Kontsevich—Duflo type theorem for dg

manifolds

Hsuan-Yi Liao
joint work with Mathieu Stiénon and Ping Xu

KOREA
INSTITUTE FOR
/A ADVANCED
/=) STuoY'

Workshop on Atiyah classes and related topics
January 6 - 9, 2020
KIAS, Seoul



@ Kontsevich formality theorem
© Dg manifolds and Atiyah classes

© Kontsevich-Duflo theorem for dg manifolds



Kontsevich formality theorem

900000000

@ Kontsevich formality theorem



Kontsevich formality theorem
0®0000000

Differential graded Lie algebra

Let g = P, ;9" be a (Z-)graded vector space. A differential
graded Lie algebra (dgla) is a triple (g, d,[—, —]), where

@ (g,d) is a cochain complex:

i d gi+1

9

Denote the degree of x by |x|, i.e. x € g
e (g,[—,—]) is a graded Lie algebra:

[~ —1:g' x ¢ — g™
.yl = =(=1)""I[y, x]
b, Iy, 21 = [bx, 1, 2]+ (1) My, [x, 2]]
e compatibility condition (= H(g, d) is a graded Lie algebra):

dlx, y] = [dx, y] + (=1)"/[x, dy]
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Example (Polyvector fields)
M = C* manifold
g : pon(M) = ®/> 1 7dloly( )

gl = poly(M) - r(/\l+1T )

@ Schouten bracket [—, —] : po|y(/\/l) ® pc,|y(/\/l) ’;Tyl(l\/l)
[X’ f] - X(f)7 VX € 7;)Oo|y(M)7 fe p0|y(M) (M)
[X, Y] = Lie bracket of vector fields, VX,Y € 73, (M)

[&,n A ¢l = [€m A ¢+ (=1)ElMy A ¢, ¢]

o d = zero differential, d =0 : To|y( ) — T’:fyl( )
o ( poly( ),0,[—,—]) is a dgla
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Example (Polydifferential operators)

g= ;oly(M) = @ ,D{aoly(M)

iz—1

° D;O,Y(M) =D(M)®g - ®r D(I\/IZ

i+1 factors
R = C°°(M), D(M) = differential operators on M

@ Gerstenhaber bracket
[-.—]: Dk, (M)® D! (M) = D(M)

poly poly poly
@ Hochschild differential dy : Di,, (M) = D/l (M)
o (D, (M), dy,[,]) is a dgla (a sub-dgla of the dgla of

Hochschild cochains)
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L., morphism

Let (9. dy, [~ —Jg). (B, ch [~ —]y) be deas.

Idea of L., morphism:
Lift Lie algebra morphism H(g, dy) — H(bh, dy) to cochain level.

An L, morphism & = ($,)%°; : g ~» b is a sequence of linear
maps ¢, : A"g — b of degree 1 — n such that
L dhcbl(Vl) = q)l(dgvl)

o dy([vi, va]g) — [®1(v1), P1(w2)]y =
dhd>2(v1 A V2) — <D2(dgv1 VAN V2) — (—1)|V1|¢2(V1 VAN dgVQ)

@ and higher equations (infinitely many equations)

An L., quasi-isomorphism ® : g ~» b is an Ly, morphism & such
that ®1, : H(g, dy) — H(b, dy) is an isomorphism.
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Kontsevich formality

Hochschild—Kostant—Rosenberg map (skew-symmetrization)

hkr : M) — D3, (M)

p.oly( poly(

hkr(XiA- - AXi) = k|zs1gn Xo)®: - ®@Xo0),  ¥X; € X(M)

TgESy

Kontsevich formality theorem

Theorem (Kontsevich, Tamarkin)

® 3 an Ly quasi-isomorphism & : T3, (M) ~ Dj

poly(M) such
that its first Taylor coefficient ®; = hkr;

@ hkr induces an isomorphism of Gerstenhaber algebras

hkr

P°|y(M) _> H.( ;oly(M)adH)‘
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Application: Duflo type theorems

Theorem (Poincaré-Birkhoff~Witt)

Let g be a finite-dimensional Lie algebra. The map

pbw : S(g) — U(g)

defined by the formula

pbw(X; © - = Z Koty Xo(n)

€S,

is an isomorphism of vector spaces.

NOTE:
pbw does NOT preserve the algebra structures.
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@ In 1970, Duflo modified pbw by Duflo element
1 — g—2d N
J = det <e> € Sg",
ad

where ad € Hom(g, End(g)) = g¥ ® End(g), and proved the
compatibility with product by techniques of representation
theory including Kirillov's orbit method.

@ In 1997, Kontsevich proposed a completely different proof by
Kontsevich formality theorem.

o Following Kontsevich’s idea, Pevzner and Torossian gave a new
proof of Duflo. (2004)

Theorem (Duflo)

Let g be a Lie algebra. The map
pbw 0Jz : 5(g)? — U(g)?

is an isomorphism of algebras.
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Kontsevich's approach can be applied to different situations
including complex manifolds:

Kontsevich-Duflo theorem (Kontsevich, Calaque & Van den Bergh)

hkr o(TdX)% : H*(X,A\*Tx) — HH*(X) is an isomorphism of
Gerstenhaber algebras.

Today:
Unify these theorems by dg manifolds and Atiyah classes.
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Differential graded manifolds

A Z-graded manifold M with support M is a sheaf R of
commutative Z-graded algebras over a smooth manifold M such
that R(U) = C>°(U) @ S(VY) for sufficiently small open subsets U
of M and some Z-graded vector space V.

We say M is finite-dimensional if dim M + dim V < oc.
C®(M) := R(M)

Definition

A dg manifold is a Z-graded manifold M endowed with a vector
field Q € X(M) = Der(C>°(M)) of degree +1 such that
[Q,Q]=2Qo@=0.
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If g is a Lie algebra, then (M = g[1], Q = dcg) is a dg manifold:
o function algebra:  C>®(M) = A*gV
e cohomological vector field: Q@ = dcg : A®g¥ — A**TlgV

If X is a complex manifold, then (M = Tg’l[l], Q=20)isadg
manifold:

e function algebra: COO(T)gvl[l]) > Q0 (X)
o cohomological vector field: @ = d (Dolbeault operator)
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Why dg manifolds?

@ A physical motivation: AKSZ.

@ Many interesting examples: Lie algebras, foliations, Lie
algebroids, Courant aglebroids, etc.

@ Derived Differential Geometry: negatively graded dg manifolds.
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Example

Let E be a vector bundle over M and s € (M, E). Then
(M = E[-1], Q = t5) is a dg manifold: derived zero locus of s.

@ function algebra:

.25 T(N2EY) —2= T(N'EY) —2= C®(M) —— 0

which is quasi-isomorphic to C*°(Z(s)) (as cdgas) if s is a regular
section.

Theorem (Behrend, L, Xu)

The category of finite-dimensional negatively graded dg manifolds
is a category of fibrant objects.
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Atiyah class for dg manifold

Atiyah (1957): obstruction to the existence of holomorphic
connections on a holomorphic vector bundle

For dg manifold:

o (M, Q) = dg manifold, V = affine connection on M
o Atiyah cocycle: at, o) € (T, @ End Taq) given by

atfu.q)(X: ¥) = Lo(VxY) = Vi)Y = () XVx(LoY)

where X, Y € X(M). at(vM’Q) = Lo(V)
e Atiyah class:
M,Q) = [at(VMp)] € Hl(F(TX,t ® End TM), LQ)
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A connection V on M is called a Q-invariant connection if

[Q,ny]:V[Q’X]Y—i-Vx[Q, Y] VX,YE:{(M)

Proposition

o The Atiyah class apg,q) € HEe(T(TY, ® End Toy), Lg) does
not depend on the choice of connection V.

® am,Q) =0 <« 3 Q-invariant connection on M
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Todd class for dg manifold

e Todd cocycle of (M, Q) associated to V is the Lg-cocycle

v
v atiyg,Q) K
td ) = Ber () e T (rA Txy)

1—-e k>0

@ Todd class of a (M, Q) is the class

(M Q k k
k>0
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HKR theorem for dg manifolds

Let (M, Q) be a dg manifold.

Twisted dgla of polyvector fields:
M) g = (& Ty (M), 0 +[Q, ], [, =)
Twisted dgla of polydifferential operators:

(e Dpoty (M) g = (6Dpory (M), dy + [Q, =], [ —])

Proposition

The map hkr : ( voly (M)*, 0, [Q, )= (D Soly (M), du, [Q, -1

is a morphism of double complexes. Moreover, the induced map

(@ p.oly(

hkr - H* (& Tpor, (M), [Q, 1) = H* (e Dger, (M), dy + [Q, —])

is an isomorphism of vector spaces.




Kontsevich—Duflo theorem for dg manifolds

00®000000000000

NOTE:
hkr does NOT preserve the algebra structures.

REMEDY:
Modify hkr by Todd class.
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Formality theorem for dg manifold

Theorem (L, Stiénon, Xu)

Given a finite-dimensional dg manifold (M, Q) and an affine
torsion-free connection V on M, there exists an Lo,
quasi-isomorphism

o (@ ley(M))Q 7 (@D;oly(M))Q
whose first ‘Taylor coefficient’ ®, satisfies the following two
properties:

e &y induces an isomorphism of associate algebras of the
cohomologies;

e &1 is given by the formula

1 = hkro(td; o))?-
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Kontsevich—Duflo theorem for dg manifolds

Corollary

Given a finite-dimensional dg manifold (M, Q), the map

hkr o(Td(ar,q))? : H* (& Toy (M), [@; 1)

— H* (Dol (M), dy + [Q, 1)

is an isomorphism of Gerstenhaber algebras. The square root

l [ ]
(Td(m,@))2 € [1kso HX((F(A“TY,))®, Lq) acts on

H (& Ty (M), [Q, 1) by contraction.
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Application: Lie algebra

o (M, Q) = (g[1], dce)
° at(VM,Q) € M(Ty ® End Tygp)) = A°gY @ ¢ ®Endg :

at(V/VLQ) :g> X —adx (V = trivial connection)

—ad

° td(vM,Q) = Ber (1:97"_“) = det (%) = Je SgY

The map pbw oJz : Hee(g, S(g)) — Hep(a,U(g)) is an
isomorphism of algebras.
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Application: complex manifold

X = complex manifold, (M, Q) = (TY'[1],)

Theorem (Chen, Xiang, Xu)

The following diagram is commutative:

N

hkro Td (M Q))
4>

H* (6 Tpery (M), [Q 1) H* (¢ Dpoy (M), dr + [Q; ])

1
H* (X, A Tx) Lol s HH*(X)

Kontsevich-Duflo theorem (Kontsevich, Calaque & Van den Bergh)

hkr o(de)% : H*(X,A\*Tx) — HH*(X) is an isomorphism of
Gerstenhaber algebras.
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Sketch of proof of Kontsevich—Duflo Thm

We are interested in the isomorphism of Gertenhaber algebras:
1 (] (] (]
hkr O(Td(/\/l Q))2 : (@ pon(M)Q) — H (@ pon(M)Q)

It factors in the following way

H(T45,(F),[DY + Q, ) — = H(D5,, (F), [DY + m+ Q,-])

ﬁ J///

H(EB p.oly(M)Q) 77777777 H(@D;oly(M)Q)
where | and [ll are from Fedosov contractions, and /I is induced by
a twisted (fiberwise, local) Kontsevich formality morphism.
Atiyah classes appear because of the twisting //.
DV is a bridge between local formulas and global formulas.
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Classical construction of DV

e M is a graded manifold of dimension n
® (Xk)kef1,..,ny local coordinates on M

® (Yk)ke{1,...,ny induced local frame of T, regarded as fiberwise
linear functions on Ty

o Koszul vector field:

_ STV

regarded as a formal vector field acting on Q(M, ETXA)
e Homotopy operator: h: QP(M,S9TY,) — QP-1(M, Satt V)

n

1
hwo ) = —— S (), woy, - f
(w8 1) = g Sy
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o Twist 6 by dV, but (=54 dV)2 # 0.

o Consider operators of the form
DV =—+dvV +X
where the correction
X € QYM, 5Z2(TY,) @ Taq).

@ Solve X by the equation (DV)? = 0.

Let V be a torsion-free connection. There exists a unique degree
one element X € (M, S>?(TY,) ® Tam) such that

o (h®id)(X) =0,
o (DV)? =0.
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Our construction of DV

Definition

Let M be a graded manifold. The formal exponential map
associated to a connection V on T is the morphism of left

C*°(M)-modules
pbw = pbw" : [(S(T 1)) = D(M),
inductively defined by the recursive relations
pbw(f) = £, pbw(X) = X,

1 n

bw(Xg ®---© X,) = ——
pbw(Xo © -+ © Xy) RSP

i{Xk - pbw(X ) — pbw (kax{”)}

X =X0 - 0X_10X1 0O Xy
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@ pbw = pbw" is the co-jet of the geodesic exponential map if

M=M.

@ pbw : I'(S(Trm)) = D(M) is an isomorphism of coalgebras
over C®(M).
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Back to construction of DV

@ Pick a connection V on Ty, and we have a coalgebra
isomorphism

pbw = pbw" : [(S(Tx)) — D(M).
o Consider the connection V¢ on S(T,) defined by
V§<5 ‘= pbw ! (X - pbw(S))

forall X € I(Taq) and S € T(S(Tam)).

° Ihe connection V¢ induces a connection on the dual bundle
ST),. By abusing notations, we use the same symbol V¢ for
this induced connection.
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The covariant derivative

dV' QP (M, S(TY) — QP (M, S(T))

Theorem (L, Stiénon)

o The connection V¢ is flat. Namely
(V)2 =0

e If YV is a torsion-free connection, then dVi = s +dV+ X
with _
X € QY(M, SZ2(TY) ® Twm),
degree(X) = +1, and (h®id)(X) = 0.
Thus,
dvé _ DV
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Thank you!
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