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ZA|: Geometry of algebraic fiber spaces
( Iitaka Conjecture & related problems)
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1. Algebraic fiber space 9.
litaka Conjecture A7\

2. General fiber F 7} generel type 2 5.
(f7} smooth 4 =)

3. General fiber F 7} generel type 2 A-%.
(f 7} smooth 7} o} 32 =X)

4. 34 A3} & FA 40N



An algebraic fiber space is a surjective
morphism {: X—Y between smooth projective
varieties X &Y with connected fibers F={\(y),

y=general point of Y.

- It is a relative version of algebraic varieties.

- Random X,Y,F do not define alg fiber spaces.

&obvious restriction: dim X = dim F + dimY

There are more fundamental restrictions on
X,Y,F given by Kodaira dimension, volumes, etc .

A9 (Kodaira dimension)

° -
L’) litaka dimension of D

KX):= KCKx) Kodaira dimension of X

(2< divisor < Z-divisor, £< Q-divisor)



A9 (Volume)

Vol(D) =

- Both measure the positivity of the divisor D.
- If D is a divisor on X and if $Pn)= X, 9’1-“"9915

a polynomial for all sufficiently large m, then
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- A divisor D is big if velcD)+0.
- X is of general type if Kx is big.



Easy addition lemma: (F)+ dim\f 2 ulX) .
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litaka Conjecture : W) 2% CE) € (X))

- open since 1972
- many partial results:

- dim F=1 (Kawamata 1978, AAt=%)
- F = general type
- F has a good minimal model
- Y = general type
o] 3% WK ) =wlY ) +twlF)
by Easy Addition Lemma.

AR
MMP + Abundance conjecture

$ good minimal models exist
$ Iitaka Conjecture holds
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good minimal model| =canonical model 2 Z<
minimal model
[Birkar-Cascini-Hacon-Mckernanl:
Variety of general type < good minimal model € Z<
=4
o] Z2Ao)| =< F 7} general type 2| A5 litaka
Conjecture & 39492 %329



A3 (litaka conjecture)
Algebraic fiber space {: XY of| A general fiber F 7}

general type 2 A%
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1980-1990:

- Viehweg: Kx 7} Semiample Z 7MAst e 29

- Kawamata’t MMPZ 7143} 29,

- F7} general type 2 A% Kollar 7t 93] 32,

2% variation of Hodge Structue & Z<Z °]#<5 |2
o) 5238k et 3.

o] 73| < Variation of Hodge structureZ £4 &x
- Birkar-Cascini-Hacon-Mckernan & 2%

- weakly semistable reduction(Abramovich-Karu)

- Kollar vanishing theorem

& 22 HA?) AHXZ o] 83 ANH2 22 A< Fujino
Osamu 2} 342 W2,

AAE W52 o B A
Iitaka Conjecture An Introduction,
Osamu Fujino, Springer
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Viehweg's Conjecture Q:
1:X—>Y < algebraic fiber space. If var(f) =dimY ,
then ,jl *'D?; is a big locally free sheaf for some

k70

1:X—Y < algebraic fiber space with general fiber
F. Then

K2 KT -EW{\/“N(’F? , KCY) }

Conjecture C+ :

[itaka Conjecture C:
If :X—Y is an algebraic fiber space with
general fiber F, then the following holds :

le Cr) 2 X)) + wlE)
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“onjecture Q = Conjecture

Conjecture Ql|A..

variation of f = var(f)Z yeY £ 432|912 A {9 fiber
F =f'l(y) 7} nontrivial 3t4| deform 3= 27+9) 22

A3 (Viehweg)
‘ var(f)=0 if and only if f is birationally isotrivial. \

Birationally isotrivial fiber space® :

yeY £ olx Yo 2 g2 A% fiber F7} 93 (deform) HA) &
Zd. A3 X=F+Y 2

2 2 var(f) = dimY < y= o] W3Fe 2 F2 A= Frt
nontrivial 3}# deform & o},

2 23] Yt £:2X>Y 9 fiber£< parametrize 3+
fine moduli space M°| 3%t 34 var(f) =T:Y—> M 9
image 2. AH4|2t var ()] A< Hol| %A ...

o}-Z< F7} general type 2 A

Aot

=
X : :
C = Iitaka Conjecture
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Viehweg's Conjecture Q:
fX—=Y <L algebralc fiber space. If var(f) =dimY,

then »f Q% is a big locally free sheaf for some
K7o.
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2 &4, 1& _g., {—Y is weakly semistable,

®m
—eon, —?(,\A);?(( = nef locally free sheaf

forany ~m >0

3<A. 12 dA AA Var()= dimY < 372 714 819
e
—%_,Jb?(? = big for some k o .

4 ¢A. Viehweg's Conjecture Q ¢ &
= Conjecture C
= litaka Conjecture



Remark
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(39 A nef locally free sheaf&t< N\d2 A-3stx
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- Line bundle(=divisor) 7} Cartier (£Z #ol s Q-
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