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Let S, be a closed surface of genus g (g > 2).
Tg = T(Sg) is the Teichmiiller space of Sg.

Mg = M(Sg) is the moduli space of Sg.
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Injectivity radius

Let p € S, be fixed and any X € T,. The injectivity radius Injx(p)
of X at p is half of the length of a shortest nontrivial closed
geodesic loop based at p.
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Injectivity radius

Let p € S, be fixed and any X € T,. The injectivity radius Injx(p)
of X at p is half of the length of a shortest nontrivial closed
geodesic loop based at p.

Let
o [0,2Injx(p)] — X

be such a shortest geodesic loop with ¢(0) = o(2Injx(p)) = p of
arc-length parameter. Then
1. the restriction o : [0, Injx(p)] — X is a minimizing geodesic;

2. the restriction o : [Injx(p), 2Injx(p)] — X is also a
minimizing geodesic.
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Injectivity radius

Let p € S, be fixed and any X € T,. The injectivity radius Injx(p)
of X at p is half of the length of a shortest nontrivial closed
geodesic loop based at p.

Let
o [0,2Injx(p)] — X

be such a shortest geodesic loop with ¢(0) = o(2Injx(p)) = p of
arc-length parameter. Then
1. the restriction o : [0, Injx(p)] — X is a minimizing geodesic;

2. the restriction o : [Injx(p), 2Injx(p)] — X is also a
minimizing geodesic.

The map Inj.y(p) : Tg — R>0 is continuous.
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Systole function

For any X € Tg, we let £s,5(X), called the systole of X, denote the
length of shortest closed geodesics in X. The systole function

loys() : Tg = RT

is continuous, but not smooth because of corners where £5(-)
may be achieved by multi closed geodesics.
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Systole function

For any X € Tg, we let £s,5(X), called the systole of X, denote the
length of shortest closed geodesics in X. The systole function

loys() : Tg = RT

is continuous, but not smooth because of corners where £5(-)
may be achieved by multi closed geodesics. It is easy to see that

1. Lsys(X) = 2minpex Injx(p).
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Systole function

For any X € Tg, we let £s,5(X), called the systole of X, denote the
length of shortest closed geodesics in X. The systole function

loys() : Tg = RT

is continuous, but not smooth because of corners where £5(-)
may be achieved by multi closed geodesics. It is easy to see that
1. Leys(X) = 2minpex Injx(p).
2. Lsys(X) < 2Injx(p) < 2In(4g - 2).
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Systole function

For any X € Tg, we let £s,5(X), called the systole of X, denote the
length of shortest closed geodesics in X. The systole function

loys() : Tg = RT
is continuous, but not smooth because of corners where £5(-)
may be achieved by multi closed geodesics. It is easy to see that
L. Loys(X) = 2minpex Injx(p).
2. Lsys(X) < 2Injx(p) < 2In(4g - 2).

Theorem (Buser-Sarnak 1994)

There exists a universal constant U > 0, independent of g, such
that for all g > 2,

sup £sys(X) > Ulng.
XeT,
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Geodesic length function

For any essential closed curve o C Sg and X € Ty, there exists a
unique closed geodesic [a] in X representing .. The geodesic
length function of «

lo() : Ty — RO

is defined as
lo(X) = E[a](X).
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Geodesic length function

For any essential closed curve o C Sg and X € Ty, there exists a
unique closed geodesic [a] in X representing .. The geodesic
length function of «

lo() : Ty — RO

is defined as
lo(X) = E[a](X).

The geodesic length function £, (-) is real-analytic on T.
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Gradient of geodesic length function

Let X € Tz and a C X be a simple closed geodesic. One may lift
o onto the imaginary axis in H and denote by A : z — ef(X) . 7 its
deck transformation on HL.

Yunhui Wu A new uniform lower bound on Weil-Petersson distance



Gradient of geodesic length function

Let X € Tz and a C X be a simple closed geodesic. One may lift
o onto the imaginary axis in H and denote by A : z — ef(X) . 7 its
deck transformation on H.

(Gardiner 1975) The Weil-Petersson gradient V{,(X) of the

geodesic length function ¢,(-) at X can be expressed as
Lo =2 X ey,
a - — Y X
T el Bz oz

where (A) is the cyclic group generated by A, I is the Fuchsian

_IZI

group of X and p(z)|dz|? () is the hyperbolic metric on H.

Yunhui Wu A new uniform lower bound on Weil-Petersson distance



Gradient of geodesic length function

Let X € Tz and a C X be a simple closed geodesic. One may lift
o onto the imaginary axis in H and denote by A : z — ef(X) . 7 its
deck transformation on H.

(Gardiner 1975) The Weil-Petersson gradient V{,(X) of the
geodesic length function ¢,(-) at X can be expressed as
LR =2 Y E@? dz oo
o = = TN o X
T el E@P(2) o2

where (A) is the cyclic group generated by A, I is the Fuchsian

_IZI

group of X and p(z)|dz|? () is the hyperbolic metric on H.

(Labourie-Wentworth 2018) Generalized formula at the Fuchsian
locus of Hitchin representations.
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Now we always assume that both Tz and M, are endowed with
the Weil-Petersson metric.
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Now we always assume that both Tz and M, are endowed with
the Weil-Petersson metric.

1. (Alhfors 1961) The space T, is Kahler.
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Now we always assume that both Tz and M, are endowed with
the Weil-Petersson metric.

1. (Alhfors 1961) The space T, is Kahler.

2. (Chu 1976, Wolpert 1975) The space T, is incomplete.
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Now we always assume that both Tz and M, are endowed with
the Weil-Petersson metric.

1. (Alhfors 1961) The space T, is Kahler.
2. (Chu 1976, Wolpert 1975) The space T, is incomplete.

3. (Wolpert 1987) The space T, is geodesically convex.
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A new uniform lower bound

Theorem (W. 2020)
Fix a point p € Sg (g > 2). Then for any X,Y € T,

’\/Injx(p) - \/Injy(p)‘ < 0.3884 dist,p(X, Y)

where dist,,, is the Weil-Petersson distance.
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A new uniform lower bound

Theorem (W. 2020)
Fix a point p € Sg (g > 2). Then for any X,Y € T,

’\/Injx(p) - \/Injy(p)‘ < 0.3884 dist,p(X, Y)

where dist,,, is the Weil-Petersson distance.

Remark
(Rupflin-Topping 2018) With the notations above,

Vinix(p) — Vinjy (p)]| < c(g) distup(X, V)

where c(g) > 0 is a constant depending on g.
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Application

Corollary
Forany X,Y € T (g > 2),

‘\/Esys(X) - \/esys(y)‘ < 0.5492 dist,p(X, Y).
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Application

Corollary
Forany X,Y € T (g > 2),

‘\/Esys(X) - \/esys(y)‘ < 0.5492 dist,p(X, Y).

Proof.
Without loss of generality, one may assume that
lsys(X) = Leys(Y).
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Application

Corollary
Forany X,Y € T (g > 2),

‘\/Esys(X) - \/esys(y)‘ < 0.5492 dist,p(X, Y).

Proof.
Without loss of generality, one may assume that

lsys(X) > Lsys(Y). Let o C Y be a shortest closed geodesic.
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Application

Corollary
Forany X,Y € T (g > 2),

‘\/Esys(X) - \/esys(y)‘ < 0.5492 dist,p(X, Y).

Proof.
Without loss of generality, one may assume that
lsys(X) > £sys(Y). Let e C Y be a shortest closed geodesic. So

for any p € a, we have 2Injy(p) = lss(Y) and
2Injx(p) = Lsys(X).
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Application

Corollary
Forany X,Y € T (g > 2),

‘\/Esys(X) - \/Esys(Y)‘ < 0.5492 dist,p(X, Y).

Proof.

Without loss of generality, one may assume that

lsys(X) > £sys(Y). Let e C Y be a shortest closed geodesic. So
for any p € a, we have 2Injy(p) = lss(Y) and

2Injx(p) > £sys(X). Then by the Theorem above we get

VEss(X) = \/ays(Y) < V/2Tnix(p) — v/2Tnjy ()
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Application

Corollary
Forany X,Y € T (g > 2),

‘\/Esys(X) - \/Esys(Y)‘ < 0.5492 dist,p(X, Y).

Proof.

Without loss of generality, one may assume that

lsys(X) > £sys(Y). Let e C Y be a shortest closed geodesic. So
for any p € a, we have 2Injy(p) = lss(Y) and

2Injx(p) > £sys(X). Then by the Theorem above we get

Vs(X) = 1/ts(Y) < V/2Inix(p) — v/2Iniy (p)
<V/2 x 0.3884 dist (X, Y) = 0.5492 dist,,» (X, Y).
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Application

Corollary
Forany X,Y € T, (g > 2),

‘\/esys(X) - \/esys(Y)‘ < 0.5492 dist (X, V).
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Application

Corollary
Forany X,Y € T, (g > 2),

‘\/esys(X) - \/esys(Y)‘ < 0.5492 dist (X, V).

Remark

1. (W. 2016, 2019) |\/lsys(X) — \/lsys(Y)| < K distup(X, Y)
where K > 0 is a uniform constant independent of g.
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Application

Corollary
Forany X,Y € T, (g > 2),

‘\/esys(X) - \/Esys(Y)l < 0.5492 dist (X, V).

Remark
1. (W. 2016, 2019) |\/lsys(X) — \/lsys(Y)| < K distup(X, Y)
where K > 0 is a uniform constant independent of g.
2. (Bridgeman-Bromberg 2020)
|V ls(X) — /lgs(Y)| < EteXY),

Yunhui Wu A new uniform lower bound on Weil-Petersson distance



We say
ti(g) < f(g) or f(g) - fi(g)

if there exists a universal constant C > 0, independent of g, such
that

fi(g) < C- f(g).
And we say
fi(g) < f(g)

if fi(g) < f2(g) and f(g) < fi(g).
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Weil-Petersson Inradius

The Weil-Petersson inradius InRad(M) of M, is

InRad(My) := sup disty,(X, M)
XeMg

where OMy is the boundary of M, consisting of nodal surfaces.
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Weil-Petersson Inradius

The Weil-Petersson inradius InRad(M) of M, is

InRad(My) := sup disty,(X, M)
XEMg
where OMy is the boundary of M, consisting of nodal surfaces.

Theorem (W. 2016)
Forg > 2,

InRad(M,) < /Ing.
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Outline of proof

Upper bound: it follows by the following two properties.
(1). For any Xg € My,

lsys(Xg) < 2In(4g —2).
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Outline of proof

Upper bound: it follows by the following two properties.
(1). For any Xg € My,

lsys(Xg) < 2In(4g —2).

(2). (Wolpert 2008) For any Xz € Mg,
distyp(Xg, Ma) < /27l (Xg)

where M,, is the stratum of ﬁg whose pinching curve is a.
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Outline of proof

Upper bound: it follows by the following two properties.
(1). For any Xg € My,

lsys(Xg) < 2In(4g —2).

(2). (Wolpert 2008) For any Xz € Mg,
distyp(Xg, Ma) < /27l (Xg)

where M,, is the stratum of ﬁg whose pinching curve is a. By

choosing o C X to be a systolic curve,

InRad(Mg) < sup distyp(Xg, Ma) < V/Ing.
Xg€Mg
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Outline of proof

Lower bound: let Xz € Mg be a Buser-Sarnak surface, i.e.,

lsys(Xg) < Ing.
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Outline of proof

Lower bound: let Xz € Mg be a Buser-Sarnak surface, i.e.,

lsys(Xg) < Ing.

Recall that

[ lars(X) = /tas(V)] < distup(X, Y)

which implies that

VIng < dist,,(Xg, 0Mg) < InRad(My).
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A natural question is:

does |im M
g0 4/Ing

exist?
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A natural question is:

does |im M
g0 4/Ing

sys(g) = max Leys(X).
g

exist?

Set

It is known that

sys(g) < Ing and InRad(M;) =< +/sys(g).
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A natural question is:

does |im M
g0 4/Ing

sys(g) = max Leys(X).
g

exist?

Set

It is known that
sys(g) < Ing and InRad(M;) =< +/sys(g).

By applying a slightly refined argument in (W. 2016),
Theorem (W. 2020)

lim InRad(Mg) _ \/ﬂ

g0 \/sys(g)
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A natural question is:

does |im M
g0 4/Ing

sys(g) = max Leys(X).
g

exist?

Set

It is known that
sys(g) < Ing and InRad(M;) =< +/sys(g).

By applying a slightly refined argument in (W. 2016),
Theorem (W. 2020)

i MRadMg) o
g0 \/sys(g)

Remark

This result above is firstly obtained by Bridgeman-Bromberg in
2020. The ideas of both proofs are similar, but the estimations are
different.
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Outline of proof

As introduced above, we know that
InRad(My) < /27 - sys(g)

implying
lim sup M < V2.

g \/sys(g)
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Outline of proof

As introduced above, we know that
InRad(My) < /27 - sys(g)

implying
lim sup M < V2.

g \/sys(g)

It suffices to show the lower bound:

lim infM > /2.
g0 \/sys(g)
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Outline of proof

As introduced above, we know that
InRad(My) < /27 - sys(g)

implying
lim sup InRad(My) < V2.

g—00 \/SyS(g -

It suffices to show the lower bound:

lim infM > /2.
g0 \/sys(g)

Step-1: Show that the systole function
loys(-) : Tg — RO

is piecewise smooth along Weil-Petersson geodesics.
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Step-2: A formula of Riera in 2005 says that

2 u+1
<V£onv£a>wp(x) = ;(ga(X)—i— Z . (uIn — _2))
Ce{(ANT/(A)—id}

where u = cosh (distg (&, C o &)) and & is an axis in H for .
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Step-2: A formula of Riera in 2005 says that

2 u+1
<V£onv£a>wp(x) = ;(ga(X)—i— Z . (uIn — _2))
Ce{(ANT/(A)—id}

where u = cosh (distg (&, C o &)) and & is an axis in H for .
If we choose a@ C X with £, (X) = £s,5(X), by using
two-dimensional hyperbolic geometry we show that

Proposition

Let X € Mg with £s,s(X) > 8. Then for any curve o C X with
lo(X) = Lsys(X) there exists a uniform constant C > 0
independent of g such that

1 1 1 Lsys(X)
— < ||Ve2(X WS\/I—i—Ce_ 5 ).
= < VLX) < =1/ ( )
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Step-2: A formula of Riera in 2005 says that

2 u+1
<V£onv£a>wp(x) = ;(ga(X)—i— Z . (uIn — _2))
Ce{(ANT/(A)—id}

where u = cosh (distg (&, C o &)) and & is an axis in H for .
If we choose a@ C X with £, (X) = £s,5(X), by using
two-dimensional hyperbolic geometry we show that

Proposition

Let X € Mg with £s,s(X) > 8. Then for any curve o C X with
lo(X) = Lsys(X) there exists a uniform constant C > 0
independent of g such that

1 1 1 Lsys(X)
— < ||Ve2(X WS\/I—i—Ce_ 5 ).
= < VLX) < =1/ ( )

1
In particular, ||V€3s(X)||wp ~ \/% as Lsys(X) — 0.
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length
parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length

parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
Let ry € [0, s] such that

Ogi?;g lsys(7(1)) = Loys(1(rg)) = /sys(g).
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length

parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
Let ry € [0, s] such that

ogi?;g Coys(V(t)) = Lsys(V(rg)) = /sys(g).-

Then,

Vsys(8) — / Vars(@)l = y/Las(X) = /£ys(1(72)
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length

parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
Let ry € [0, s] such that

o0 Los(1(6)) = Los(1(70)) = V/5ysg).

Then,
Vsys(8) — / Vars(@)l = y/Las(X) = /£ys(1(72)
1 [P0 (gt
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length

parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
Let ry € [0, s] such that

o0 Los(1(6)) = Los(1(70)) = V/5ysg).

Then,
Vsys(g) — v/ Vors(8)] = [y/fas(X) —Wsys(wrg))\
1 [P0 A Ept] < [ 190
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length

parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
Let ry € [0, s] such that

o0 Los(1(6)) = Los(1(70)) = V/5ysg).

Then,
Vsys(g) — v/ Vors(8)] = [y/fas(X) —Wsys(wrg))\
s / (T o] < [ IV (Ot
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length

parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
Let ry € [0, s] such that

o1E Los(1() = Las(1(75)) = V/ors(e)
Then,
[V/sys(g) - Vsys(g)| = ]\/ﬁsys(x — \/ﬁsys(v(rg))\

- / (Ve (1(8)), 7 (8)) wpilt] < /0 19685 (+(8)) [t
oy 1 < InRad(My)
AN N T
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Step-3 (Endgame): Let X € M, with £5s(X) = sys(g) and
v :[0,5) = Mg be the Weil-Petersson geodesic of arc-length

parameter with (0) = X and 7(s) € 9M, where s = InRad(My).
Let ry € [0, s] such that

o1E Los(1() = Las(1(75)) = V/ors(e)
Then,
[V/sys(g) - Vsys(g)| = ]\/ﬁsys(x — \/ﬁsys(v(rg))\

- / (Ve (1(8)), 7 (8)) wpilt] < /0 19685 (+(8)) [t
oy 1 < InRad(My)
AN N T

Thus,
jim inf MR2d(0Ve)

V2.
g \/sys(g)
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Weil-Petersson diameter

The Weil-Petersson diameter diam,,,(Mg) of the moduli space
My is
diam,,(Mg) = sup distyp(X,Y).
X#YEM,
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Weil-Petersson diameter

The Weil-Petersson diameter diam,,,(Mg) of the moduli space
My is
diam,,(Mg) = sup distyp(X,Y).
X#YEM,

Theorem (Cavendish-Parlier 2012)

Forg > 2,
V& < diam,,,(Mg) < /glng.
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Weil-Petersson diameter

The Weil-Petersson diameter diam,,,(Mg) of the moduli space
My is
diam,,(Mg) = sup distyp(X,Y).
X#YEM,

Theorem (Cavendish-Parlier 2012)

Forg > 2,
V& < diam,,,(Mg) < /glng.

Open questions:
1. diam,,(Mg) =< (/g Ing?
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Weil-Petersson diameter

The Weil-Petersson diameter diam,,,(Mg) of the moduli space
My is
diam,,(Mg) = sup distyp(X,Y).
X#YEM,

Theorem (Cavendish-Parlier 2012)
Forg > 2,

V& < diam,,,(Mg) < /glng.

Open questions:
1. diam,,(Mg) =< (/g Ing?

2. Does |im

exist?
g—00 g
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Recall

Theorem (W. 2020)
Fix a point p € Sz (g > 2). Then for any X,Y € Ty,

‘\/Injx(p) - \/Injy(p)‘ < 0.3884 dist,,p(X, Y)

where dist,,, is the Weil-Petersson distance.
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Outline of proof

Let ¢ : [0, To] — Tg be a Weil-Petersson geodesic of arc-length
parameter where To > 0 is a fixed constant, and let
0 :[0,21Injc(4)(P)] — c(to) be a shortest geodesic loop based at p.

Now we outline the proof as the following several steps.

Step-1: (Rupflin-Topping 2018) Show that the function
Inj(,)(p) : Ty — R>% s locally Lipschitz along Weil-Petersson
geodesics.
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Outline of proof

Let ¢ : [0, To] — Tg be a Weil-Petersson geodesic of arc-length
parameter where To > 0 is a fixed constant, and let
0 :[0,21Injc(4)(P)] — c(to) be a shortest geodesic loop based at p.

Now we outline the proof as the following several steps.

Step-1: (Rupflin-Topping 2018) Show that the function
Inj(,)(p) : Ty — R>% s locally Lipschitz along Weil-Petersson
geodesics. If it is differentiable at t = tg € (0, Tp), then

21Inje(z,)(P)
< 1/ " (to) (o (s))| .
0

4

d .
7 InJc(t)(p)‘

t=tp
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We divide Step-2 into two cases.

Step-2-0: If Injo(,)(p) < arcsinh(1), it is not hard to see that for
any s € [0, 2Injc(,)(P)],

(\f2— 1) Mjc()(P) < Inje(s0)(0(5)) < Inje(y)(P) < arcsinh(1).
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We divide Step-2 into two cases.

Step-2-0: If Injo(,)(p) < arcsinh(1), it is not hard to see that for
any s € [0, 2Injc(,)(P)],

(\f2— 1) Mjc()(P) < Inje(s0)(0(5)) < Inje(y)(P) < arcsinh(1).

Proposition (Bridgeman-W. 2019)

Let X be a closed hyperbolic surface and ;1 be a harmonic Beltrami
differential on X. Then for any p € X with Injx(p) < arcsinh(1),

[ ()2 dArea(z)

2
n(p)? < 2
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We divide Step-2 into two cases.

Step-2-0: If Injo(,)(p) < arcsinh(1), it is not hard to see that for
any s € [0, 2Injc(,)(P)],

(\f2— 1) Mjc()(P) < Inje(s0)(0(5)) < Inje(y)(P) < arcsinh(1).

Proposition (Bridgeman-W. 2019)

Let X be a closed hyperbolic surface and ;1 be a harmonic Beltrami
differential on X. Then for any p € X with Injx(p) < arcsinh(1),

[ ()2 dArea(z)

2
n(p)? < 2

By applying the Proposition above and Step-1 we get

d
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Yunhui Wu A new uniform lower bound on Weil-Petersson distance



Step-2-1: If Inj.(;,)(p) > arcsinh(1), it is not hard to see that

min Inj o(s)) > 0.2407.
s€[0,2|njc(t0)(p)] Jc(to)( ( )) =
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Step-2-1: If Inj.(;,)(p) > arcsinh(1), it is not hard to see that

min Inj o(s)) > 0.2407.
s€[0,2|njc(t0)(p)] Jc(to)( ( )) =

Proposition (Teo 2009)

Let X be a closed hyperbolic surface and p be a harmonic
Beltrami differential on X. Then for any p € X,

u(p)? < C(r) /B @) dAeal2), O < 1 < Inix(p)
pir

where the constant C(e) is a function of e.
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Step-2-1: If Inj.(;,)(p) > arcsinh(1), it is not hard to see that
min Inje(¢) (o (s)) > 0.2407.

s€[0,2 |"jc(t0)(P)]

Proposition (Teo 2009)

Let X be a closed hyperbolic surface and p be a harmonic
Beltrami differential on X. Then for any p € X,

u(p)? < C(r) /B @) dAeal2), O < 1 < Inix(p)
pir

where the constant C(e) is a function of e.

By applying the Proposition above, Step-1 and a
we get

d .

t=tp
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Proposition (

Let X be a hyperbolic surface. For any p € X we let

o :[0,2Injx(p)] — X be a shortest nontrivial geodesic loop based
at p. Assume that

inf Injy(o(s)) > 2¢
scioant oy X (0(8)) = 220

for some uniform constant g > 0. Then for any function f > 0 on
X, we have

21Injx(p)
/ / fdArea | ds < 1250/ f dArea.
0 B(o(s):eo0) Neg(0)

Where B(o(s);e0) = {q € X; dist(q,o(s)) < eo} and N, (o) is
the eg-neighbourhood of o, i.e.,

Ng (o) = {z € X; dist(x,0([0,2Injx(p)])) < €0}
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Step-3 (Endgame): We apply the Fundamental Theorem of
Calculus to get

[vInix(p) = V/Injy (p)|
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Step-3 (Endgame): We apply the Fundamental Theorem of

Calculus to get
distup(X,Y) _
/0 p ( In_]c(t)(p)) dt

[vInix(p) = VInjy (p)| =
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Step-3 (Endgame): We apply the Fundamental Theorem of
Calculus to get

[vInix(p) = V/Injy (p)|

IN

distup(X.Y) 4 _

/0 p ( In_]c(t)(p)) dt
d
dt

/distwp(X,Y)
0

( Injc(t)(p)> ’ dt

Yunhui Wu
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Step-3 (Endgame): We apply the Fundamental Theorem of
Calculus to get

distwp(X,Y) d

a(v'“lcﬂ (p)) ot
[ )

< 0.3884dist,p(X, Y)

[vInix(p) = VInjy (p)| =

IN

as desired.
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Thank youl!
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