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*Background and motivation
*Trajectory heat along every pair of Feynman paths
*Microscopic reversibility and Jarzynski equality

*Quantum-classical correspondence of trajectory heat
and heat statistics
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gquantum thermodynamics: recent experiments
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Trajectory work and heat in classical stochastic systems
Work, heat and Entropy as functionals of a trajectory

Work: dw = oH , (x(1) A dt Heat: dq = ALPRLLY) Xat
0 0 X
C. Jarzynski, Phys. Rev. Lett 78, 2690 (1997) -
K. Sekimoto, J. Phys. Soc. Jap. 66, 1234 (1997) -

For overdamped Langevin Dynamics

i = pF(z,A) + ¢ = p[-8:V(z,A) + F(A)] + ¢, Sl o
o €(r)¢(r")) = 2Dé(7 — ')
Heat: dqzt:lf#){ir—g)rir.

Ken Sekimoto, Stochastic
Work:

dw = fdx + &V (x, X)dA Energetics (2010)



Feynman path approach to quantum trajectory work

 Work functional is defined along individual path, (Feynman)
e I|tis deeper than the two-point measurement method. (Schrodinger)

v’ quantum corrections to the classical work funcitonal

— W, W o
1) = Walx] + 2 W L] + - WP ] + -

v’ quantum-classical correspondence of the work statistics

K. Funo and H. T. Quan PRL, 121, 040602 (2018)
C. Aron, G. Biroli, and L. F. Cugliandolo, SciPost, 4, 008 (2018)
J. Yeo, arXiv: 1909.08212



How about trajectory heat? %t Xf

*Trajectory heat is more subtle than
trajectory work

*Even in classical systems, the strong
coupling regime is not well understood

work and heat:
*\We restrict to weak coupling regime trajectory

dependent

*We study quantum Brownian motion

P. Talkner, P. Hanggi, PRE, 94, 022143 (2016)
Open system trajectories specify fluctuating work but not heat
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*Trajectory heat along every pair of Feynman paths



Quantum Brownian motion — Caldeira Leggett model

e Composite system (system + bath)

Heoe(A¢) = Hg(A) + Hsp + Hp

. : 52 ~ counter term
system Hamiltonian He () = f—M + V(A %) /
: : : : Ckx
interaction Hamiltonian Hop = -2 ® z ¢ Gy + 2
2m wy,

bath Hamiltonian = Z A
Hp = (ka ‘)



Quantum Brownian motion — Caldeira Leggett model

v’ semi-classical limit — underdamped Fokker-Planck equation

A. O. Caldeira and A. J. Leggett, Physica A 121, 587 (1983)

v non-Markovian, non-rotating wave,

v’ exactly solvable (spin-boson, HPZ master equation)

& various calculation methods

B. L. Hu, J.P. Paz, Y. Zhang, PRD 45, 2843 (1992)
Y. Tanimura, J. Phys. Soc. Jpn. 75, 082001 (2006)

v’ path integral method to study the reduced dynamics

C. Morais Smith and A. O. Caldeira, PRA 36, 3509 (1987)
H. Grabert, P. Schramm, and G.-L. Ingold, Phys. Rep. 168, 115 (1988)



Definition of the heat probability distribution

e Two-point energy measurements

final energy initial probability
p?(m) = eFEn /75
Qm,mr =_
initial energy transition probability

P(m' «m) = Trs|[(E2|Usg |EE)pS (OES |Uss | ES,)]

tP(Q)

heat probability distribution
j\ P(Q) = Z §(Q — Q. )P(mM' « m)pB(m)

> () m,mr




Characteristic function of heat

Fourier transformation: yo(v) = | dQe™?P(Q)

characteristic function of heat
Xov) = Tr[Usge™" 2 pgp (0) USTBQ_WHB]

v’ first moment = average heat:
(Q) = _iavXQ(V) o = Tr[Hppp(0)] — Tr[Hzpp ()]

v n-thmoment:  (Q™) = (=i)"0) xo (V) |y=0



Path integral method

e PHB

ZpB

 initial state: pgg(0) = ps(0) ®

density matrix at time 7: unitary dynamics

(x; 105 (D7) = f dx;dy; [ DxDy RS-SRS (i 1)

* action: S[x] = for dt(%ifz(t) — V{4, x(©)])

. Feynman-Vernc_)n influence functional _{ x(t): forward path

1 y(s): backward path

Frylx,y ] = exp [+ - JF dtds L(s — t)x(t)y(s)

1
h)

r dtds {L(t — s)x(t)x(s) + L*(t — s)y(t)y(s)} + counterterm




Path integral expression of heat statistics

characteristic function of heat
Xo(v) = Tr[Uspe™ "8 psp (O)U;BE’_WHB]

path integral expression

[
Xo(v) = fdxfdyfdxidyi(s(xf —J’f)fDXDJ’ ernSI=S D [y, Y]Ps(xi,yi)
\ }
|
time-evolution

heat functional

Qvlx,y] = dtds(L(s — t + hv) — L(s — ©))x()y(s)

v
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*Microscopic reversibility and Jarzynski equality



Microscopic reversibility in classical Brownian motion

e Path integral representation

— “Boltzmann factor for a whole trajectory”
ot
P ~ exp [- | dr ¢*(r)/4D]

of . 5
pla(n)lzo] ~ exp [~ [ dr (¢ - uF)?/aD]
* ) A

To !'l;.l it i Ty A
hon !
AN L ks M‘Ig fnﬂ._ |
WL | Vi
Tofp, (,:\t{i.} Y 15'". i ALt
VoA

W A z(7)
. ;'\.[;

1
0 T t

AlT)

=

T i
— “time reversal” z(7) = z(t —7) and A(7) = A(t— 1)
— Ratio of forward to reversed path
plz(7)|xo] _ exp [~ [fdr (¢ —uF)?/4AD]
plz(7)|Zo) exp [— [gdr (z —pF)2/4D)]
= exp ,Bfot dr oF = exp Bqlz(7)] = exp Aspy,

Lars Onsager

L. Onsager, S. Machlup, Phys. Rev. 91, 1505 (1953).
All nonequilibrium work fluctuation theorems can be derived from this relation!



Hierarchy of fluctuation theorems
PR(_W) — @ B(W-AF)

P W A generalized JE A generalized JE
( ) for delta initial for arbitrary
Pe (W x0 S Xp ) — - e - B (W -AF) distribution [ ‘ initial states %

Pr (-W x - xo) \

Differential
fluctuation
theorem 171

h]

Microscopic

s Crook fluctuation ];,zynsﬂlgquaﬁty
reversibility

theoream I

e BU ()
Hummer-5zabo

<5(f - T T)e—ﬂw > = Zo relation [

Coarse-Graining

---------------------+

T. M. Hoang, ..., H. T. Quan, and T. Li, Phys. Rev. Lett 120, 080602 (2018)




Microscopic reversibility in quantum Brownian motion

heat functional (v = —if3)

1
hﬁ’ dtds(L(t —5)—L(s — t))x(t)y(s)

microscopic reversibility

Qﬁ [xr y]

jD[x(t) y(5)|xf»3’f] ePQplxyl

P,y D>

conditional path probability distribution
?[X(t),y(ls)upyg]

density matrix at time t:

i
(crlps(Dlyy) = f dx;dy; f DxDy e EL [ ] ps (e vi)



Asymmetric part of the influence functional

 Forward path e Backward path
' E=1—t,%D =x(), 1 =2,

related to the

heat functional

eﬁ(s[x]_s[y])FFV [x, y] h(s[f]_g[y])ﬁ'}:‘v [f, j‘}]
— exp +% | dtdsL(s—t)x(t)y(s)} :}t {: exp +% f did5 LG — DEOFG)
1 time asymmetric 1( .. . "
-7 dtds L(t — s)x(t)x(s) - i oy dtd3 L(t — 3)x(£)x(3)
1 , L
- dtds L*(t — $)y()y(s) | — 1 -7 dtds L' (T — 5)y(@y(5)
i time symmetric [,
—|—E(S[x]—5[y])+c.t. : +E(S[x]—5[y])+c.t.




Asymmetric part of the influence functional

 Forward path e Backward path
' E=1—t,%D =x(), 1 =2,

i | S[y
eh(s[x] ~Sb] )FFV [x, y] : h(S[ X]- [y])FFV[ 7]
= exp dt ds L(s — t)x(t)y(s)} i {— exp + dtds5 L — DXy
time asymmetric ) ]
i +£j dtds L(t — s)x(t)y(s)

heat functiona (v = —iﬁ)l
1

s )

Qplx,y] = dtds(L(t —5)=L(s — 1))x(®)y(s)



Microscopic reversibility

heat functional satisfies the microscopic reversibility

ﬁ[f(f),f(.‘s’)le,yf] — PQplxy]
Plx (@), y(s)|x;, vil

when there is no heat bath, influence functional equals to 1, heat vanishes

heat functional as a measure of time-asymmetry along Feynman paths

key relation for showing fluctuation theorems and Jarzynski’s equality

K. Funoand H. T. Quan PRE, 98, 012113 (2018)



Definition of the internal energy functional

e jnitial state: canonical distribution [imaginary path integral]

__1 - =25 B)[%g,0,]
(xilps (0)|yi) = zS(AO)fDxO e T
initial energy functional
1
Im z E [.7?0, A’U] — _SE[fo,Ao]
by Y(s) yT ! hp
st D -1‘ Re z classical limit M .
Xg (u)x e\ | % (1) > 5 [X,]% + V[x,, Ag] + O(R)
~ihBYg =" "%\

) . K. Funo and H. T. Quan PRE, 98, 012113 (2018
Eg|Xo, Ao] Qglx,y] Eg|Xe Al ( )



Detailed fluctuation theorem and Jarzynski’s equality

e definition of work (weak coupling)

Wﬁ [-fﬂt XY, f’[] — Eﬁ [frr /Lr] _ Eﬁ [-?EOJ' AO] _ QB [xr y]

e detailed fluctuation theorem

Plx(©),73)

Plx(t),y(s)

lm 2z _
T}’l v(s) yrt N
—i0* iﬁeg
Xglu) I i (u
x(t) 1y
—ihp x\ R --.x':r .\

LGBz 2

xf’yf]e 2 /ZS(A ) o~ BWpglxo.x,y,x:]—AF)
1

xi, yile 7 Fotol 700

e Jarzynski’s equality

w) (e=PWp=0m) — 1

g—path

EglXo0 Ao] Qglx,y] Eglin ] K FunoandH.T Quan PRE, 98, 012113 (2018)
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*Quantum-classical correspondence of heat functional
and heat statistics



Properties of the heat functional: classical limit

Trajectory heat

Q,|x,y| = dtds(L (s—t+hv)—L(s— t))x(t)y(s)

Ay

classical limit

» 0.4]X,0] = ——fdtPZ(t)+fdt—.Q(t) + O(h)

Ohmic spectrum

Weak coupling strength Sekimoto (1998)

heat statistics

XQ (V) - (eiVQCl)Cl_path

v' Quantum-classical correspondence



Summary

*\We define trajectory heat along every pair of Feynman paths,
and find the first law of thermodynamics along Feynman paths

*The microscopic reversibility can be proven for the quantum
Brownian motion (Caldeira-Leggett model)

eJarzynski equality in quantum Brownian motion model can be
formulated based on the trajectory heat along Feynman paths

*Correspondence between quantum trajectory heat and
classical trajectory heat are established in this model



Than« you!



Classical coordinate and thermal noise
from the Caldeira-Leggett model

forward coordinate x(t)

backward coordinate y(t) .
l

Vi
x()+y) °-
X(t) = ;

— classu:al coordinate

center coordinate

— quantum fluctuations &(t) = x(t) — y(¢t)

> thermal noise Q(t) = ifOT ds R[L(t — s)]¢é(s)

(properties are discussed later)



Classical limit of the trajectory heat

Trajectory heat

Q,|x,y| = dtds(L(s —t+hv)—L(s— t))x(t)y(s)

Ry
_ j dtdsi(s — Dx(6)y(s) + 0 (k)

= QalX, 0] + QineB%0] + Quiph.0] + 0(hv)

weak coupling T T

interaction energy AHgp initial state # conditional thermal state of B
psp(0) # ps(x)e FHetHse) /7,



Classical limit of the trajectory heat

heat functional

Q,|x,y| = dtds(L (s—t+hv)—L(s— t))x(t)y(s)

Ay

_ j dtdsi(s — Dx(6)y(s) + 0 (k)

= QalX, 0] + QineB%,0] + Quiph.0] + 0(hv)

weak coupling classical fluctuating heat (non-Markovian)

QulX, 0] = [detX()(Q(t) — [ ds K(t — $)X(s))

P(t)

Y
> QulX, Q] = dt P*(t) + f dt——1t)  sekimoto (1998)

Ohmic spectrum M




Classical limit of the Caldeira-Leggett model
h expansion for the action:

%(g[x] Sly]) = ——fdtf(t) (Mx(t) + V' (X))——M&X +0(§7)

Feynman-Vernon influence functional:
Fy [x, y]

= exp f dat o) | ace) - f dsK(t—s)X(s)) Ly f dt K(6)E ()

classical bath correlation function

c.f. Ohmic spectrum
K(t—s)=2MyS(t — s)

thermal noise via Stratonovich-Hubbard transformation

QD) =0, (AOQ(s)) = hRIL(E — 5)] = LKt — 5) + O(hB)




Classical limit of the characteristic function of heat

characteristic function of heat

*o(v) = f dxydyydx;dy5(x; — yr) f DxDy erH =SV ey [x, ylps (xy, yi)e v le)

—%fdt:f(t) (M}'{'(t)+V’(X) +fdsK(t—S)X(S)—Q(t)

= f dX,dX, f DXDEDQ P[Q)exp
X, X; )evealxyl 4 o(h _ _
ps(Xi Xi ) () Wigner function

+ X; f dt K(t))
/

= f dXrdX, f DXDQP[QIS(M[X, Q) ps(X,, X; eivealxy]

/

classical trajectory satisfying non-Markovian Langevin equation

MIX,Q=MX@)+V'(X)+ [dsK(t —s)X()— Q)+ X; [dtK({) =0




Classical limit of the characteristic function of heat

characteristic function of heat

XQ (V) - (e Q] [x,y] )Cl_path

guantum-classical correspondence principle of the heat statistics



