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LECTURE 2

Dynamics of Local Quantum Field and Renormalization 



In QM, time evolution is generated by Hamiltonian

: In  special relativity, is no longer a scalar, but a time component of 4-vector 𝝁

Thus, in ି𝒊 𝑯 𝒕 is not a scalar as well.

In contrast, action is a scalar

Indeed, action is a singlet under the symmetry transformations

: equations of motion for fields are covariant under the transformation

+ field ~ representation of the symmetry transformation :  covariant

In relativistic theory, it is convenient to consider the action to investigate dynamics 

QM treatment : Functional integral (or path integral)



Functional Integral  (path integral)

Question : If a particle is located at 𝒊 at 𝒊, the probability amplitude to find 
the particle at 𝒇 at 𝒇?





1. Free real scalar



normalization : 

Using  

(Note 𝟎 )



Feynman propagator : inverse of 



Rule : 



Example : 



Static case :     

𝟏 𝟐, 𝟐 𝟏

Yukawa potential     

As becomes  heavier, interaction becomes short-range ( negligible for )   



Correlation functions

First, observe that 

Indeed, 

considering the case of 𝟎 𝟎 in the same way, one finds

( in the presence of interaction, 2-point correlator defined in the same way is not just a Feynman 
propagator )



In general, 

Diagrammatically, for the free field, this tells us all the possible ways that particles 
pass through 
In the presence of interaction, this would include the connected part.

Example: 



1. Self-interacting real scalar ( 𝟒 theory)



Perturbation theory ( )

Diagrammatically, 

For example, 





Correlation functions

A. 2-point correlator



: mass renormalization



B. 4-point correlator

coupling constant is also renormalized (gets quantum corrections) by higher 
order contributions, e.g.,  



Each term in the perturbative expansion corresponds to the ‘Feynman diagram’ : 

‘Feynman rule’:



Momentum space Feynman rule :



More on 2-point correlator 

: How time-ordered correlators are connected to the S-matrix elements?

Green’s function

‘ is a generator of Green’s functions’

Time ordering of Greens’ function looks similar to the S-matrix element



However, in the presence of interaction, obtaining S-matrix from is not 
straightforward. Then how time-ordered correlators are connected to the S-matrix 
elements?
: particle not just propagates like  

but                                          +

For photon,                                 +                                       +  ……

Particle does not propagate gently, but can be converted into various intermediate quantum states 

( )



Kallen-Lehmann spectral decomposition:

single particle part :

: probability for to excite 1-particle state from vacuum

(In fact, generic quantum operator can excite the state of particle(s) from vacuum e.g., hadron)





Lehmann-Symanzik-Zimmermann (LSZ) reduction

:Relation between Green’s functions and S-matrix elements 

𝝓 excites ‘out’ state

Green’s function is not directly connected to the S-matrix element as it excites various states from 
vacuum : we need a projection to one particle state



Projection to one-particle state:

Thus, LSZ reduction shows that

Green’s function                                                    S-matrix element         

Wavefunction renormalization : 



Mass 
renormalization

Wavefunction 
renormalization

Coupling 
renormalization



We have seen that physical quantities we can measure is a result of summing over all 
possible quantum corrections.

Quantum nature of corrections :

Loop number = the number of independent internal momenta ( all possible 
intermediate states : will be integrated out ) after imposing delta function (energy-
momentum conservation at each vertex) 

: the number of internal lines

: the number of vertices

: the number of loops

Then Example: 



On the other hand,

propagator vertex 

Thus, 



Structure of  

Recommended readings : S. Coleman, E. Weinberg, Phys Rev. D7 (1973) 1888

E. Weinberg, hep-th/0507214

“partition function”                                                                        “free energy”

generating 
functional of 
Green’s function

generating 
functional of 
connected Green’s 
function



: expectation value of over all possible quantum fluctuations 

Describing dynamics in terms of 𝒄 , instead of ?

: Legendre transformation 

quantum effective action



Let

The meaning of                          ?                               

Example : 

for 𝝓𝒄, 𝑱 = 𝟎



Here, 

one-particle-irreducible  (1PI) : diagram that cannot be split in two by removing a single line



Comparing two results, one finds that

In the same way,                               is in fact the sum of 1PI diagrams

i.e.,            : generating functional of 1PIs.

1PI  is interpreted as “quantum corrected vertex” of connected Green’s function : 



Wilsonian picture 
: when some part of the system is not visible, how the invisible sector affects 
dynamics of the visible sector?

Let   𝑽 : visible sector field e.g., light degrees of freedom ( 𝒌 ழ𝚲)

𝑰 : invisible sector field e.g., heavy degrees of freedom ( 𝒌 வ𝚲)

𝒆𝒇𝒇 : Wilsonian effective action

integrating out the 
invisible sector fields 
𝝓𝑰



Illustration : 

If 𝒚 is so heavy that high energy is required for excitation, red line looks like a point                   

correction to 
𝒙 parameters

new interactions 
arise



Integrating out heavy fields in 𝟒theory
(following Sec.12.1 of M. E. Peskin, D. V. Schroeder, An introduction to quantum field theory

see also N. Goldenfeld, Lectures on phase transition and the renormalization group) 

Now let us lower the cutoff from to ( ) : additional integrating out for modes between 
and 



After rescaling

coarse-graining



From the rescaling, we can compare parameters in effective Lagrangians of the same 
form, which are defined in the cutoff scale and , respectively :

e.g., comparing the correlation length ‘in unit of 1/(cutoff)’

Regardless of the actual ‘fundamental’ cutoff scale (we will call ), parameters are 
fixed by measurement at ‘probing’ cutoff (we will call ): once the parameter is fixed, 
physics is insensitive to details of UV completion.

(different initial conditions, different cutoff, but the same result)

This is a result of tuning between quantum corrections to the parameter.

insensitivity to UV completion : 



Callan-Symanzik equation
(renormalization group equation)

RGE

𝝁 : probing scale
varying 𝚲, 𝝁 fixed = 
varying 𝝁, 𝚲 fixed



Remarks: 

1. Old-fashioned renormalization : UV cutoff then some artificial scale comes in.

RGE can be obtained from the condition that physics is independent of this artificial scale

See, e.g., D. J. Gross in Les Houches 1975, Methods of field theory

2. Dynamical variable can take different form after integrating out invisible 
sector

Example : strong interaction

: color singlet operators excite hadron states from vacuum



Recommended reading : J. Polchinski, Nucl. Phys. B 231 (1984) 269, hep-th/9210046

Since , for 

As probing scale becomes 0, irrelevant operators are suppressed : do not play 
the crucial role in dynamics (In fact irrelevant operators can affect
relevant/marginal operators through the loop… )

We have a theory consists of relevant / marginal operators only 

Relevant Marginal Irrelevant 



Engineering dimensions : 



Dimension of 1PI graph

1. Let E : the number of external legs



Dimension of 1PI graph
2. It consists of loops, 𝒊 vertices of 𝒊, 𝒊 vertices of 𝒊

: superficial degree of divergence

1=2 : 



For 𝟒 theory,   without  𝒏

:       𝟎

For 𝟔 theory,   without  𝒏

:       𝟒

incontrollable theory?
(gravity : see, e.g., T. Banks : A. Shomer, 0709.3555)


