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Defects in quantum field theory

Defects = Non-local objects in QFTs

m Defined by boundary conditions around

them T
= Many examples: sz =2

1-dim : Line operators (Wilson-'t Hooft loops)

2-dim : Surface operators

D
Codim-1 : Domain walls, interfaces and
boundaries T T
Codim-2 : Entangling surface for entanglement
entropy
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Conformal defects

m In Euclidean CFT, the conformal group is SO(d + 1,1)

m p-dimensional conformal defects D(P) are either flat or spherical,

preserving
RP
SO(p+1,1) : conformal symmetry on SO(d - p)
defects
SO(d — p) : rotation in the transverse
direction
D(p)

m Defects allow for defect local operators Oy, (%)
7% parallel coordinates on D(®) (a=1,---,p)
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One-point function

The residual conformal symmetry constrains one-point functions

m Scalar primary:

ao 2 q
(O(z) )(PCFT) = | x| :transverse coordinates

(i=p+1,---,d)
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One-point function

The residual conformal symmetry constrains one-point functions

m Scalar primary:

(O(z) )PCFT) — | (ICFA , ! :transverse coordinates
a0
(i=p+1,---,d)

m Stress tensor:

Tab( ) (DCFT) _

(7)) e
<Tz]( )>(DCFT)__ o p+1 Z]_.’I?j_i'i
z |2\ d |z, 2
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One-point function

The residual conformal symmetry constrains one-point functions

m Scalar primary:

(O(z) yPOFT) = |J;I[A , ! :transverse coordinates
(i=p+1,---,d)
m Stress tensor:
—-p—1 a
{ T (z) )POFD) = ’ Z 1 |xf|d 6
( Tij(l,)>(DCFT) _ U Pl e xiri
2o\ d |z [?

< Tai(x) >(DCFT) -0

NB < TMV(:E) >(DCFT) = 0 |n BCFT (p = d - 1) [McAvity-Osborn 95]
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Goal of this talk

m In DCFT we will study

m Entanglement entropy across a sphere

m Sphere free energy
m How do they depend on defect data?
m What is the measure of degrees of freedom associated to defects?

¢ _
[ ‘ D(d 1) Sd
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Outline

Entanglement entropy and sphere free energy in DCFT
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Definition of entanglement entropy

Divide a system to A and B = A: Hior = Ha @ Hp

Entanglement entropy

SEE = —trapalogpa }E
m The reduced density matrix @
PA = 1IB Prot B

m For a pure ground state |¥)

Ptot = |\II> <\IJ|
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Replica trick and Rényi entropy

Entanglement entropy

Seg = lim S,
n—1
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Replica trick and Rényi entropy

Entanglement entropy

Sgg = lim S, [
n—1 —
o
th Rénvi
n enyl entropy :

1 Z,
8 = log ——

T l-n T (H)" ¢

o

Zyn. partition function on the n-fold cover
branched over A
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Conformal map for a spherical region

m Exact calculations limited to a few simple cases (free fields, planar 9 A
in CFT, etc)

m For a spherical region in CFT, however, there exists a conformal map
to the n-fold cover of S (CHM map)

t
<> T
P
@ S gd—2 D
: ) Conformal Map
———o
0=0 /2
R¢ S¢
ds? = dt? + dp? + p?dQ3_, ds? = d#? + sin? dr? + cos> 0d02_,
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Entanglement entropy across a sphere

m CFT partition function is invariant under the CHM map

Z{CFD) — z(CFT)[gd] S%: n-fold cover of S* (7 ~ 7 4 27n)
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Entanglement entropy across a sphere

m CFT partition function is invariant under the CHM map

Z{CFD) — z(CFT)[gd] S%: n-fold cover of S* (7 ~ 7 4 27n)

m Hence the Rényi entropy is given by

The Rényi entropy across a sphere in CFT

1 7(CFT)[gd
S, — log 2 _1S4]
(Z(CFT) [Sd} )71,

1—n
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Entanglement entropy across a sphere

m Hence the Rényi entropy is given by

The Rényi entropy across a sphere in CFT

1 Z(CFT) 4]

Sn = 1—n log (Z(CFT)[Sd])n

m Taking n — 1 limit

Entanglement entropy across a sphere in CFT (casini tuertatyers 1)

Sgp = log Z(CFD[s9)]
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Entanglement entropy across a sphere

m Hence the Rényi entropy is given by

The Rényi entropy across a sphere in CFT

1 Z(CFT) 4]

Sn = 1-n log (Z(CFT)[Sd])n

m Taking n — 1 limit

-

Entanglement entropy across a sphere in CFT (casini tuertatyers 1)

Sgp = log Z(CFD[s9)]

m For free fields, Z(°*T)[S%]: one-loop determinant [icbano Pufi Sachder Satdi 11]

m For SUSY gauge theories, 7'“""/ (57 (1 — 1) can be calculated by
SUSY localization [Pestun 07, Kapstin-Willet-Yaakov 09, - - -]
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Entanglement entropy across a sphere with defects

) t | p
Rl’ —1 I

m A: a ball centered at the origin
TR Y
m D®): a p-dim flat defect \<‘_/
m After a conformal transformation
(CHM Map [Casini-Huerta-Myers 11, Jensen-O'Bannon 13])

The n-th Rényi entropy
7(DCFT) [Sd}
o = log L
1—n (Z(DCFT) [Sd])n

g(DCET) 1

S4: n-fold cover of S¢
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Defect entropy

m The excess of EE is measured by

Defect entropy

Sdefect = lim ( S,,(LDCFT) B ST(LCFT))
n—1
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Defect entropy

m The excess of EE is measured by

Defect entropy

__ o DCFT CFT
Sdefect = lim (Sr,(,/ ) _ S,(L >)
n—1

.1 (D)),
= lim . log (D) )

n—1 1 —

Z(DCFT)[Sg]
~ Z(CFD[s]
= (D)) (vev of DP)

—
>
=
)
~
I
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n — 1 limit

m Expansion around n =1 (0g,, = O(n — 1))

log Z(DCFT) [Si] = log Z(DCFT) [Sd]

1
=5 [, 8w ()55 4 0 ((n = 17%)
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n — 1 limit

m Expansion around n =1 (0g,, = O(n — 1))

log Z(DCFT) [Si] = log Z(DCFT) [Sd]

1
=5 [, 8w ()55 4 0 ((n = 17%)

u In CFT [Casini-Huerta-Myers 11]

(T")ga ) =0

Tatsuma Nishioka — (University of Tokyo) = Sep 24, 2019 @ KIAS-YITP 2019



Entanglement, free energy and C-theorem in defect CFT = Entanglement entropy and sphere free energy in DCFT
n — 1 limit

m Expansion around n =1 (0g,, = O(n — 1))

log Z(DCFT) [Si] = log Z(DCFT) [Sd]

1
=5 [, 8w ()55 4 0 ((n = 17%)

u In CFT [Casini-Huerta-Myers 11]

(T™ >$FT) —0 . S(CFT) — og Z(CFT)
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Entanglement, free energy and C-theorem in defect CFT = Entanglement entropy and sphere free energy in DCFT
n — 1 limit

m Expansion around n =1 (0g,, = O(n — 1))

lOg Z(DCFT) [Sg] _ lOg Z(DCFT) [Sd]

1
=5 [, 8w ()55 4 0 ((n = 17%)

m In CFT [Casini-Huerta-Myers 11]

(T™ >$FT) —0 . S(CFT) — og Z(CFT)

m In DCFT o
() QY 20 (< ar)
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Universal relation

Defect entropy and sphere free energy [kobayashi- TN-Sato Watanabe 18]

_ 2(d —p—1)m9/>! .
sin (rp/2) dT (p/2+ 1) T ((d—p)/2) "

Sdefect - log < D(p) >

m Dimensional regularization is assumed

Equality holds up to UV divergences

m Reproduces a known result when p = 1 [1cukowyes Maldacena 13]

The second term in rhs vanishes when p = d — 1 (codimension-one)
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Interface entropy

m Interface CFT, D¢~V =T

Interface entropy T
§; — UCFT) _ S(CFT+) 4 G(CFT-) CFT, | CFT_
2
m Universal relation:
7(ICFT) [Sd]
51 = log(Z) (T) = (Z(CFT)[sd] Z(CFT) [§d])1/2
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Half-BPS Janus interfaces

m In2d N =(2,2) and 4d N = 2 SCFTs

—4A
768 (r,7) = (2) 7 exp[K(r, 7)/12]
€
m 7 radius, €: UV cutoff, A: type-A central charge

m K(7,7): Kahler potential on a conformal manifold

[Jockers-Kumar-Lapan-Morrison-Romo 12, Gomis-Lee 12, Gerchkovitz-Gomis-Komargodski 14]
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Half-BPS Janus interfaces

m In2d N =(2,2) and 4d N = 2 SCFTs

r

25 = (1) ewlrno

m 7 radius, €: UV cutoff, A: type-A central charge

m K(7,7): Kahler potential on a conformal manifold

[Jockers-Kumar-Lapan-Morrison-Romo 12, Gomis-Lee 12, Gerchkovitz-Gomis-Komargodski 14]

| | Half—BPS _JaﬂuS |nterfaces [Drukker-Gaiotto-Gomis 10, Goto-Okuda 18]

d
7(ICFT) [Sd} — 7(SCFT) [Sd] (71, 7.) S

3 Kahler ambIgUIty [Gomis-Ishtiaque 14]

K(ry,7) = K(rp, 7-) + F(ry) + F(7-)
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Interface entropy as Calabi’s diastasis

Using supersymmetric Rényi entropy (1 vaio 13 to preserve SUSY

Interface entropy as Calabi's diastasis [cotoNagano-TN-Okuda, WiP]

Sz =log |(1)]
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Interface entropy as Calabi’s diastasis

Using supersymmetric Rényi entropy [ri vasiov 13 to preserve SUSY

Interface entropy as Calabi’s diastasis [cotoNagano-TN-Okuda, Wi}

1

Szz_ﬂ

[K(7—+77_—+) + K(T*ﬂ_—*) - K(TJM%*) - K(T*J__Jr)]
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Interface entropy as Calabi’s diastasis

Using supersymmetric Rényi entropy [ri vasiov 13 to preserve SUSY

Interface entropy as Calabi’s diastasis [cotoNagano-TN-Okuda, Wi}

1
ST = Y [K (74, 74) + K(7—,7-) — K(74,7-) — K(7—,74)]
m Bulk part (ox A) cancels out

m No Kahler ambiguity

Agree Wlth the knOWn result in 2d [Bachas-BrunnerDouglas-Rastelli 13, Bachas-Plencner 16]

m Reproduces a conjectured form in 4d [coto Okuda 18]
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Towards a C-theorem in DCFT
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C-theorem

C(T) (height function on S)

C-theorem (weak) RG flow

3 a function C(7T) on a theory space
s.t.

Tov —— Tr
R low

= C(Tuv) 2 C(Tr)

S = space of QFTs

m C(T) called a C-function (& resource measure)
m Regarded as a measure of degrees of freedom in QFT

m Constrains the dynamics under RG if holds
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Examples and conjectures

m 2d: Zamolodchikov's c-theorem [z:molodchikoy 8]

B even d. A—theorem (<’I‘//11> d X fl) [Cardy 88, Komargodski-Schwimmer 11]

N
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Examples and conjectures

m 2d: Zamolodchikov's c-theorem (z:molodchikoy 861
B even d. A—theorem (<’I‘//11> d X fl) [Cardy 88, Komargodski-Schwimmer 11]

N

| | odd d' F‘theorem [Myers-Sinha 10, Jafferis-Klebanov-Pufu-Safdi 11, Klebanov-Pufu-Safdi 11]
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Entanglement, free energy and C-theorem in defect CFT = Towards a C-theorem in DCFT
Examples and conjectures

m 2d: Zamolodchikov's c-theorem [z:molodchikoy 8]
B even d. A—theorem (< ’I'//11>;’/1/ X fl) [Cardy 88, Komargodski-Schwimmer 11]

| | Odd d: F—theorem [Myers-Sinha 10, Jafferis-Klebanov-Pufu-Safdi 11, Klebanov-Pufu-Safdi 11]

|| PrOOf With entanglement eﬂtt’Opy |n d S 4 [Casini-Huerta 04, 12, Casini-Testé-Torroba 17]
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Entanglement, free energy and C-theorem in defect CFT = Towards a C-theorem in DCFT
Examples and conjectures

] 2d. ZamOlOdChikOV'S C—theOI’em [Zamolodchikov 86]
H even d: A—theorem (< T///>:jv/ X fl) [Cardy 88, Komargodski-Schwimmer 11]
u Odd d: F-theOI’em [Myers-Sinha 10, Jafferis-Klebanov-Pufu-Safdi 11, Klebanov-Pufu-Safdi 11]

m Proof with entanglement entropy in d < 4 [Casini Huerta 04, 12, Casini-Testé Torroba 17]

Generalized F-theorem conjecture (ciombikicbanov 14]

d ~ =
F =sin <7TZ> log Z[SY], Fyy > Fir
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Entanglement, free energy and C-theorem in defect CFT = Towards a C-theorem in DCFT
Examples and conjectures

] 2d. ZamOlOdChikOVYS C—theOI’em [Zamolodchikov 86]
H even d: A—theorem (< T///>lﬁ'] X fl) [Cardy 88, Komargodski-Schwimmer 11]
u Odd d: F-theOI’em [Myers-Sinha 10, Jafferis-Klebanov-Pufu-Safdi 11, Klebanov-Pufu-Safdi 11]

m Proof with entanglement entropy in d < 4 [Casini Huerta 04, 12, Casini-Testé Torroba 17]

Generalized F-theorem conjecture (ciombikicbanov 14]

d ~ =
F =sin <7TZ> log Z[SY], Fuy = Fir

m Reduces to the F- and A-theorems

- F d : odd

5A (conformal anomaly) d : even
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Status of C-theorems (+ conjectures) in DCFT

d=2 d=3 d=14 d=5
g-theorem
p=1
p=2 b-theorem

bdy F-theorem
proposal

spacetime dimension

defect dimension
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Entanglement, free energy and C-theorem in defect CFT = Towards a C-theorem in DCFT
C-function in DCFT?

m Candidate of C-functions

m Entanglement entropy: holographic model (p = d — 1)

[Estes-Jensen-O’Bannon-Tsatis-Wrase 14]

m Sphere free energy: bdy F-thm, b-thm (p = 2),
Wilson IOOp RG flow (d = 4, p= 1) [Beccaria-Giombi-Tseytlin 17]

m These two agree when p = d — 1 due to the universal relation

Are both C-functions for any d and p?
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C-theorem in DCFT: conjecture

m Defect RG flow triggered by a relevant defect operator:

I = Ipcrr + i/d% Vi O()

COHJeCtU I'€ [Kobayashi-TN-Sato-Watanabe 18]

The universal part of the sphere free energy
D = sin (7%[)) log [(DP))]
does not increase along any defect RG flow

Dyv > Dir

md
= Same form as the generalized F-thm: F = sin ( ) log Z[SY
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Entanglement, free energy and C-theorem in defect CFT = Towards a C-theorem in DCFT
Checks

m Sphere free energy always decreases under defect RG flows in

m Conformal perturbation theory
m Wilson loops (p = 1) in 3d and 4d
m Holographic models (a proof assuming null energy condition)

m Entanglement entropy DOES NOT decrease in

m Wilson |00p RG flows [Kobayashi-TN-Sato-Watanabe 18], surface Operators (p = 2)

[Jensen-O’Bannon-Robinson-Rodgers 18]

m Holographic Wilson loops [umsr-silvani 16, 171 and surface operators [rodzers 18]

Q(d —p— 1) 7.rd/2+1

Sactect = log (D)) — sin (rp/2) dT (p/2+1) T ((d — p)/2)

aT
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Entanglement, free energy and C-theorem in defect CFT = Towards a C-theorem in DCFT
Summary and future work

m Summary:

m Find the universal relation between EE and sphere free energy
m Derive the interface entropy as Calabi’s diastasis
m Propose a C-theorem in DCFT

m Future work:

m Proof in SUSY theories? (cf. F- and a-maximizations [sareris 10,

Closset-Dumitrescu-Festuccia-Komargodskia-Seiberg 12, Intriligator-Wecht Oﬂ])
m Proof using entropic inequalities as in g-thm [Casini-Landea Torroba 16]?

m Constrains on the dynamics of defect RG flows?
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