
Axion Monodromy Inflation



• Non-periodic axions whose shift symmetry is broken before non-
perturbative effects set in → non-compact field space.

• Monodromy axions are mapped to massive U(1) vector fields in the 
particle picture, and do not lead to a long range force. 

• WGC arguments not immediately apply, but what about the SDC?

Axion Monodromy



• When axion monodromy was first formulated, the shift symmetry 
was assumed to be broken by coupling to branes:

Axion Monodromy

218 Examples of string inflation

Fig. 5.12 The integral of the two-form C2 over a two-cycle Σ2 defines the c
axion. In the presence of a wrapped NS5-brane this develops a monodromy. An
anti-NS5-brane is required by Gauss’s law on the compact space. The entire
configuration should be situated in a warped region, and have a distant ori-
entifold image (not shown). In the lower figure, the two-cycles are represented
by circles.

carries non-vanishing D3-brane charge. Without a mechanism for absorbing or
canceling this induced charge, Gauss’s law would fix b to one definite value.
However, there is a natural configuration in which the induced charge is can-
celed automatically: instead of a single D5-brane on a two-cycle Σ2, consider
a D5-brane and an anti-D5-brane, each wrapping Σ2, but at different locations
in the compact space,59 as in the constructions of [785]. A similar construction
applies for an NS5-brane pair (see Fig. 5.12), which, as we will see, yields a more
promising inflationary model.

59
That is, the D5-brane and anti-D5-brane wrap distinct, well-separated representatives of
the same homology class.
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[Silverstein, Westphal, ’08];
[McAllister, Silverstein, Westphal, 08]

Explicit constructions  involve 
NS5-branes and anti-NS5-branes 
wrapping homologous cycles in 
different warped throats.

Harder to quantify corrections to 
the EFT upon super-Planckian 
field displacements. 



• Idea: Flux compactifications stabilize moduli by giving them flux-
induced masses. Same mechanism can generate axion potential.

• For example, consider dim reduction of kinetic terms of RR forms:

F-term Axion Monodromy

[Marchesano, GS, Uranga, ’14] (see also [Blumenhagen, Plauschinn, 
’14];[Hebecker; Kraus, Witkowski, ’14]).

S10 = ∫ d10x Gp ∧ *Gp Gp = Fp − H3 ∧ Cp−3 + ℱ ∧ eB2

dCp−1 dB2

∫Σp

Cp , ∫Σ2

B2 → 4D axions e . g . , Kahler moduli Ti = ∫Σi
2

B + i∫Σi
2

J



• Dimensionally reduce kinetic terms → scalar potential for axions 

• Note the structure that Z (s) depends only on the saxions s and all 
the axion 𝜃 dependence appears in 𝜌(𝜃). 

• 𝜌(𝜃) also depends on quantized internal fluxes. 
• Integrating out the 3-form C3:

F-term Axion Monodromy

V = Zab(s) Fa
4 ∧ *Fb

4 − 2Fa
4 ρa(θ) + …

* Fa
4 = [Z−1(s)]abρb(θ) → V = [Z−1(s)]abρa(θ)ρb(θ)

saxion and axion dependence
nicely separated



• Consider a single axion and a single 4-form: 

• The eom for C3: 

• This gives a multi-branched effective potential: 

• Moreover, V is invariant under the combined discrete shift:

A Simple Model

ℒ = − f2dθ ∧ *dθ − F4 ∧ *F4 + 2F4 (mθ + f0)
quantized fluxes

d * F4 = d(mθ + f0) ⇒ * F4 = f0 + mθ

V = ( f0 + mθ)2

θ → θ − c/m, f0 → f0 + c



• This identifies gauge equivalent branches when  

• The combined discrete shift symmetry and gauge symmetry of C3 
constrain the higher order corrections:

Multi-branched Potential

✤ The integer k in the Lagrangian


corresponds to a discrete symmetry of the theory broken 
spontaneously once a choice of four-form flux is made.     
This amounts to choose a branch of the scalar potential

Discrete symmetries and domain walls

Z
d

4
x |F4|2 +

µ

2

k

2
|db2 � kC3|2

BiCuLe taFen BLJH 3aGJKeL & 4aQLence T142⇡f�

k=4

c/m = 2πf

δV ∼ ∑
n

cnF2n
4 ∼ ∑

n

cnVn
0

Zn discrete symmetry

higher order corrections
are under control



• This model can be described in terms of the dual 2-form: 

• The axion 4-form Lagrangian can be rewritten in terms of the 
Stuckelberg coupling:  

• The gauge invariance: 

• This gauge invariance protects the axion potential from dangerous 
UV corrections. 

Dual Formulation

dϕ = *4 db2

|db2 + nc3 |2 + |F4 |2

C3 → C3 + dΛ2, b2 → b2 − nΛ2

2-form eaten by 3-form



In general, with more fluxes and more axions, we expect: 

• Non-linear couplings: shift invariant function 𝜌(𝜃) can include 
mixings and higher order terms for axions ⇒ more general V𝜃). 

• Multiple 3-forms: higher dim. operators cannot always be written 
as Vn but rather as 𝜌n(𝜃). However still under control if 𝜌(𝜃) ≪ 1. 

• Axion-Saxion Mixings: saxion-dependent axion kinetic term ⇒ 

• as 𝜃 traverses along the inflationary trajectory, s changes, thus the 
backreaction of s modifies the field space metric for axions.

General Properties of F-term Axion Monodromy

V = [Z−1(s)]abρa(θ)ρb(θ)



• Symmetry-based protection mechanism: higher order corrections 
appear as  

• Tunneling between branches: not strong constraints though Δ𝜙 
cannot be parametrically larger than MP. [Brown, Cottrell, GS, Soler, ’16]

Symmetry and Constraints of F-term Axion Monodromy

ρn(θ) rather than θn

Axion Monodromy

V (�) =
1

2
(ne + µ�)2

Tunneling Event: n ! n � 1

Jonathan Brown Tunneling in Axion Monodromy

Axion Monodromy

V (�) =
1

2
(ne + µ�)2

Slow Roll Inflation

Jonathan Brown Tunneling in Axion Monodromy



• Can SDC, a more general statement about field ranges, limit the 
field range of axion monodromy? 

• Naively, the argument we used earlier for KK reduction: 

 does not apply to axions because of their shift symmetries. 
• Consider the axio-dilaton:

Swampland Distance Conjecture

Lagrangian for this scalar field, in one lower dimension, will be given by

Leff =

Z

✓

dR

R

◆2

+ ... (2.6)

Now, let us see how the criterion 5 and 6 apply to this case. In this example, the moduli

space is just 1-dimensional, and we can see immediately that there are infinite distances. For

example, fix a radius R0 and pick a T > 0. The distance from R0 to some other point R̃ will

then be given by
Z R̃

R0

dR

R
= log(R̃)� log(R0) , (2.7)

and we see that we can always find a suitable R̃ to make this distance as big as we want.

So the criterion number 5 is satisfied. Let us consider the limit of very large radius, to see

criterion 6 at work. As the radius R̃ grows to infinity, we will have Kaluza-Klein modes, with

mass given by

m ⇠ 1

R̃
. (2.8)

On the other end, T ⇠ log(R̃) and therefore we see that we have some fields with mass

m ⇠ e�T , (2.9)

which get exponentially light when we go to infinity in M.

This conjecture also implies the remarkable fact that a consistent theory of quantum gravity

must have extended objects in its spectrum.

Those extended objects can be for example membranes, strings, etc. Therefore, by this

criterion one can argue that quantum gravity cannot be a theory of just particles. We will

now show this in the same easy example we used. Pick now the same reference point R0 but

instead of going to larger radius go to smaller and smaller radius. We also find that this is

another infinite distance in moduli space, as

lim
R̃!0

Z R0

R̃

dR

R
, (2.10)

diverges. Therefore, due to criterion 6, we also expect to have in this case some states with

mass getting exponentially low. However, such states cannot be particle states because all the

particle states will be given by KK modes, and those KK modes will be instead very massive

in the small radius limit. The only way we can get light objects in the small radius limit, is

to have some extended objects which can wrap around the circle which thus become lighter

as we go to the small radius limit. So if our theory does not have extended objects, we do not

have any light states at all in this limit and we therefore violate the criterion number 7. This

is for example what happens in M-theory when we compactify on the circle: The M2 branes

– 25 –

K = − log(Φ + Φ) where Φ = s + iθ

→ ℒkin =
1

4s2
(∂s)2 +

1
4s2

(∂θ)2 + …



• The saxions are displaced as the axions traverses in its field space: 

• This leads to an axion-dependent kinetic term: 

• One way to estimate this backreaction is to consider the trajectory 
traced by the minimum of V with respect to s as 𝜃 varies: 

• If we evaluate the field range using:

Backreaction and SDC

V = [Z−1(s)]abρa(θ)ρb(θ)

ℒkin →
1

4s2(θ)
(∂θ)2 + …

⟨s⟩ = s0 + δs(θ) ≈ s0 + λθ → λθ

Δθ = ∫ Gθθ(s)dθ ∼ ∫
dθ

s0 + λθ
∼

1
λ

log θ

[Palti, Klawer, ’16]



• The critical field range is set by λ, let 𝜃c be the value of 𝜃 when: 

• In string examples, one finds that λ is of order 1 if the saxion and 
the axion have about the same mass, but in general: 

• The critical field range is enhanced. For large field inflation, only a 
mild hierarchy λ~10-1 is sufficient.  

• In fact, we need to maintain this hierarchy for single field inflation:

Backreaction and SDC

s0 = δs(θc) = λθc → Δθc ∼
1
λ

λ ∼
mθ

ms

mθ < H < ms



• Questions:

• Does minimizing V (s,𝜃) at each 𝜃 and substituting s(𝜃) into Δ𝜃 
give a proper estimate of the dynamical field range? 

• If there is no (or weak) mass hierarchy, is Δ𝜃 limited to O(1) MP ? 

• We found the answers to both questions are no! [Landete, GS, ’18]

• In evaluating the field range: 

this assumed the kinetic terms of the other fields can be ignored. This 
assumption, by default, implies that the trajectory is a geodesic in 
field space. 

Dynamical Field Range

Δθ = ∫ Gθθdθ instead of ∫ Gab
·ϕa ·ϕbdt



• Minimizing V w.r.t s does not give a trajectory that solves the eom! 

• It is known in the study of inflation with multiple fields that the light 
field trajectory does not always follow a geodesic. 

• When is the trajectory a geodesic? i.e., 

Dynamical Field Range

4 Models with two scalar fields

We now study the evolution of perturbations in systems containing only two relevant scalar

fields. In this case, it is always possible to take the set of vielbeins {eaI} to consist entirely in

eaT = T a and eaN = Na defined in Section 2.1. Then, the projection tensor Pab introduced in

(2.23) vanishes identically and one is left with the following relations:

DT a

dt
=�H⇥�N

a , (4.1)

DNa

dt
=H⇥�T

a . (4.2)

At this point we notice that the normal vector Na has always the same orientation with respect

to the curved trajectory, which is due to the presence of the signature function sN in (2.9). For

definiteness, let us convene that the normal direction Na has a right-handed orientation with

respect to T a as shown in Figure 3. With this convention ⇥� changes signs smoothly in such a

way that if the turn is towards the left then ⇥� is negative, whereas if the turn is towards the

right then ⇥� is positive. A concrete choice for T a and Na with these properties are:

T a =
1

⇤̇0

�
⇤̇1, ⇤̇2

⇥
, (4.3)

Na =
1

⇤̇0
⌅
�

�
��22⇤̇

2 � �12⇤̇
1, �11⇤̇

1 + �21⇤̇
2
⇥
, (4.4)

�1

�2

Na

T a

T a

Na

�� < 0

�� > 0

Figure 3: The figure shows a fixed right-handed orientation of Na with respect to T a. If the turn is towards

the left then �� is negative, whereas if the turn is towards the right then �� is positive.
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Multiple Field Dynamics

Consider a generic action for n-fields
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Z
d4x

p�g


1

2
R� 1

2
Gabg

µ⌫@µ�
a@⌫�

b � V (�)

�
,

(25)
where Gab is the field space metric. Though the following
discussions apply more generally, we note that for string
compactifications, the metric describes a Kähler manifold
and is defined as the (1,1) derivatives of the Kähler po-
tential K. Here, latin indices a, b denote real coordinates
in field space. Consider a spatially flat FLRW metric:

ds2 = �dt2 + a2(t)�ijdx
idxj . (26)

Then, one may derive from (25) the eoms for the homo-
geneous background fields �a

0

= �a
0

(t)

Dt�̇
a
0

+ 3H�̇a
0

+ V a = 0 , (27)

where the covariant derivative in field space is defined by

DtX
a = @tX

a + �a
bc�̇

b
0

Xc , (28)

and �a
bc are the Christo↵el symbols derived from the field

space metric Gab. One may consider the background

fields �
0

(t) as coordinates of the moduli space describ-
ing a curve parametrized by t. It is useful to define the
variation of the scalar fields along the trajectory as

�̇2

0

= Gab�̇
a
0

�̇b
0

. (29)

Under these definitions, the proper distance traversed
along the path parametrized by t will be given by

�� =

Z
�̇
0

dt =
q

Gab�̇a
0

�̇b
0

dt . (30)

At this stage, it is convenient to define an unitary vector
tangent to the trajectory

T a =
�̇a
0

�̇
0

. (31)

As in [23], one may define an orthonormal basis in field
space by taking covariant derivatives of the tangent vec-
tor. The first orthonormal vector one may define is

Na = sN (t)
DtT

a

p
GcdDtT cDtT d

, (32)

where sN (t) = ±1 denotes the orientation of the normal
vector Na with respect DtT

a. Subsequent orthonormal
vectors may be obtained by further applications of the
Dt operator. By projecting the eoms (27) along these
two directions. we obtain

�̈
0

+ 3H�̇
0

+ T aVa = 0 (33)

DtT
a = �N bVb

�̇
0

Na . (34)

One can see that the trajectory obtained by solving the
eoms may or may not be a geodesic in field space. For
instance, for �̇

0

6= 0 the trajectory described will be a
geodesic in field space if DtT

a = 0. The deviation from
a geodesic can manifest as turns in the trajectory. This
phenomenon is well-studied in multi-field inflation, see

e.g., [24, 30, 36, 37], where ⌘? = NbVb

H ˙�
0

is defined to mea-

sure deviations from geodescity of the inflationary path.
We may define the mass matrix M2

ab (�0

) =
rarbV (�) |�=�

0

associated with the scalar fluctuations
around a given vacuum expectation value. In general the
mass matrix is non-diagonal but it is always possible to
define a local basis which diagonalized it and whose eigen-
values are the masses of the respective fields. The e↵ects
of integrating out the heavier fields depend on whether
there is a hierarchy between these eigenvalues.

Integrating out moduli

Large mass hierarchies, i.e. mH � mL, where H
denotes all the heavy fields and L the lightest field. If
�̇H
0

= 0, the heavy fields can be systematically integrated
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DtTa = 0

orthogonal basis in field space:

DtXa ≡ ∂tXa + Γa
bc

·ϕb
oXc



• If there is a mass hierarchy, the kinetic terms of the heavy fields can 
be ignored, but the critical field range is enhanced by mass ratio.

• If there is no mass hierarchy, the dynamical field range deviates 
significantly from the earlier RSDC estimate:

Mass Hierarchy and Dynamical Field Range
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[Landete, GS, ’18]



• Upshot: WGC & SDC do not exclude axion monodromy inflation.

• There may be other quantum gravity constraints of these models, 
but before we know what they are, we should keep an open mind. 

• Recently, there has been further evidence for the SDC from studying 
the complex structure moduli space of Type IIB compactifications: 

• Infinite geodesic distance occur only if approaching a singularity.

Axion Mondromy and Swampland Constraints

- Infinite distance singularities:  any trajectory approaching P has infinite length

singular locus
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Complex structure moduli space of IIB CY compactifications

Infinite geodesic distances can occur 
only if approaching a singularity

Massless BPS states (wrapping D3-branes) arise at the singularities

Candidates for SDC tower!

- Finite distance singularities:  at least one trajectory approaching P has finite length

Prime example of a field space capturing information about ‘quantum gravity’

Two types:

Massless BPS states 
(wrapped D3-branes)

arise at the singularities 

[Grimm, Palti, Valenzuela, ’18]



• While this confirms the asymptotic behavior suggested by the SDC, 
the interesting question is the behavior at large but large distances. 

• Quantum corrections to the field space metric from integrating out 
the infinite tower: 

• This resembles the corrections from classical backreaction, though 
the origin is different (quantum vs classical). 

• At a general point in the moduli space, both corrections should be 
included. 

• Regardless of which contribution dominates, we still need to 
address similar issues in finding the dynamical field range.

Quantum Corrections and Emergence

δgϕϕ ∼
1

ϕ2
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WGC for the QCD Axion

• The QCD instanton action

• QCD axion with decay constants above the GUT scale can be tested: 

• laboratory searches e.g., ABRACADABRA 

• gravitational wave observatory e.g., LIGO (via black hole super-
radiance, [Arvanitaki, Dimopoulos, Dubovsky, Kaloper, March-Russell, ‘09])

QCD instanton action is

SQCD = 4 lnM⇤/⇤QCD ⇡ 160 , (3)

where M⇤ is an ultraviolet scale such as MGUT. Using the general bound (2) we predict

fQCD . 1016 GeV , (4)

with mild logarithmic uncertainties. Experimental observation of a QCD axion with decay
constant well above the GUT scale would contradict the WGC.

A common claim is that early-universe cosmology requires fQCD < 1012 GeV to avoid dark
matter overproduction, but alternative cosmologies [36–38] or initial conditions [39, 40] allow
larger fQCD. The absence of QCD axions with decay constants above the GUT scale is a
nontrivial, falsiÆable prediction of the WGC. It can be tested in terrestrial searches for axion
dark matter [41–43]. Axions with decay constants above the GUT scale also cause superradiant
instabilities in black holes, detectable through astrophysical observations including gravitational
wave signals [44–47]. The new window on gravitational physics that LIGO has opened can also
test the WGC!

2.3 AdS/CFT

The AdS/CFT correspondence encompasses many quantum gravity theories. The simplest 4d
CFT translation of the WGC in AdS5 is the existence of a charge Q, dimension � operator with

�p
12c

 Qp
b
, (5)

with c the central charge and b the coe�cient of the current two-point function. However, the
Øat-space WGC may be modiÆed due to the curvature of AdS [48] (cf. [49] on AdS3/CFT2). We
have checked that the naive analog of the LWGC based on (5) holds for N = 4 super-Yang-Mills
theory. Further exploration of the LWGC in conformal Æeld theory should be rewarding.

2.4 Geometry

In some string theory compactiÆcations, the masses and charges of particles or branes are
related to geometrical properties of the compactiÆcation manifold. This means that the LWGC,
if true, has corollaries in pure mathematics. (A related discussion of the “geometric weak gravity
conjecture” appears in [34], though they have not considered the implications of the stronger
Lattice WGC.) Compactifying M-theory on a Calabi-Yau three-fold gives a 5d supergravity
theory with BPS particle states corresponding to M2-branes wrapping holomorphic curves in
the three-fold. These BPS states generate the “e�ective” cone in the charge lattice, inside which
the BPS bound requires | ~Q|  M in Planck units. Simultaneously satisfying this bound as
well as the LWGC requires a BPS state of | ~Q| = M at every lattice point within the cone.
Geometrically, this means every e�ective 2-cycle class of a compact Calabi-Yau should contain
a holomorphic curve representative. This conjecture is similar in spirit to Vafa’s inference of
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scenarios that allow larger          have been proposed, e.g. [Wilczek, ’04]fQCD
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Summary of Lecture 3

• Inflation models with detectable GWs are sensitive to UV physics. 
• The WGC and the SDC can constrain the inflation field range, and 

hence the amplitude of gravitational waves generated by inflation. 
• The WGC for the 0-forms is more subtle, but can be argued using 

duality or dimensional reduction. 
• The WGC rules out simple models of axion inflation, though there 

are loopholes involving spectator instantons. 
• Axion monodromy is not ruled out by the WGC or SDC  
• The WGC when applied to the QCD axion implies                            

which can be tested by lab. axion searches or GW detectors.
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