IRV E} B

(o L F_.EC:]

FN

QUANTUM FIELD THEORY AND STANDARD MODEL

91
A IR e i)
2022 KIAS Yxtga ojsaz



Notes

1. We will use “Natural Unit”
ce=h=1

length| = [time] = [energy| ' = [mass]

2. Metric convention ( 10 0 0)
0—-1 0 0
0 0 —1 0

\0 0 0 —1)

Ny =

3. arXiv.org, inspirehep.net



What is Quantum Field and Why Quantum Field?

LECTURE 1



Classical Field Quantum Field

S
HEE

(wave in continuum limit)

Coherent motion of infinitely large number of degrees of freedom (thermodynamic limit)



Question : Why thermodynamic limit is important?

Example: Nearest neighbor Ising model

(Ref: N. Goldenfeld, Lectures on phase transition and the renormalization group)
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M=~ ;(S) =D OB Z = e F
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F(H,J,T)=F(-H,JT)
N x M = —iF(H) = —iF(—H) _ . ¢ F(-H)=-NxM=0

OH OH O(—H)

No Magnetization ? : True for finite N



In one-dimensional case,
Z =2 L0

A2 = e’ ( cosh(SH) + \/sinhz(ﬁH) + E_ﬁ'}) AL > A2

: A\ N ;
Z = (1+ (/\—2) )= Nooo
1
F~ N(—kgTlogA)= N, M = _i

oH

In thermodynamic limit, free energy density which is independent of N is well defined



Details: h=pBH, K = f3.J+ periodic boundary condition S; = Sy1
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ForT - 0 (ff » x),
A =~ €’ (cosh(BH) + |sinh(BH)|) = g )

f=—kgTlog(\)=—-J— |H|
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Continuum limit : Heisenberg Model

S; = +1 — S(&) with |5] =1
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Functional integral (a.k.a. path integral)



For particle physics,

Quantum Mechanics

Special Relativity

= [ Relativistic Quantum Mechanics ]
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Why Relativistic QM is in the form of Quantum Field Theory (QFT) ?

Hint: Electrodynamics already contains special relativity

Example : Coulomb’s law + special relativity = Ampere’s law + Lorentz force
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de Broglies’ particle-wave duality :

If photon energy momentum is given by (E,p) = (hw, hk),
Why not generic particle’s energy momentum is given by (E,p) = (hw, hk)?

If the particle-wave duality of photon is obtained from the quantization of
electromagnetic field operator,

Why not the particle-wave duality of generic particle is obtained from
quantization of field operator ?



Then how are the states given?
In special relativity, interactions between particles are inelastic

: particle species as well as the number of particles are not fixed

H ﬁ'
=

vl

h
AxAp =~ Axr — 0 Ap — o0

2

Photons with energy E > 2 m, can create the electron-positron pair



Elementary process :

|O'-')iu = “‘:11 81, kg._, Sa. kf:.;, 53> |.16)>0u1, - |k!l 5;; ké* 3fz>

i = (B]S|a) S = lim U(T,-T) S-matrix

T—o0

Probability amplitude : ,..(3

Fock space H = {|k1,s1:kz, 89:--+)} appropriate for many-body physics



Question :

In order to describe the special relativistic S-matrix (or equivalently, probability
amplitude), how the Hamiltonian should be given? That is, how the fundamental

framework of relativistic quantum mechanics should be given?



Brief summary on Special Relativity

In two inertial frames, the interval between two events read

Frame O : (dt,dx)
Frame O : (dt',dx’)

2 2 . .
dr2 = dt? — dx? = dt'° — dx’ (Lorentz invariance)
lefi-rocket fime laboratery time right-rocket fime
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“on (the mass-)shell” WL "
Ay ” A . AN -
left-rocket space 4 laboratory space' right-rocket spmce'

LEFT-MOVING ROCKET FRAME LABORATORY FRAME RIGHT-MOVING ROCKET FRAME



2
InQM, E - id/dt,p - iV: ’n’lg:—%—’rvg
’ (Klein-Gordon)
00" +m? =0

In addition, translation invariance is still imposed:

Lorentz invariance + Translation invariance = Poincare invariance



Poincare group : (A, a)

# — ' = A* ¥ + a” (A1, a1)(As,a2) = (A1Ag, a1 + Aqas)

de'-dy' = ny,d2"dy” =de-dy —— AN, =1

: : 1 0 0 0
“B t h 0 0 — h “rotat ” .

00s coso(w) 00 511(1) (w) rotation 0 cos(d) sin(6) O
0 0 1 0 0 —sin(f) cos(d) O
—sinh(w) 0 0 cosh(w) 0 0 0 I

1

cosh(w) = A =y
sinh(w) = =




1. Lorentz invariant integral measure

3
| wotwse —my = | 22(&-% R=k-k  E(k) = VA

2. Fock space normalization

1) covariant normalization

(K'|k) = 2E(k)5*(k — K UA)|k) = |Ak),  (K|k) = (AK|Ak)

2) non-covariant normalization
E(Ak)

UM =14/ Fa

|¢\ﬁ>

(K'|k) = 6*(k — k)



Translation is generated by the Hamiltonian
pO# _ (HQ,P{DJ)

n

Holky, - kn) = E(k)lky, - - kn), POy, k) =) kilka, - - kn)
g=1

=1

In covariant normalization
KU A PO (A) k) = (A" kY)2E(Ak)S (AK' — AK) = (AX k)2E(k)6° (K — k)
= A% (K| PO k)

Ut(A)POYU(A) = A+ PO



Time evolution

Ult,to) = e H0-0)  H=H,+V, V= / P Him

Interaction picture:
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Requirement :
1.,2. Probability amplitude is invariant under the action of Poincare group

U(@),8]=0,  [U(A),8]=0 —— [Ula),Vp]=0, [U(A)Vp]=0 U(a) = *#*

Then we can impose

-s:[P,E“], Hine] = OuHins U(A) Hine (2)UTN(A) = Hine(Az)

3. Causality of operator (NOT of state)

[H(z), H(x2)] =0 if (2, —22)® <0



4. (consequence of 2) Existence of antiparticle of the same mass

time

: The probability amplitude must be the same (CPT theorem)
Note that ‘charge conjugation’ (particle < antiparticle) is the spacetime symmetry

(defined even in the absence of electric charge)
See, Sec. 2.13 of S. Weinberg, Gravitation and cosmology



5. Cluster decomposition

: for far-separated processes, the probability amplitude factorizes

M~ My x M,



(see, e.g., Ch. 4, S. Weinberg, The Quantum Theory of Fields Vol. 1,
Ch. 6, A. Duncan, The Conceptual Framework of Quantum Field Theory)

We assume the process of stable spin-0 particle and
start with 5. Cluster decomposition

For this purpose, we define ‘connected interaction’

ki BN B OB KK K

k1 ko kv ko ki ko k1 ko

[ C o c i
Sk kg kaks = Sk &y Skg ke T K ke Sk b+ SK kD ko ks s -
— -
Se o= 85(F — F) = 8¢

kL k



The Cluster decomposition imposes that

K k:u

qﬁ%

Kikny K Kokh ki

k1kny  F1 koks:-kny

4 (@ AETT
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For this requirement to be fulfilled, S-matrix must be in the form of

S€ = Z O(k; — ky) x (smooth function of k)

each term for the must contain a only

: suppose S-matrix contains a term containing two delta functions then...

to see what the problem is, we replace the place wave with the wave packet

i /d"{ﬁ:g(ﬂ;, E:}{.—:ﬂ}'x



Then the amplitude for the is proportional to

/Hdﬁ “g fj;H”f‘[’* H 11"1111 (Z,—ﬂ:::{ﬁ’lfa}}ziﬁjﬂ R{r}é)lzir&'—':fﬁlf:}'z,d: R+, 1) (}T;';q”L 5

This contains SR(SH-5, -5 kS, 45)

When S¢ contains a single delta function only ZA i Z %G~ Z"‘ - Z a;)
it becomes ,2R(X;3-%,4) : vanishes in the llmlt R 5w after 1ntegrat1ng over momenta
: consistent with the cluster decomposition.
If S¢ contains additional delta function §(> ¢ - > ¢)
it does not vanish in the limit R — oo ! !

: cluster decomposition is violated!



The of S-matrix contains a delta function

: The of H;,,; contains a delta function

. -
i—Up(t, t0) = VipUsp (2, to)

JII l-p

dit

Delta functions are eliminated in the summation over the intermediate states, so only overall energy-
momentum conservation delta function remains



Indeed, interaction Hamiltonian contains at least single delta function (total
energy-momentum conservation) due to the translation invariance

R A 'y e Y R
Vip(21, 22, 21, 25) = V (0, X2, X, X5) Xo=22—m, Xi=x31—11, X5 =25 — 21

- = .- P L P ™=
HS o 1 = | &2\ PaldPeidPeoVin (1, 12, ), 2 Yo~ R1T1HRazy —kizi—kaza)
K b ey ez 147y p 1L

:/(JfﬁX{{ngérﬁ;r]dﬂXQVip(D,XQ,X{,X:E)(J H(K) + kg —ky—k2)x o —i{ky X7 +h X5 — k2 X3)

= {Qﬂ']:{fi{fi‘i + Ky — ki — k2) x (smooth function of momenta)

The cluster decomposition tells us that no more delta function appears.



This is guaranteed for local interaction :

/d4:1:<,91 (&) i) = [rf'l.r / d*ky - -d4knf’.i‘f"l'ﬂigl(kl) - F.-”ﬂrf-f'[fgn(,lfn)

/ dky - dk,(2m)0(ky 4 -+ - 4 Ekn) i (k) - - - on(kn)



Then how to construct the Hamiltonian consistent with the cluster
decomposition?

: Introduce the creation / annihilation operator

a(k),a'(KN]z = 8k —K) [a(k),a(k)]s = [a'(k),a' (k)] =0

v
a(k)|ky, ko, hn) = (£)7163k — ke )lkr, ko1, Bey, )

=1

o' (k)lk1, ke, . kn) = |k, k1, ko, . kn)



In terms of creation / annihilation operator

MY

= Z 1;11;!1 /Hdk H””‘E‘ Ml Z‘L} Z ) Faene (ki KDal (KY) - - - al (K )a(ky) - - - alkar)

(K'|H|k) = /fi K d’k16° (k) — k) fu (K |a' (K a(ky ) |k)
= [ Bk k83 (k) — k) (K — k)D& (ky — k) = 83K — B fu(K'k) = HE,

AL (e (H;;L o (K, — ko) + Pc:rln:-a.) + Hia

each H¢ contains a single delta function.



Since creation/annihilation operator creates/annihilates a single particle, one can
imagine the ¢ > for a single particle which is linear in
creation/annihilation operator.

Hamiltonian is regarded as a product of particle field operators in a local way :

H = / d*xH(z)  H(z) = (derivative operator)® ¢y (x)ds() - - - ¢, (2)

Sum over all [Hamiltonian density ]
possible positions
where interaction
takes place

Product of fields at
the same position
(local interaction)

Causality : (H(xy), H(xa)] =0 if (xg —2x2)> <0



Consider

Condition 1 :

From

one finds

o' (z) :/d“kf{;r;;kju(k)

(PO, 69)(2)] = 8,6 (z)

PO, al (k)] = kya ()

{

Auf(x; k) = —ik, f(z; k) Flaslke )=

[

PPE”}, a

(k)] = —k,a(k)



Condition 2 :

From

one finds +)

31,
(for covariant basis, s+ — F
| (2m)32E (k)




Condition 4 :
annihilation/creation of particle (a(k), a(k)")

annihilation/creation of antiparticle (ac(k), ac(k)")

(cf. some particles are their own antiparticles, e.g., neutral pion
while some neutral particles are not their own antiparticles, e.g., neutral Kaon )

@1 — cos Oy + sin bgo

SO(2) or U(1) symmetry: for real scalars

Po — — 8infdy + cos Ooq

O =¢ +id* = e )

single complex scalar



Let é(z) = ¢ + oM = o) 4 g

(natural as particle and antiparticle have the opposite quantum number like charge)

Condition 4 : Causality
Naturally,  [s(x),0(y)] = [¢'(x), 6" (y)] = 0

Then, what about [¢(®).¢'(W)] if (x —y)2 <0 ?



From [a(k),af (k)] = 6*(k — K)

) fay () e N d*k —ik(z—y) — i
[QH}(-’«)?G@) (y)] = / (zﬁ):-iQE(k)ﬁ "= B4le—yim)

The same relation holds for qb(‘)

_ , d3k s ikt _
[‘;'b(x}:ﬁ")f(y}] = ] B P2E () (Fj' k(z—y) _ gik(z J}) =A,(z—y;m)—A,(z —y;m,)

(particle) (antiparticle)




: d:i‘[" —ik({z—y) ik(x—1 ?
[#(z), 6" (y)] = / Br)2E k) (e7H(=—p) _ ikl ""\’) =A (x—y;m)— A (x—y;m,.)

This is a Lorentz scalar.
When (x — y)? < 0, one can always find a frame at which x° = y°
such that

B etik(x—y) e ik (x—y) )
_ .y
](gﬂ):; 2E (k) 2E,(k) ) =t

form = m,
That is, when the particle and antiparticle have the same mass,

[p(z), 0" (y)] = 0 for (z —y)* < 0



Local quantum field for spin-0 particle :

Ak
o(x) = (k)e~ ™= 4 of (k)eik=
/ 2?? \/ 2E / T

Lot L creation
annihilation
operator for an
operator for a . .
. antiparticle
particle

Plane wave as a solution to Klein-Gordon equation (9.0" + m*)o=0 E(k) = Vk2+m?
(for higher spins, solution to equations of motion containing spin structure :
spin-1/2 : Dirac equation, spin-1 : Maxwell equation, spin-3/2 : Rarita-Schwinger equation
spin-2 :Einstein equation )




