neutral bosons?
As mentioned, it is possible to give rigorous bounds on
↵

1,2 if the photon and the graviton are accompanied by
di↵erent sets of Regge states. As an illustrative example,
let us consider open string theory: The Regge states as-
sociated to the photon and the graviton are the open and
closed string states, respectively. Since the open string
coupling go is parametrically bigger than the closed string

coupling gs, go ⇠ g

1/2

s � gs, the closed string e↵ects
are subdominant in the photon scattering. In particular,

7 We thank Cumrun Vafa for sharing this observation with us.

each sector contributes to the F

4 operators as8

[↵
1,2]open

⇠ M

2

Pl

gsM

2

s

, [↵
1,2]closed

⇠ M

2

Pl

M

2

s

, (16)

and then unitarity implies

↵

1,2 ' [↵
1,2]open

> 0 . (17)

As an example, the positivity of ↵

1

can explicitly be seen
in the photon scattering of type-I superstring, where in-
finitely many higher spin open string states contribute
to the e↵ective coupling ↵

1,2 (see also footnote 3 and
the Supplemental Material). Also recall that the gravi-
ton has to be accompanied by an infinite tower of higher
spin particles, i.e., the Regge states, with the mass scale

m ⇠ M

Pl

/↵

1/2

3

if ↵

3

is nonzero. Indeed, in the bosonic
string we have,

bosonic string: ↵

3

⇠ M

2

Pl

M

2

s

. (18)

Note that ↵

3

is prohibited in N � 1 supersymmetric
(SUSY) theories because it generates the helicity ampli-
tudes M(1+

, 2+

, 3+2) and M(1�
, 2�

, 3�2) incompatible
with the SUSY Ward-Takahashi identity (see, e.g., [23]):

SUSY: ↵

3

= 0 . (19)

Therefore, both in SUSY and non-SUSY cases, ↵

3

is sup-
pressed compared with the open string contributions to
↵

1

. Clearly, we have

↵

1

+
1

2
↵

3

' [↵
1

]
open

> 0 . (20)

More generally, the mass scale of the Regge states as-
sociated to the graviton is specified by the value of ↵

3

8 Here we assume that the scale of compactification is O(Ms).
However, even if we allow the large compactification volume, the
relation [↵

1,2]open

� [↵
1,2]

closed

does not change.
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• Theories not covered by our proof are those with one type of Regge states 
(e.g., heterotic string) & no light bosons below Ms. 

• If the WGC follows from field theoretical consistencies alone, it won’t be a 
swampland condition! 

• Nonetheless, explicit calculations of scattering amplitudes give 𝛼1>0 and 
𝛼2>0. Moreover, 𝛼3=0 because of SUSY. 

• Argument is applicable as long as the tree-level scattering inherits the same 
structure, e.g., the O(16)xO(16) string [Alvarez-Gaume, Ginsparg, Moore, Vafa].



WGC and Blackhole Entropy



WGC from Blackhole Entropy?
• There has been a recent claim of a proof of the WGC from 

blackhole entropy [Cheung, Liu, Remmen]

• The argument basically boils down to: 

If there exist a light field with m≪ΛQFT, integrating out this 
field leads to ΔS>0 (more dof, more entropy). 

Explicit calculations show that ΔS>0 ⇔ zext >1 

• Other than the limited applicability, this begs the questions: 

Does more dof means ΔS>0? 

Is there a physical reason for ΔS>0 ⇔ zext >1



A Counterexample
• Consider a massive spin 2 field hμ𝜈 coupled with the F2 term: 

where h:=hμμ and 𝜀αβμ𝜈 is the kinetic operator.  
• Since the trace part h has no propagating mode, we can remove 

it from the interaction term by a field redefinition: 

 and the Lagrangian becomes:
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where rH is the horizon radius in the Einstein-Maxwell
theory. For a not too small ⇠, �S

horizon

is O(ai) and its
concrete form is given in [13]. For ⇠ ' 0, however, it

is O(a1/2
i ) as we calculate shortly, so that |�S

horizon

| �
|�S

int

| as long as higher derivative corrections are small
(which is true for su�ciently heavy BHs as we mentioned
in the main text). In this regime, the entropy correction
is positive �S > 0 if the horizon shift �rH is positive.

An immediate conclusion here is that the entropy cor-
rection for heavy BHs with ⇠ = 0 is positive if the higher
derivative corrections resolve the degeneracy of the two
horizons without introducing a naked singularity: In this
case, there appear two horizons at r = rH ±�rH , where
the plus (minus) sign is for the outer (inner) horizon. The
horizon shift for the outer horizon is then always positive
and so is the entropy correction. Note that this condition
is nothing but the requirement that the charge-to-mass
ratio z

ext

of heavy extremal BHs is shifted as z

ext

> 1
(otherwise the modified BH solution has a naked singu-
larity) and thus heavy extremal BHs play the role of the
state with z > 1 required by the mild form of WGC.

More explicitly, the entropy correction for ⇠ = 0 is
calculated as follows: First, suppose that the BH solution
takes the form,
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after including higher derivative corrections. The loca-
tion of the horizons is then determined by g(r) = 0.
When higher derivative corrections are small, it is conve-
nient to decompose g(r) as

g(r) = gEM (r) + �g(r) , (75)

where gEM (r) is g(r) in the Einstein-Maxwell theory:
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See [13] for a concrete form of �g(r). We can then eval-
uate the horizon shift �rH for generic ⇠ by solving
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where F(ai) is the same function as Eq. (52). If F(ai) >

0, the BH with ⇠ = 0 has no naked singularity, but rather
it has two horizons after including higher derivative cor-
rections. The positive (negative) solution for Eq. (79) is
for the outer (inner) horizon. Note that this is essentially
the same statement that there exist BHs of the charge-
to-mass ratio z > 1 without naked singularity. Also, we

see that the horizon shift is �rH / F(ai)1/2 = O(a1/2
i ).

The entropy correction is then
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p
F(ai) . (80)

We have now explicitly shown that the entropy correction
for ⇠ = 0 is positive when F > 0 and thus heavy extremal
BHs satisfy the WGC bound (which is the case, e.g., for
the two setups we considered in this paper).

Comment on [13]

Here we point out a loophole in the entropy argument
given in [13]. As an illustrative example, let us consider
the following Lagrangian of a massive spin 2 field, hµ⌫ ,
coupled with F

2 term (see, e.g., the review [43] for the
kinematics of a massive spin 2 field):
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+ �L , (81)
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where L
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is the Einstein-Maxwell Lagrangian and we
introduced h := h
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µ. The kinetic operator E↵�
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Since the trace part h does not give any propagating
mode (in other words, there is no on-shell pole in the two
point function), we can remove it from the interaction
term by a field redefinition. Indeed, if one performs a
transformation,

hµ⌫ ! hµ⌫ � 4

3m

2

M

✓
⌘µ⌫ +

2

m

2

@µ@⌫

◆
F⇢�F
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, (83)

17 For simplicity, we neglected metric fluctuations around the
Minkowski background. However, our conclusion up to the four
derivative operators, which is relevant to the WGC argument,
does not change even if we take into account their e↵ects.
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the Lagrangian is given by

�L = � 1

4
h
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The BH entropy in this model is smaller than that of the
Einstein-Maxwell theory due to the negative coe�cient
of the F

4 term. Since the BH entropy is invariant un-
der field redefinition, the same conclusion applies to the
original Lagrangian (81). This is a simple example which
contains more UV degrees of freedom, but gives a smaller
BH entropy compared to the Einstein-Maxwell theory.

In the language of [13], this loophole comes from the
fact that the Euclidean action corresponding to the solu-
tion of the equation of motion need not be a local mini-
mum with respect to the auxiliary component h. We also
note that [13] made an assumption on the UV theory that
its Euclidean action with a vanishing UV field � = 0 is
equivalent to that of the Einstein-Maxwell theory for any
configuration of the metric and the gauge field. However,
this assumption is not invariant under field redefinition,
like Eq. (83).

In our argument, on the other hand, the model (81)
is excluded by requiring a mild UV behavior of scatter-
ing amplitudes at large s. Also, our argument based on
scattering amplitudes does not su↵er from ambiguity as-
sociated with field redefinition.
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A Counterexample
• The BH entropy is smaller than that of Einstein-Maxwell theory 

due to the negative coefficient of the F4 term. 
• [Cheung, Liu, Remmen] assumed that the Euclidean action with a 

vanishing UV field 𝛘=0 is equivalent to that of the Einstein-
Maxwell theory for any configuration of the metric & gauge field. 

• This assumption is not invariant under field redefinition. 
• Our argument based on scattering amplitudes (rather than 

Lagrangians) is invariant under field redefinition. 
• This counterexample is excluded by our analysis as we demand 

a mild UV behavior of scattering amplitudes at large s. 



Blackhole Entropy Corrections
• We provided a physical explanation for ΔS>0 ⇔ zext >1 and thus 

our unitarity bounds imply that ΔS>0 for extremal BHs. 
• The leading correction to the BH entropy: 

• The dominant contribution to ΔS is positive if ΔrH > 0:

12

G(ai, ⇠) = 2(D � 2)2(D � 3)(1 � ⇠)2(2a

1

+ a

2

)

+
2(1 � ⇠)(D � 2)(D � 3)

D � 1

⇥
(D2 � 8D + 13) � (4D

2 � 18D + 20)⇠
⇤

a

3

+
4(D � 2)

D � 1

h
(D3 � 9D

2 + 28D � 29)(1 � ⇠)2 + (D � 1)(3D � 7)⇠
�
1 + (D � 3)⇠

�i
a

4

, (66)

where S

EM

is the BH entropy of the mass M and the
charge Q in the Einstein-Maxwell theory and �S is the
higher derivative correction to it. m and q are the
rescaled mass and charge,

m =


2

M

(D�2)⌦D�2

, q =
Qp

(D�2)(D�3)⌦D�2

, (67)

such that the extremality condition is |q| = m in the
Einstein-Maxwell theory. Also, ⇠ is defined by

⇠ =

r
1 � q

2

m

2

, (68)

so that ⇠ = 1 for Schwarzschild BHs and ⇠ = 0 for ex-
tremal BHs in the Einstein-Maxwell theory. Note that
Eq. (65) is singular in the extremal limit ⇠ = 0, but this
divergence is not physical: ⇠ ' 0 is simply out of validity
of the approximation. We provide the entropy correction
formula for ⇠ = 0 later.

It is easy to see that the coe�cients of 2a

1

+a

2

and a

4

in
Eq. (66) are positive for any 0 < ⇠ < 1 and D � 4. Also
recall that the two setups we considered accommodate
the hierarchy,

|a
1

|, |a
2

| � |a
3

|, |a
4

| for D � 5 , (69)

|a
1

|, |a
2

| � |a
3

| for D = 4, (70)

and satisfy the positivity bound,

2a

1

+ a

2

> 0 , (71)

as a consequence of unitarity and causality. Hence, in
D � 5, the function G(ai, ⇠) and therefore the entropy
correction are positive for any charged BH in the two
setups (⇠ = 0 is discussed separately later). Note that the
entropy correction for the for Schwarzschild BHs ⇠ = 1 is
determined only by the coe�cient a

4

of the Gauss-Bonnet
term and the entropy correction is positive if and only if
the coe�cient is positive a

4

> 0. To our knowledge, no
rigorous proof of this bound is known so far16.

16 In [38] it was claimed that the positivity of the Gauss-Bonnet
term follows from unitarity by a spectral decomposition argu-
ment similar to [19] (see also footnote 3). However, the interac-
tion considered there is restrictive to the tree-level exchange of

We also remark that in D = 4, the Gauss-Bonnet term
is topological and thus it does not a↵ect the equations of
motion. However, it is known to give an entropy correc-
tion proportional to the Euler number of the horizon (see,
e.g., [40–42]). Since our argument is based on unitarity
and causality of scattering amplitudes, we cannot con-
strain the topological contribution from a

4

. However, if
we assume that the Gauss-Bonnet term in D = 4 comes
from that in D � 5, causality in the higher dimension
requires that its contribution is negligible in the afore-
mentioned two setups. Under this assumption, we can
derive G(ai, ⇠) > 0 and thus �S > 0 in D = 4 from
unitarity and causality. Besides, it has been argued that
the topological contribution to the BH entropy poten-
tially leads to the second law violation [40–42]. Even if
the Gauss-Bonnet term has no higher dimensional origin,
it will not be unreasonable to simply assume that a

4

is
negligible to avoid the potential second law violation. In
this case, �S > 0 in D = 4 again follows from unitarity
and causality in our two setups.

Positivity for extremal BHs

We then calculate the entropy correction for ⇠ = 0
and demonstrate that the correction to the extremality
condition is directly related to the entropy correction for
BHs with ⇠ = 0 saturating the extremal bound of the
Einstein-Maxwell theory. The leading order correction
to the BH entropy can schematically be written as

�S = �S

int

+ �S

horizon

, (72)

where �S

int

is from the higher derivative correction to
Wald’s entropy formula and it is O(ai) for general ⇠ (its
concrete expression is given in [13]). On the other hand,
�S

horizon

is due to the horizon shift �rH by the higher
derivative correction. More explicitly, it follows from the

heavy states with the same index structure as the Weyl tensor
and the interaction is singular in the UV. Moreover, the Gauss-
Bonnet term contains a cubic graviton interaction, which can be
thought of as a fundamental vertex. It is not clear how such a
cubic coupling arises from tree-level exchange of heavy particles.

higher derivative  
correction to Wald entropy

horizon shift ΔrH by 
higher derivative correction

𝒪(αi) 𝒪(α1/2
i )

13

area low in the Einstein-Maxwell theory as

�S

horizon

SEM
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(rH + �rH)D�2

r

D�2

H

� 1 ' (D�2)
�rH

rH
, (73)

where rH is the horizon radius in the Einstein-Maxwell
theory. For a not too small ⇠, �S

horizon

is O(ai) and its
concrete form is given in [13]. For ⇠ ' 0, however, it

is O(a1/2

i ) as we calculate shortly, so that |�S

horizon

| �
|�S

int

| as long as higher derivative corrections are small
(which is true for su�ciently heavy BHs as we mentioned
in the main text). In this regime, the entropy correction
is positive �S > 0 if the horizon shift �rH is positive.

An immediate conclusion here is that the entropy cor-
rection for heavy BHs with ⇠ = 0 is positive if the higher
derivative corrections resolve the degeneracy of the two
horizons without introducing a naked singularity: In this
case, there appear two horizons at r = rH ± �rH , where
the plus (minus) sign is for the outer (inner) horizon. The
horizon shift for the outer horizon is then always positive
and so is the entropy correction. Note that this condition
is nothing but the requirement that the charge-to-mass
ratio z

ext

of heavy extremal BHs is shifted as z

ext

> 1
(otherwise the modified BH solution has a naked singu-
larity) and thus heavy extremal BHs play the role of the
state with z > 1 required by the mild form of WGC.

More explicitly, the entropy correction for ⇠ = 0 is
calculated as follows: First, suppose that the BH solution
takes the form,

ds

2 = �f(r)dt

2 +
dr

2

g(r)
+ r

2

d⌦2

D�2

, (74)

after including higher derivative corrections. The loca-
tion of the horizons is then determined by g(r) = 0.
When higher derivative corrections are small, it is conve-
nient to decompose g(r) as

g(r) = gEM (r) + �g(r) , (75)

where gEM (r) is g(r) in the Einstein-Maxwell theory:

gEM (r) = 1 � 2m

r

D�3

+
q

2

r

2(D�3)

. (76)

See [13] for a concrete form of �g(r). We can then eval-
uate the horizon shift �rH for generic ⇠ by solving

0 = g(rH + �rH) ' �g(rH) + �rH g

0
EM (rH) , (77)

where we used gEM (rH) = 0. This is how [13] evaluated
�S

horizon

for generic ⇠. However, g

0
EM (rH) vanishes for

the extremal limit ⇠ ! 0 because of the horizon degen-
eracy. We need then take into account the next order in
the �rH expansion:

0 = �g(rH) +
1

2
�r

2

H g

00
EM (rH) for ⇠ = 0 . (78)

We then find

�r

2

H

r

2

H
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, (79)

where F(ai) is the same function as Eq. (52). If F(ai) >

0, the BH with ⇠ = 0 has no naked singularity, but rather
it has two horizons after including higher derivative cor-
rections. The positive (negative) solution for Eq. (79) is
for the outer (inner) horizon. Note that this is essentially
the same statement that there exist BHs of the charge-
to-mass ratio z > 1 without naked singularity. Also, we

see that the horizon shift is �rH / F(ai)1/2 = O(a1/2

i ).
The entropy correction is then

�S

SEM
' �S

horizon

SEM
=

2(D � 2)

(D � 3)m
1

D�3

p
F(ai) . (80)

We have now explicitly shown that the entropy correction
for ⇠ = 0 is positive when F > 0 and thus heavy extremal
BHs satisfy the WGC bound (which is the case, e.g., for
the two setups we considered in this paper).

Comment on [13]

Here we point out a loophole in the entropy argument
given in [13]. As an illustrative example, let us consider
the following Lagrangian of a massive spin 2 field, hµ⌫ ,
coupled with F

2 term (see, e.g., the review [43] for the
kinematics of a massive spin 2 field):

L = L
EM

+ �L , (81)
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4
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2

8
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1

M
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,

where L
EM

is the Einstein-Maxwell Lagrangian and we
introduced h := h

µ
µ. The kinetic operator E↵�

µ⌫ is17

E↵�
µ⌫ h↵� = �1

2


2hµ⌫ � @µ@↵h
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�
. (82)

Since the trace part h does not give any propagating
mode (in other words, there is no on-shell pole in the two
point function), we can remove it from the interaction
term by a field redefinition. Indeed, if one performs a
transformation,

hµ⌫ ! hµ⌫ � 4

3m

2

M

✓
⌘µ⌫ +

2

m

2

@µ@⌫

◆
F⇢�F

⇢�
, (83)

17 For simplicity, we neglected metric fluctuations around the
Minkowski background. However, our conclusion up to the four
derivative operators, which is relevant to the WGC argument,
does not change even if we take into account their e↵ects.



Blackhole Entropy Corrections

• ΔS>0 If the higher derivative corrections resolve the degeneracy of 
the two horizons without introducing a naked singularity. 

                   for the outer horizon, so is the entropy correction. 
• The absence of naked singularity is nothing but zext >1! 
• BH solution:
• Horizon:

• We have shown that ΔS>0 for any charged BHs in any D (some 
additional assumption for the Gauss-Bonnet term is needed for D=4).

r±
H = rH ± ΔrH
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where rH is the horizon radius in the Einstein-Maxwell
theory. For a not too small ⇠, �S
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is O(ai) and its
concrete form is given in [13]. For ⇠ ' 0, however, it
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i ) as we calculate shortly, so that |�S
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| as long as higher derivative corrections are small
(which is true for su�ciently heavy BHs as we mentioned
in the main text). In this regime, the entropy correction
is positive �S > 0 if the horizon shift �rH is positive.

An immediate conclusion here is that the entropy cor-
rection for heavy BHs with ⇠ = 0 is positive if the higher
derivative corrections resolve the degeneracy of the two
horizons without introducing a naked singularity: In this
case, there appear two horizons at r = rH ± �rH , where
the plus (minus) sign is for the outer (inner) horizon. The
horizon shift for the outer horizon is then always positive
and so is the entropy correction. Note that this condition
is nothing but the requirement that the charge-to-mass
ratio z

ext

of heavy extremal BHs is shifted as z
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> 1
(otherwise the modified BH solution has a naked singu-
larity) and thus heavy extremal BHs play the role of the
state with z > 1 required by the mild form of WGC.

More explicitly, the entropy correction for ⇠ = 0 is
calculated as follows: First, suppose that the BH solution
takes the form,
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2 +
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after including higher derivative corrections. The loca-
tion of the horizons is then determined by g(r) = 0.
When higher derivative corrections are small, it is conve-
nient to decompose g(r) as

g(r) = gEM (r) + �g(r) , (75)

where gEM (r) is g(r) in the Einstein-Maxwell theory:

gEM (r) = 1 � 2m

r

D�3

+
q

2

r

2(D�3)

. (76)

See [13] for a concrete form of �g(r). We can then eval-
uate the horizon shift �rH for generic ⇠ by solving

0 = g(rH + �rH) ' �g(rH) + �rH g

0
EM (rH) , (77)

where we used gEM (rH) = 0. This is how [13] evaluated
�S

horizon

for generic ⇠. However, g
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EM (rH) vanishes for

the extremal limit ⇠ ! 0 because of the horizon degen-
eracy. We need then take into account the next order in
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where F(ai) is the same function as Eq. (52). If F(ai) >

0, the BH with ⇠ = 0 has no naked singularity, but rather
it has two horizons after including higher derivative cor-
rections. The positive (negative) solution for Eq. (79) is
for the outer (inner) horizon. Note that this is essentially
the same statement that there exist BHs of the charge-
to-mass ratio z > 1 without naked singularity. Also, we

see that the horizon shift is �rH / F(ai)1/2 = O(a1/2
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The entropy correction is then
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We have now explicitly shown that the entropy correction
for ⇠ = 0 is positive when F > 0 and thus heavy extremal
BHs satisfy the WGC bound (which is the case, e.g., for
the two setups we considered in this paper).

Comment on [13]

Here we point out a loophole in the entropy argument
given in [13]. As an illustrative example, let us consider
the following Lagrangian of a massive spin 2 field, hµ⌫ ,
coupled with F

2 term (see, e.g., the review [43] for the
kinematics of a massive spin 2 field):

L = L
EM

+ �L , (81)
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where L
EM

is the Einstein-Maxwell Lagrangian and we
introduced h := h

µ
µ. The kinetic operator E↵�
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Since the trace part h does not give any propagating
mode (in other words, there is no on-shell pole in the two
point function), we can remove it from the interaction
term by a field redefinition. Indeed, if one performs a
transformation,

hµ⌫ ! hµ⌫ � 4

3m

2

M

✓
⌘µ⌫ +
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2
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17 For simplicity, we neglected metric fluctuations around the
Minkowski background. However, our conclusion up to the four
derivative operators, which is relevant to the WGC argument,
does not change even if we take into account their e↵ects.

0 = g(rH + ΔrH) = gEM(rH) + Δg(rH) + ΔrHg′�EM(rH) +
1
2

Δr2
EMg′�′�

EM(rH)

Δr2
H

r2
H

= −
2Δg(rH)

r2
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=

4ℱ(αi)

(D − 3)2m 2
D − 3

> 0 from unitarity⇒

r+
H − rH > 0



Stronger forms of the WGC



Einstein-Maxwell + massive charged particles

integrate out matters

IR effective theory of photon & graviton

Q. What does the positivity of this EFT imply?

Positivity of EFT coefficients follow from unitary, causality, 
and analyticity of scattering amplitudes.



Le↵ =
M2

Pl

2
R� 1

4
F 2
µ⌫

+ ↵1(Fµ⌫F
µ⌫)2 + ↵2(Fµ⌫ F̃

µ⌫)2 + ↵3Fµ⌫F⇢�W
µ⌫⇢� + . . .

# 1-loop effective action for photon & graviton

↵i

- positivity implies 
-     depends on mass and charge of particles integrated out

↵1 + ↵2 � 0 ⌧
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Figure 1: Fermionic/scalar loops with

external photons.
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Figure 2: Fermionic/scalar loops with

external gravitons.

2.2 Causality Constraints

We now study the IR consistency of the e↵ective Lagrangian (2.6) with the vanishing

Chern-Simons term,

�
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R� 1

4
�
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F
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· F
j

+ C
ijkl

(F
i

· F
j

)(F
k
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) , (2.12)

where C
ijkl

depends on the charge and mass of matters integrated out. An explicit form

may be obtained by replacing c
i

in (D.63) by c
i

+c̃
i

, where c̃
i

’s are the unknown coe�cients

mentioned in the previous subsection. In 3D, it is convenient to introduce a dual scalar

theory as (see Appendix C)
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where we dropped higher order derivatives. The photons and scalars are related to each

other by F
iµ⌫

= i✏µ⌫⇢@
⇢

�
i

up to higher derivatives.[TN: Do we need i here?] We then

introduce a positivity bound on C
ijkl

by requiring the subluminality of fluctuations around

nontrivial backgrounds.5 For this purpose, we expand g
µ⌫

and �
i

around their background

values, denoted with a bar:

g
µ⌫

= ḡ
µ⌫

+ h
µ⌫

, �
i

= �̄
i

+ '
i

. (2.14)

Since the graviton is non-dynamical in 3D, we set h
µ⌫

= 0.

For simplicity, let us assume a constant electromagnetic field background @
a

�
i

= w
ia

.

Here and in what follows we take the local Lorentz frame and use the Latin indices for

local Lorentz indices. The metric is given by ⌘
ab

= (�++) in particular. In this frame,

5 To be precise, we need to discuss the global causal structure. It however turns out that the sublumi-
nality argument we do here practically reproduces the same condition. See [40] for more details.
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↵i = +O(g2) + O(g0)
gravitational effects

z4 � z2 + � � 0- Cheung-Remmen found positivity implies

z =
qg

m/MPl
※　　　　　　 ,    is a UV sensitive           coefficient� O(z0)

(free parameter in the EFT framework)



Positivity of photon-graviton EFT implies 

→ at lest one of the following two should be satisfied 

 1) WGC type lower bound on charge-to-mass ratio 

 2) not so small value of UV sensitive parameter

z4 � z2 + � � 0

in particular when          , WGC            is reproduced!z2 � 1� = 0

� > 0
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In [Andriolo, Junghans, Noumi, GS], we discussed 
 - multiple U(1)’s 
 - implications for KK reduction 
and found qualitatively new features.

[Cheung, Remmen]



Multiple U(1)’s

a new ingredient is positivity of �1 + �2 ! �1 + �2

U(1)1 ⇥ U(1)2# for example, let us consider 

Im � 0 z2
1z2

2 � z2
1 � z2

2 � 0implies

the punchline here: 
positivity bound cannot be satisfied unless 
 → requires existence of a bifundamental particle!

z2
1z2

2 6= 0

- we set                  for illustration (same asγ = 0 before)O(z0) = 0

-                   is the charge-to-mass ratio for each U(1)zi = qi/m



Implications for KK reduction

#      compactify d+1 dim Einstein-Maxwell with single U(1) 

   into d dim Einstein-Maxwell with
S1

U(1) ⇥ U(1)KK

d+1 dim charged particle (q,m) 

→ KK tower with the charged-to-mass ratios

(z, zKK) =

 
qp

m2 + n2m2
KK

,
np

(m/mKK)2 + n2

!

in the small radius limit                  ,

※ no bifundamentals → positivity bound generically

mKK ! 1

(z, zKK) ' (0, 1)

(z, zKK) = (q/m, 0)the lowest mode (n = 0): 

KK modes (n ≠ 0):



U(1)

d+1 dim 

charged particles 

labeled by ` = 1, 2, . . .

(q,m) = (` q⇤, `m⇤)

z⇤ =
q⇤
m⇤

= O(1)s.t.

`



U(1)

U(1)KKn

d+1 dim 

charged particles 

labeled by ` = 1, 2, . . .

(q,m) = (` q⇤, `m⇤)

z⇤ =
q⇤
m⇤

= O(1)s.t.

`

d dim charged particles

(z, zKK) =

 
` z⇤p

`2(m⇤/mKK)2 + n2
,

np
`2(m⇤/mKK)2 + n2

!



U(1)

U(1)KKn

d+1 dim 

charged particles 

labeled by ` = 1, 2, . . .

(q,m) = (` q⇤, `m⇤)

z⇤ =
q⇤
m⇤

= O(1)s.t.

`

d dim charged particles

(z, zKK) =

 
` z⇤p

`2(m⇤/mKK)2 + n2
,

np
`2(m⇤/mKK)2 + n2

!

bifundamentals: ` ⇠ mKK

m⇤
n



U(1)

U(1)KKn

d+1 dim 

charged particles 

labeled by ` = 1, 2, . . .

(q,m) = (` q⇤, `m⇤)

z⇤ =
q⇤
m⇤

= O(1)s.t.

`

d dim charged particles

(z, zKK) =

 
` z⇤p

`2(m⇤/mKK)2 + n2
,

np
`2(m⇤/mKK)2 + n2

!

bifundamentals: ` ⇠ mKK

m⇤
n

mKK

m⇤
=

1

3

mKK

m⇤
= 3



Tower WGC

Consistency with KK reduction seems to imply a tower of 

d+1 dim U(1) charged particles 

 → Tower Weak Gravity Conjecture! 

※ a similar “(sub)lattice WGC” was proposed based on 

modular invariance or holography  

[Montero, GS, Soler, ’16];[Heidenreich, Reece, Rudelius, ’16]

[Andriolo, Junghans, Noumi, GS]



Summary of Lecture 2



Summary of Lecture 2
• The mild form of the WGC follows from unitarity and causality for wide 

classes of theories that can be naturally realized in string theory: 

• Theories with light neutral scalars (e.g., dilaton, moduli) 

• Open string theory type UV completion 

• We have shown that correction to the BH entropy from higher derivative 
operators is positive in these theories. 

• We have extended our proof to higher dimensions and multiple U(1)’s. 

• In Lecture 3, we will see that the WGC for branes implies that non-SUSY 
AdS vacua are unstable [Ooguri, Vafa, ’16].



Summary of Lecture 2
• We showed that the decay of an extremal BH (whose near-horizon 

geometry is AdS) is kinematically allowed, giving support to the AdS 
instability conjecture. 

• Plan for the next 2 lectures: 

• Lecture 3: Applications to inflation and particle physics. 

• Lecture 4: de Sitter vacua in string theory and the Swampland.
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