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@ Let Q be a quiver (= directed graph).
@ Assume that Q has no loops or 2-cycles.

Q0!

Example:

Non-example:
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@ Quiver mutation at vertex k:

Step 1) For each subquiver

O—0—0O,

add a new arrow
O—O.

Step 2) Reverse the directions of any arrows touching k.
Step 3) Remove both arrows of any 2-cycles.
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1) Mutation at vertex 1

2) Consecutive mutations at vertices 3,4,5,3

3,4,5,3
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3) Consecutive mutations at 1,2,3,1,2,3

1,2,3,1,2,3

o m
2 2 2 2
o=/z\—‘0 o/z\—‘c

4) Consecutive mutations at 1,2,3,1,2,3

1,2,3,1,2,3
146784315 112998

VRN
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c-vectors and C-matrix

@ For each vertex k of a quiver Q, introduce a new vertex k and an

arrow from k to k. @-»@

@ The vertices k are frozen in the sense that we do not perform

mutations at these vertices.

@ After any consecutive mutation sequence w = [ij, b, ..., ], record
the numbers of arrows from k to all the frozen vertices. The
resulting row-vectors ¢;” are called c-vectors.

w
G
@ The matrix C% = | : | is called the C-matrix.

cn
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w=][1,21273]

C1W:(07071)7 Cé”:(1,0,0), C§V:(07—1,—1)

0 0
c% = 0 0
0 -1 -1
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w=[2,3,2,1]

w
—_—
2
-1 -2 -6
C"=110 21 60
0 -2 -1
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Sign coherence of c-vectors

Theorem (DWZ,GHKK)
The c-vectors are non-zero, and the entries of a c-vector are either all

non-negative or all non-positive.

This theorem is proven by [Derksen—Weyman—Zelevinsky (2010)] and
[Gross—Hacking—Keel-Kontsevich (2018)].

@ For a nonzero vector v, write v > 0 if all the entries are

non-negative and v < 0 if all the entries are non-positive.

@ The above theorem says that we have

either ¢ >0 or ¢ <0.
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A quiver is acyclic if it does not have an oriented cycle. For example,

VAN

Assume that Q is acyclic. Then we have an ordering < on the set of
vertices {1,2, ..., n} such that

i~=j < Ii—]
Define a quadratic form

q(x1,...,x Zx —Zb,,x,x],

i~

where bj; is the number of arrows from i to j. (Set b; = —bj;.)

Kyu-Hwan Lee (UConn) July 14, 2020

10/31



For example, when Q is given by

2 3

VAN

q(x1, X2, X3) = X12 + X22 + X32 — 2X1Xo — 3X1X3 — 4XoX3.

For w =[2,1,3,2], the c-vectors are

C%” = (374725)’ Cé” = (_27 _350)7 Cé” = (070, _1)'

They satisfy

q(3,4,25)=1, q(-2,-3,0)=1, q(0,0,-1)=1.
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This is always true with an acyclic quiver.

Theorem (Kac, 1980; Caldero—Keller, 2006)

Assume that Q is acyclic. Then, for any c-vector ¢}, we have

w

q(c”) = 1.

Q: Is this true for non-acyclic quivers?
A: No, but not completely false.
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o w=[23,21]

2 2
w
1&&&—————3 1 &3
-1 -2 -2
C"=|2 5 4
0o -2 -1

@ There is no natural ordering for this quiver.

@ Fix1>=2> 3. Then
q(x1, X2, X3) = X2 + X2 + X2 — 2x1Xp + 2X1 X3 — 2Xa X3,
and we have

q(-1,-2,-2)=1, q(2,5,4)=1, q(0,-2,—-1)=1.
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It is natural to formulate a conjecture:

For any quiver Q, there exists an ordering < such that c-vectors

are roots of the equation

q(X17"',Xn):1‘

However, there is a counterexample.

w=1[12342]

The c-vector ¢} = (5,2, 2,2) is not a root for any ordering.
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Idea: When Q is acyclic, c-vectors are closely related to reflections.

Let oy = (1,0,...,0),..., ap = (0,...,0,1) be the standard basis.

Define
o) + b/',‘Oé,' if i </,

si(ag) = § —q; if i = J,

o — bj,-a,- if /> j

[Caldero—Keller, 2006] says that, when Q is acyclic, the c-vectors are

real Schur roots, i.e.

¢’ =588, - Spq;

for “special” sequences (i1, b, . . ., ir) of indices.
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Since s;’s are isometries, we have, for an acyclic quiver Q,

When Q is non-acyclic, there is a counterexample. Hence, in general,
w
Ci" # S;,Sj," - Sj,qj.

However, the vectors s;, s, - - - 5;,; would still make sense if we can

characterize the sequence (i, ..., ir) for each mutation w.
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For each w, inductively define r/¥ with the initial element s; by

w W, .w H w AW
wik) TR if by ¢l >0,

Fi

r otherwise,

where by are defined by the numbers of arrows in the quiver Q".
Write r¥ = g¥s;(g")~".

Definition

Fix an ordering <. Then the |-vectors IV and the L-matrix L" are
defined by

I 1W

I"=g"(ej) and L% =

I’

V.
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w=[3,4,1,3,4,3]

Take 1 <2 <3 < 4.

w

r{" =83545351S3548S3,

w

Iy” =8354535153545254535153548S3,

w

I3" =8354515354535153515354535154S3,

w 2 2
Iy’ =5354515354(5351)°535453(5153)°S4535154S53.
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The /-vectors are

/1w :S3S4S3(a1) = (1 s O, —1 , —1 ),
/2W —=8354 5351 3384(042) = (—1 ,1,0, 1),
I3 =53545183845351(3) = (2,0,0, -3),

/XV =835451 5334(3381 )253(a4) = (—3, 0,0, 4),

and the L-matrix is given by

1.0 -1 —1
w_ |1 1
2 0 -3
-3 0 4
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@ From the construction, the /-vectors are roots of the equation
q(x1,...,xn) =1.

Since we do not yet have an interpretation of /-vectors as real
roots of a “root system”, we call them real Losungen.

(A Ldésung means a solution in German.)

@ Q1: How much information do the /-vectors carry?

In particular, if C¥ = CY%, is it true that LY = L"?

@ Q2: Can we characterize the sequences (i, ..., i) for

w
/,- =S§j - ~S,‘rOz,'?
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For any quiver Q, there exists an ordering < such that, whenever

CY = C", we have

rY =r" and IV = +I", i=1,...,n

@ We can show that /-vectors are leading terms in a certain sense
when c-vectors are written as linear combinations of real

Lésungen.

@ This conjecture claims that these leading terms carry essential

information about the c-vectors and quiver mutations.
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w=[3,4,1,83,4,3], v=1[41,3413]

One can check
c%=20C".

Take 1 <2 <3 < 4.
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I’1w —=8354535153548S3,

w

Iy" =835453515354525453515354S3,

rgv —=8354515354535153515354535154S3,

2 2
Iy’ =S354515354(S351)°535453(5153)" 545351543,

rY =s3(5451)?54535451545354(5154)° S3,

1y —=53(5451)2545354515453(5451)2545254(5154)%535451545354(5154)° 83,
ry =s3(5451)?545354(5154)2 83,

rY =(535451)54(515453)%.

One can check
I‘,-W:I’,-V, i:1,2,3,4.

Kyu-Hwan Lee (UConn) July 14,2020  23/31



Recall Q2:

How can we describe the special sequences (i, . ..

w
/,- =Sj - S,'rOz,'?

We will use curves on a Riemann surface.

@ For o € S, consider

, Ir) for
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@ Let ¥, be the compact Riemann surface of genus | 5 |
obtained by gluing together the two n-gons with all the edges of
the same label identified according to their orientations.

o7 =THu---Tp,CX,

V: the set of the vertex (or vertices) on T
@ 2U: the set of words iy iz - - - ir from the alphabet {1,2, ..., n} such

that ip 7# ip41,
R C W the set of words in 2 such that r is odd and ip = ir_p1.
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Definition

An admissible curve 7 :[0,1] — X, is a curve such that
1) n(x) € Vifand only if x € {0,1};

2) there exists e > 0 such that ([0, ¢]) C Ly and n([1 — ¢, 1]) C Lp;
3) if n(x) € T\ V then n([x — ¢, x + €]) meets T transversally for

sufficiently small € > 0;
4) v(n) € R, where v(n) := iy -- - ik € W is given by

{xe[0,1] : n(x)eT}={x1 <---<x} and

n(x¢) € Tj, for £ € {1,..., k}.
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For example, let n =3 and 0 = (2,3,1). Then ¥, is a triangulated

torus with edges indexed by 1,2, 3 as follows:

Consider the universal cover of X, and a curve

We get v(n) = 2321232321232 for 1.
Since v(n) € R, the curve 7 is admissible.
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For an admissible curve n with v(n) = iyiz - - - ir, define

S(n) = 8,8}, -+ S

e

Conjecture
Fix an ordering < for a quiver Q. Then there exist non-self-crossing

admissible curves ", i =1,2,...,n, on the Riemann surface ¥, for

some o € S, such that
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v=1[23,421,3]

Take1 <3 <2<4ando=(3,1,4,2).

Kyu-Hwan Lee (UConn) July 14,2020  29/31



T4

T2

curve 77 .

(¢) The curve n3.

Kyu-Hwan Lee (UConn)

T2

T4

Tl

T4

(B) The
T1

T2

(D) The

l

curve 3.

T2
T4
Tl

curve 73 .
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Thank You
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