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Towards a Periodic Table A TPMS
.

( bosonic) 2D TP Ms ← UMTCS

classify U Mtcs ? / up to . . . ? )
spherical non-degenerate

- Constructions braided fusion category
-

"

Natural
"

- New from old

- Wiltgp perspective

- By rank
- Ultimately : up ts braided monoidal equiv .



Natural Constructions

Quantum gps
: flag , e) →

q=e
""

joy→ Voy m> Uqoynsthplbqoy )-ifloy.lt
Metric Gps : fin .

abelian
gp A , & non - chg .

quad .

form : Q : A → V11 )
.

G( A. Q )
.

objects : aeA
,

④

i.mn/tuiA.Homla,b)=8a,bClIde)qbc-A
.

Twists : µOa=QH . da=1 .



Th? Any pointed UMTC is of the form G( A. Q )

E flip,Qj) Qj (a) = [
" " "HP

podd .

EI : 8122,1'→i) Semion Theory

New From Old
.

If b. Dare MTG
the Deligne prod . b☒D

is also an MTC
.

"

Direct prod .

"

objects : IX. Y)
,

Morphisms ( f
, g) &⑤ . - .

Physically : bilayer construction .

Th If e. ED Mtcs then DIE ☒ É
for some MTC G

'

ffactorization
. . . )



Boson condensation
.

G finite gp .

Rep (G) is asymmetric braided fusion cat -

.

Cai Cy ✗ = Idy ☒✗
f- all X

.
Ye Rep (G)

Symmetric is
"

highly degenerate ! In MK

{ ✗ simple : c×y4×=Id-VY}={ A }
.

( generally : symmetric ← Super- tannakian)
T.is Tanna Kian if JI Rip 161

,

some G.
→ sonic

If Jeb Tanna Kian snbcat
. A MTC

,
HE Rep

may condense T
: Gg has same obj . as 8

but more morphisms
.



Let Fant G) = AEG an algebra object .

Homed ×, YI = Home ( 1- ☒× , Y) so : A -1>Heeg

logis G- graded : Gg ⑦ Dg : Dg t.fi DghGEG

(Gg )e= De is again an Mtc
.

dim / De) -- dimly
*

Boson condensation d- 06
.

A phase transition .

More generally : condense
any

connected e' tale algebra
.

Iba : Ate an alg . object : m :AxA→A
- →A

"
-

GA : A- modules in 8
,
tea)° local A- modules

( GA)
,

is an MTC
.

braid trivially w/ A



E Rep ( DWG) 2 Rep (G) → Vei .
Condense

Symmetry Ganging . e MTC
,

G -%tut¥(b) :
finite group G acting by braided ④ - auto equivalency .

1. F-✗ End / add G- defects : D= ④ Dg : Def .

g

z
.

G- equivariantik D%_ an MTC : G-ganging
c.homological obstructions/choices to Gauging .

.

.

Existence A fusion ? Associative ?

↳ choices ↳ choices

It so . . .
D↳2 Rep (G) & G)g)EEG .

So reverse process as condensation .

Also a phase transition .



E K→Aut¥( 814
,QD QW=e"*%

.

↳ action is by 1h2
gym objects .

1. 2- extension : 612
, ,Q)①M : ill:{m}

.

dimlm) = V3 m④m= / ④ a ⑦ a- ! ( Ty-cat)

2. Iz- equiv .

: I 5 V14 4.( for one choice / .
Has dims : 1,1, 2, V39 ( 5 simplest .

Ze sting : combines ☒ & boson condensation
. .

.

Question : Can we Gange more general symmetries ?

I.e. reverse
"

local A-module
"

construction
.



Drinfeld Center : From
any spherical fusion cat

B get 2 (B) an MTC
. (dime 2 (B )) = dint B)2.)

objects are pairs ( X
, K
,

- I ✗ c- B
,

Ney : ✗ ☒YIYXOX for all Y c- B. "

half-braiding
"

E 2C Rep G) = Rep ( DG ) .

E± If 8 is modular
,
2181=-6 ☒ f.

"

V7
~ reverse braidingWilt Gp . ( Davydov , Miiger

,
Nikshych ,ostrik§ " " CÉI

.

Modular categories form an abelian
gp

:

1. G~D if 3- fusion cat Asf
.

e. ☒Drive 2Gt
. Equiv. rel on MTCS .



2. [ E ] - [ D] = [ 8 ☒ D]
.

3
.

Id : [ ZIAD
.

[ 85'=[ Grey
.

Called the wilt gp .
- Abelian

,

no rank
,

torsion

is infinite 2- gp . of exponent 32 .

Boson condensation
,
local A- module cats

, Gauging
ALL preserve wilt class

.

conj.COM No) blog, e) generate the Wilt gp .
"
All Mts come from Quantum Gps

.

"

classification By rank .

Ocheanu Rigidity : for fixed {Nij
"

} ( at most)

finitely many braided fusion cats .



Any braided fusion category has f- nicely many
spherical structures .

Vert inte : Sab determines Nij
"

.

Upshot : Classify Modular Data :

✗
diagonal [

dim (f)
.

Tts : = ( Sij )
Ft : = (Fj ) .

= Ian]



Tools we can use :

Galois theory : Sij
, Tij lie in

Abelian exthof ⑦
.

Matrix analysis : N× diagonalized by S .

542,74 rep . theory :(% )i→s , (f)HT
ppj . rep of 542,74 .

Factors over SLCL
,
74N) a finite

gpwhere N = ord (T)
.

Algebraic # Thy : z[Jµ ] a Debi kind Domain ,

Sij alg . integers
.

gebraic geom : Pdyt equations / use Grabner
. . .)



Putting these together. . .

Let G-- Gall #s/Q)
5-

di - - - - tr
- ,

si;) "vis" =/ "j.si#?...fLdr-i
Lets c- G-

. { %i_j : j=o. . . - in}
are eigenvalues A Ni : r(¥;)=%!

Independent
ofSo GGG

on, g
1 Permutes columns )

From this :
r ( Sij ) = I Sili) F- Yj)



Thus : Sij lie in a cyclo tonic field

so G- Gall #s /Q ) an abelian swibgp A
E.
E± [

Id
,

tools so s , ,= -1

r=_2 d
,
S

, ,
} If G=< e > d

,
C- 2

.

If 6=5101 ))
. - -

d?+nd, 1=1--0

:



Since p
: 542,21 → Glrtc) factors over

52474×1=-542 , 74p.int/---xsL4Z/pkk)
by CKT

,

can decompose . . .

Low dim
reps . are classified so in low ranks

we write

5=µ☐, } F- [ "kit? }0 i.

& look for F ( orthogonal) 8€
.

5=1--5 É' & FF F-
'

= I

satisfy all conditions .



We can classify up to rank
6 up to fusion ryley

( & often upto br
.
④ equiv .)

Below : SUN)k± PSVCN)k☒b( 74N ,Q) for 1N, 14=1
.

Pso( 8)
,
C- 5018), is mod

.
sub cut

.

Rank representative ( affusion rules /

.

2 PSU(2)
} , GCHQ)

3 Psucils , 812,,Q) , 50142

4 Psuczt
,
GCZY ,Q),B(K✗k,Q) , ☒42

g PSVCDQ
,
8125,2)

,
54234

,
PSU / 3)K

G
DSULD

, , , 501532,7501573-2,1050183
,

/GD
,

☒ 443



Question : How many Mts for fixed rank r ?

Wang Conj. (
'031 Finitely many .

( I 6) [ 13mi Hard,Ng , R , Wang? Conjecture holds .

Uses :
5- units

. ( Analytic # thy ) .

pf outline :

1. Ord ( D= N bdd in terms A r .

2. A bd
.

on dim I b) ⇒ bd
.

on Nijk .

3 . Cauchy Thm for Mts : in 2K fµ]=I[ Ti;]

Spec ( N) = Spect dim /%
( this uses FS - indicators . . . )



4. dim 161 =3
, di ⇒ I = § ( di
i i=o Times ) #

5
. are S - units for 5- Speak NJ

.

Kim let← die / dim (b)
fractional (¥÷g,) factor as prime ideals from S

.

i did

6. Everts
'

84 : finitely many skis to 5-unit

eqn .

#
.

7. Finite choices for dim 161
,

so bt
.

QED
.



Remarks
:

S- unit eqns are
like

Diophantine egns
with a finite choice

of primes .
Does not give effective bd

.

:(quadruple
exponential )
can be extended ts

rank - finiteness for Braided Fusion Caligari is
( Morrison

,
Ni kshych , Jones, R) .


