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Spinors and Gauge Bosons

LECTURE 3



In the theory with Lorentz invariance, quantum states correspond to the irreducible
representation of Lorentz group SO(3,1) : spin (intrinsic angular momentum) state
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cf. Thomas precession



Problem : Lorentz group is not compact
angle @ € [0, 2m) but rapidity w € (—oo, o)
— no finite dimensional unitary representation

Resolution (E. Wigner) : Since non-compactness originates from boosts, we fix the states
to some specific inertial frame and find out representations of , the subgroup
of SO(3,1) that

1. Massive particle : p* = (/,0) invariant under the spatial rotation SO(3)

Little group = SO(3) : particle states ~ SO(3) representations (spin)
Pauli-Lubanski vector : projection of J,,, to spin

7 1 L
Wo = Swpe D i JM = atp” — 2'pl, Wy =0
) 1 1
For p" = (M,0) Wo=0, W;= Efijkﬂi JI* = MJ,;
( P?, W?) : SO(3,1) quadratic Casimir (commute with all SO(3,1) generators)



2. Massless particle : p* = (p, 0,0, p)

Little group = ISO(2) : 2-dim. Euclidean group

Generators: 010 0 001 0
o | 100-1] 000 0

Js, 44:1[{1+e)72, B =Ky, —J; e = 000 0 = 100 -1

010 0 001 0

[A._. B] — U [ej;;, A] — ?B [J;h B] — —?A

A, B non-compact : fix their eigenvalues to, say, (0, 0)
The unitary massless particle states : SO(2) (generated by J3 representations)
since no reference to eigenvalue raising/lowering J, ,

we only consider whether the spin is up or down in the direction of motion, +j regardless of j
value

: Helicity p- S WH=—(p-S)p"



The role of A, B ? : the case of photon (two polarizations)

(1 0 0 0)

» L v m
R iJa0 0 cosf sinf 0 et(z,+1) = E(U: 1,+1,0)
= e" =
0 —sinf cosd 0 : eigenvectors with eigenvalues ¢~ (spin-1)
\0 0 0 1)
1+2(a?+ 8% a B —3(c®+ 6%
S, = ¢ilAa+BB) _ a 10 -
15} 01 -3
%(O:2 -+ ,52) a 31— %(QQ - ,82)
Si* R3* e’ (3,+1) = ei'“’(e“(;:« +1) + i(a + 3'3)&)
1 )43 b 3 2 2 ’ \/E - * |k‘

A” S AH =E 5# A gauge + dual gauge transformation



Nevertheless, operator may belong to the non-unitary representation (another
reason to consider the field ‘operator’)

[J:-':'J t}rj} = ?Fljk]k J-‘l‘ni'-' JT‘I'-JJ — ifljkj+ﬁk

[c]«lg._. }{_}] — ?(-'ka{k l J_!?-,,! ]—-,J — ?:E'ijk*]—,k
Jri = =(J; FiK)) _
K, K] = —i€ijri so2 l JiyJ-3] =0

two independent SU(2)s c¢f) SO(4)=SU(2)XSU(2) (hydrogen atom)

'J-i- : (j+1'm'+) j+:0!

J : (G7,m) §E T - =t d g [T —J | STLH" +5

s=0 s=1/2 s=1/2 s=1 s=1 s=1
(left-handed) (right-handed) (vector) (self-dual) (anti-self-dual)



Spinor (Spin-1/2)

Recommended readings:
H. K. Dreiner, H. E. Haber, S. P. Martin, Phys. Rep. 494 (2010) 1 (0812.1594)
H. J. W. Muller-Kirsten, A. Wiedemann, Introduction to supersymmetry
R. Ticciati, Quantum field theory for Mathematicians
A. Zee, Group theory in a nutshell for physicists

1. Left-handed (1/2,0)

, (U1 ,_
E (VN a=1,2
P2
1 1 1 L 1 ; ]
Jyi = 5(% —1K;) = 503', Jis— E{J;: +1iK;) =0 :> Ji = EC"-E: K; = §Ui

Lorentz transformation :

M = (I 0+Kw) _ B%g-a_%g-w 1, — ﬂ«fa%ﬁ‘ﬁ



M is equivalent to M~ 17

af - _ 0 1 . . g —d aff — 5
Proof: St =iz =| €*’egy = 0]

then ’Myes=(M"1)%  M%G=eu(M ) %e?

Thus we have another (equivalent) way to represent (1/2, 0) :

s a3

Y = €y

then ' = (M '")*"” under Lorentz transformation

(8}

YX = 9P Xa = —PaX® = X"Va = XV

[if Y, x fermionicJ

(Grassmannian)




Details:

T (M*‘”‘)%E‘S

rtrf,:T.i'rinf — Euﬁwé _ Eu'ﬁﬂ/fl,;‘!,.’i‘? _ (Ectﬁﬂ'fgrrﬂ~,fni)fdﬁwe _ (ﬂJ—IT)uﬁwﬁ
Lorentz scalar: ¢y =1V, Y = =Y Y4 =Xa¥ =XV

Jlﬁr)rr_zx:l _ (ﬂJ—IT)uﬁwﬁ(ﬂ,{)u’}'w’}' — (ﬂﬂf—l)ﬁaﬂfa?wﬁ)ﬁ}‘ — Qj}ﬁxﬁ
—rhk
— 6;2—1




2. Right-handed (0,1/2)

Why upper index? In fact,

Vo

(1/2,0)

Then v, is equivalent to 1_” , i.e., (0,1/2) spinor

: They are related by ;* — Ed.f?@_-;,g(: ioot*)

Complex
conjugate

1.
Vs

@a — M~ {j@@



This comes from the pseudo-reality of SU(2), o020;0 = —0;

— : Sl e R sl o —_—T
U = ioy)" —>-}:02(€2" 2”“15!) = ig9€ 2 27 ) = 27727 (igT ")

As in the case of (1/2,0), the Lorentz transformation for the (0,1/2) spinor ?” is
given by

— i BEE _,S
o =y (= )‘“ﬁ,;t;i)'

Lorentz scalar : v =4 v = —¢" v, =Xs¥ =XV

G

 if 1, y fermionic |
(Grassmannian)




Summary :

Vo = M Pis

1’bm _ (Air—li'“‘)aﬁwﬁ

complex conjugate

complex conjugate

v

/v - (ﬂ;ir*_lT)

a"

—p



Construction of Lorentz vector

[orfid =T, az-)J < - [ﬁ”dﬁ =L —a.i)]
Oha = €ap€s 4 i
Shba _ aB B ‘7;;; Jgdﬁéﬁ = 25:25?
Any vector can be mapped to bi-spinor
Vaa = V0 a4 V= %Emvm

: under the Lorentz transformation,

1
VE S ARV Vg — (MVMY) Ay =3

tr(M'ePMo,)



Moreover, Lorentz generators are written as

/ E / i ps ]_ \
[ = —(at, W %«Eﬂ!ﬁ) M = ezt (_’U) _ 1 : ' '
4 9 : g — E'Elukgjka Wt = 91[] — _g[h
— LN ( — ey v — & ﬂ‘f*_lT - ZBJ o (D _)
(@) s = E(J# 7073 —F 70%) € )
\_ - N\ J
. 1 1 11
Then  vo"x Y —xo"y is a Lorentz vector (5 U) ® (0= 5) = (51 5)
1) (2)
OF |
Yory = @;":“Jf: ﬂfﬁ 1;1 ” S’T'Xﬁ Y, (6“3 B J:: S)Yﬁ =2 1)50“75 Xy

= —f,-ﬁ““fﬁq,fgg = —ﬁ“w



(2) . Yo'y = -y = —M* ";Xdcr“”*ijfd hy = —X E.JITR ghas Mgy,
1
aa MY B M0 = —5X4%, Y e T VAT

— e 3 —v38 P s
; 1"{ grm{i] (-}(. EJ L ) = _A'I.V(XJ{ 1/1)

Then vo*0,v, Y&'0,v : Lorentz scalar
}

Scalars made up of bi-spinor : ¥x vy "9, X, Xo"0.Y

: terms in the free Lagrangian (Lorentz scalar) for free fermion

coefficients are fixed by requiring 9,0 + m* =0



Chiral fermion

Spinor in (1/2, 0) (or spinor in (0, 1/2)) : NOT the mixture (1/2,0)P(0,1/2)

= T m—
£=—80"08 = 5= 58 1 : majorana mass

(not allowed in U(1) symmetric theory)
Equations of motion :

i7"9,& —mé =0, 0", —mé =0

@ (—ic6"d,)

0 0" 00§ = _r” Ui )00, = 5 X 270,08 = 0,07¢ =  (9,0" +m*)E =0

l\.-ll'—

— T?'J(—?:Upﬂrf)z == _n.'-r-z&

. ° 3
Quantization : . , _/ d’p —ipz ipz
val\l) = Xa(p, s)a(p, s)e 4+ Halp, 8 ), S
) T 25?5 p; s)a(p, s) o, 5)a’ (p, 5)e™)

(left handed particle + right handed antiparticle)




Vector-like fermion

(1/2,00(0,1/2) : (1/2,0) with U(1) charge= +1 :

(1/2,0) with U(1) charge= —1 :
= (0,1/2) particle with U(1) charge =+1 :

L = ixa"d,x + in*d,n — m(xn + X7) — [ mfts.s : left-right }
mixing

el

Equations of motion : 0"y X0 —mN* =0 io! 0" —mxa =0

Define U(1) charge = +1 4-component spinor : Dirac spinor

Xa 0 o) iid ‘v (v
Y = ’ki ? | ' d;; ’X_ — 1 ')L_ =0
ﬁf as E’u [adal 0 ﬁﬂ: ﬁn’.t
>
(1/2,0)D(0,1/2) i 79,0 —myY =0 . .
Dirac Equation

iy —mip =0




~ M —
J i fa Ta 0
aHaV oVt ,
,-r.up}__.:z .t ,..!_.MHIF;L _ I 0 — 2??.!1:: I |:> { h.’"ru-, ﬁfu} — 27,;,.,!1.!
0 ota” + oo
: Clifford algebra
i
10 Lorentz generator . f_}”“) e ["}-"‘!L? ’}-‘p] [Jp,r/: Jpo} — i(nr/pjpcr - nup']r/o _ nua'*]y.p = n,tm'].up)

4

for SO(n) or SO(1, n-1), the spinor constructed from the Clifford algebra is the building block of

representations. y
@ ) . .
f {b',b;} =4, {b;,b;} ={b", ¥’} =0

(,},2-; _ gyt

0 1 1
P-4, b=
( J)- ) 9

1 _
0 4 A bt —
2{

1

by = o7

See, e.g., App. B of J. Polchinski, String theory, Vol. 11
Sec. 8.5 of R. Blumenhagen, D. Lust, S. Theisen, Basic concepts of string theory



2. Chirality projection (even dimension only)

‘ 5 —I 0
s = 'lﬁf’(}”xl”r’a’fd 17" k=0
0 I
1 .
| Xa EU — 75) : Projection to (1/2,0) Xa
1','1 — - 4
ﬁ{'.'t l )
E( I +~5) :Projection to (0,1/2) 7"

3. Lagrangian:

The Kinetic term iY5"0,x + ino"d,n = iy" 0,0 = i

= gy, ¥ = ia?
E L= t?(-iqa“@;_t —m)y J

Wy

0l
10



4. Quantization

a(p, s)e™ 4 v(p, s)b' (p, S)eip"")

vlo) = ./2‘?1' */21/25 Z ulp, 8

(p,s)e™"P* +au(p, s)a (p, S)e*':p"")

via) = /2?1' %/2\/25 Z PR

[ {a(p, s),a'(p', )} = {blp,s).b' (p',s')} = 6*(p — p’)ﬁs,sr}

(id —m)yY =0 |:> (p — m)u(p,s) =0 (p+m)v(p,s) =0



How to solve?

1) In the rest fram p = (m,0)

coshw sinhw
boost

sinhw sinhw

2) pP= (E:DaD:pH)

F = mcoshw

p° = msinhw

3 0 10 3 0
o = coshw + sinhw o
0 —T3 0 1 0 —03

(e‘é’(l;ﬁ) +eE ()
0




u(p,s) = ( "p'i&”)

Spin sum (the sum of intermediate states in propagator) :

y VP08 ¢
fila falpis) = EvpT Elypo
;2 p, s)u(p Z( p‘agb)( VPT &l )

_ VP oD T Jp-o\yp-O [ m po
VP OVp-T Vp-O\/p-o

=p+m

p-o m

In the same way,

VP& " N
v(p, s) = Z v(p, s)v(p,s) =p—m
I ( —Vp- GE.»-) s=1,2



Propagator

d.'ip . .
__=r w0 ¥t ,—tpT _ o ip(z—y) article
(Ofa)a ()0, (y)]|0) = /{QTF:IHQE(}?) E&. u(p, s)u(p, s)e """ = (id, —|—fmjﬂh/( “)E( ) p(z—y p

e ' d:ip — —ipx —.',J y—x i i
(Of10y(y)1ha()[0) =/m E v(p, s)v(p, s)e™P* = —(id, + m) uh/ *ZE ply—r)  anti-particle

L

Spin sum (the sum of intermediate states in propagator) :

Ov(z)v(y)|0) z° > 3° _/ d'p i(p+m) _/ d'p i
( (

¥ 2m)ip? —m2 +ie ) (2m)ip—m
— {0y (y)y(z)|0) z° < 3° e € )4

/HVCI‘ se

L = (v, — m)p

(OIT (4 ()())[0) = {




Generic structure of Lorentz covariant field : spin-statistics theorem

(p, s)a(p, s)e™"* + h(p, s)b' (p, s)e“—‘”)

Bl )= / 2m)3/2 .-“—QE ) Z

{Olp( = [ {zrtiszfj&? oy F e P V= F(i0:) A (x —y)  F =3, f(p.s)f (ps) particle
(Olg"(2 = [ mrH)e e = H(—id,) AL (y — x) H =3, h(p, s)h*(p, s)  anti-particle
For (x — ¥)2< 0, A(r—y)=A(y—x)

(Olp(2)¢' (y)[0) = F(i0:) A+ (z — y)
(DIwT(y)wﬂ(I}IDF = H(—i0;)Ay(z —y)



x - —x(d, » —0d, )is equivalent to B(2 (in))R(ﬁn)= elUsm+K3(im) — p2iJ3m

1
i P 0 [ . L ¢ : r} g = — uf-' :';I‘lr
P08 Ly 08 g12 12 508, 08 p12 412 5 2{ irhti)

CPT invariance : (local) Lorentz invariant theory is invariant under CPT

Indeed, PT: x - —x
= H(—id,) = F(id,)e¥ s+ = F(id,)e? s

C: particle < antiparticle p
fp.:s) fr(p.s)
} =gl H(—id,) = F(id.) —  (0]e(x)(y)T]0) = (Ol (y) ¢(x)]0)
13 | | | For (x — y)*< 0
J=g35 H(—i0:) = —F(i0:) —  (Olp(x)p(y)'[0) = —(0lp(y) ¢ (2)[0)

Thus, the causality conditions :

i =0,1,- 0l[eo(z), ©(y)T0) = 0
J " {Of[(x), ¢ (y)']10) Fagtn—sPezn
=t (O{ (), (y)TH0) = 0



This (VERY"Y ROUGH) argument shows that

j=0,1,.- : boson

: fermion

o | =
b | a2

Regardless of spin, physical observables (energy, momentum, angular
momentum...) are bosonic composite of elementary particle fields : causality is
defined by their commutation relation (outside the light-cone, observable operators
commute)



Integration of anti-commuting number (Grassmann variable)

For the integration [[f| = / dwf(w) (fw)=fO+ fOw ) to satisfy

1) | / dwf(w+a) = | / dw f(w)
2) / dw(afi(w) + Bfa(w)) = a / dw f1(w) + / dwf fa(w)

/ dwl =0, / duw =1

That is, integration = derivative

Example : / dwsdwie 12 = f dwsdw, (1 — wiaw,) = —a



Abelian (U(1)) gauge field (Spin-1)
Lagrangian £ = ¥(iv"0, — m)y
invariant under the global phase (U(1)) transformation (x) — ¢"*¢(x)

It is not invariant under the local phase transformation,

0 — e (0 + 0, ) Y

but can be invariant by modifying the derivative into the covariant derivative and introduce the
vector field which also transforms:

V(z) = e @y(z) Gauge

1 .
A,(z) = A(z) — ~8,a(x) transformation
e

D, p(z) = Oup(z) + ieA p(z)

1 : - s :
Dy — [8“ — -izf:(_fﬁ]lH — ;i’h)] e = e (0, +ieA, )Y = e”"{”'}D;,/t;:-‘{:r)



Dynamics of A,

Requirement : Lorentz + Gauge invariant kinetic term

Gauge invariant derivative : F,=08,A,-0,A (field strength)

M
This corresponds to the ‘curvature’

Vaie [ 1, aaf s . 1[5 ; T A 1of -
[Dus Do =[8, 800 + ([0, Au] — 80, A) ¥ — ALY D i — i
=ie(d, Ay — 8L ALY

In fact, given 4-vector potential, A" = (¢, A), field strength : electric/magnetic fields

E=-VA" - On,
0 —-E. —-E, -E, 0 B, £, £E at
- E_,f 0 _B? BV FHY = _E_r 0 _BZ B‘ B=V x A
Flt”.-' - E}, BZ (} —Bt _Ey BZ (} —B*

E. -B, B, 0 ~-E. -B, B, 0



one can also define ‘dual field strength’

[0 —-B' —B* -—-p° 0 _E.r _E_r _E:
_ 1 Bl 0 EB- _ EZ - s . - E_l. ] "‘B‘, B_.‘.
F“V — EEFHJIHJ Fl:r)cr = BZ o E3 C' E'l E B’ B E, }'l”r E}. B_- ” _B’-.
BS EZ _El 0/ E "B}. B_,. ()
Maxwell’s equation : Lorentz scalars:
e D .
g = 0 F— FF* = —F,F* = —2(E* - B?)
E . aluF - J — 0y T A o 4
| VB | F o F* = —4E-B =20.(¢"""4,0,4,)
(V.B=0 A ~
' 5 i Surface term (total derivative)
VxE_ B 0 m» 0,F"=0 : no contribution to the
S ot ) Feynman rule but provides a
topological term

For details, see, e.g., J. D. Jackson, Classical electrodynamics
C. Itzykson, J.-B. Zuber, Quantum field theory



Lagrangian for Quantum Electrodynamics (QED)

(Dirac (vector-like) fermion charged under U(1) Abelian gauge interaction )

] _ 1 _ —

L= _EFF”’F ML — mh = _EF'WF W+ (i — m)y + eA Py

<
4 , ™\
Adding U(1) charged scalar field,

, Vertex )\ —ie(y.)p(27)* 6% Zp)

D,o'D,o —m*¢'p— V(o) 5 8
I - J

[((’3# ¢! —ieA, q.éi] [(6‘”@ - :r.'.eAﬂ.;,-,'v] / \ \

T k

C 2ie2g,2n)*tp — p' — k — k)

/




Issues :

1. Gauge field kinetic term : while it gives the correct Maxwell’s equations, the inverse of
quadratic derivative term does not exist : how to define propagator?

1

L J‘ [ay LL L YLy
_EF!H/FJ e Ef’ljr((}z”; —gto J*’lv

, _ Kok i .
o = (nk* — KMEY) (fl'fhz,o +b A; ) = ak®dl) — ak"k, No solutions (a, b)

This has to do with the nature of gauge invariance :
1 2 L
as the gauge invariance forbids the photon mass 5'?'”-1%:‘1’

the photon has two degrees of freedom (two polarizations), less than 4 as can be found from 4,

: In A, some unphysical degrees of freedom are mixed, which makes a problem.



2. Does quantum mechanics preserve gauge invariance?
Consider the photon mass generated by the loop (= QM effect)

A A
For , this term vanishes by the cancellation between contributions of
(1/2,0) and (0, 1/2) to -
<C
<
For , cancellation cannot take place unless a number of chiral fermions have

‘carefully assigned’ U(1) charges. (in the Standard Model, the cancellation arises! But why?
Grand unification?)

Recommended readings : A. Bilal, 0802.0634
R. A. Bertlmann, Anomalies in quantum field theory
J. Preskill, Ann. Phys. 210 (1991) 323



3. Photon mass compatible with gauge invariance?

Stuckelberg mechanism : introduce a real scalar (called axion) a

under gauge transformation,

1
A, = A, — —0Ja, - . .
m LR |:> £ - ( A, + Gauge invariant
1 2 # (““) mass term
a0 — a+ —o

|

Realization : Higgs mechanism (Anderson-Higgs-Brout-Englert-Guralnik-Hagen-Kibble )

complex scalar having vacuum expectation value (VEV) v

1 A Y
V(o) = 3 —m?)|¢|* + 4( le)a ) (z) =

(v + p)e=e®

5

V() V() : 1 , ; 1
|D,o|* = 5([3?-‘)2(1{1” + 0,a)* + E(t +p)* +
4
Axion absorbed ’ . .
Higgs particle
; by gauge boson

(3 degrees of
freedom)




Non-Abelian gauge field (Spin-1)

Example :
. ] u (x
p(x) SU(2) isospin SU(3) color of
1 (1) between p and n "u.g(Lf,‘) quarks
o T_.‘,b(.';f,')

t*: generator of non-
Abelian gauge group

Y(z) = Uz)y(x), fapc : structure constant

FOl’ SU(Z),fabc = Eabc

A (z) = U(z)A(x)UT(z) + iff(;{:)@hfﬁ(:j’;),
. A, = A%z

matrix

D, =0, —igA,

D, — (8, —ig(-0,U)U") Uy =UD, wmmh [D,j — UD“Uﬂ




“Curvature”

[D,,D,] = [0, —igA,, 0, —igA,] = —ig(0,A, — QL A, — ig[A,, A,]) = —igF,

e

[J{i# 3 ;‘-L,]

= ACACIS 1] = i fupe ACALE

L 74

f T ¥

Fu = F,t% F,=0,A, —0.A, +g fanc A% AC

H i i

Under the gauge transformation,

D,—UDU! == (D, D, UD,D,U thus Fu. —UFU

Unlike the Abelian case, gauge boson is charged under the gauge group

(field strength is NOT gauge invariant )

1
—_fa pauv

1
Lorentz, gauge invariant Kinetic term : —?l‘[ﬂ;f W = 1

tr[t?¢7]

— (Sab

)




Lagrangian

1 a
_ZFS 4 (68 — m)y

K’ = 4= M

Equations of motion :

IRml] Abp e - 4G __ ofia 2@
' FJJ-H S gf“b“"-l ; F.-mf = —9Ju; Jv =W fﬂf 4

N\

[:{a_}p(sar: - "'fg(ifabc}ﬂbﬂjpc

J,f.j_-‘

This shows that gauge boson belongs to the adjoint representation (“charged”)

(t%)ac = f-fabc

Jacobi
identity

0= [ [ ¢+ [ [N+ B 0T iy (22 D) ae = b frea(tD e
3 fﬂdﬂfbcd 4 fbdcfm.d + fm'.ﬂfabd



Useful representations:

Recommended readings : A. Zee, Group theory in a nutshell for physicists

H. Georgi. Lie algebras in particle physics

1. Fundamental representation (or defining representation) V
2. Anti-fundamental representation V*
: equivalent to V for SU(2)
3. Adjoint representation : V ® V* for SUNN), N> — 1 —dimensional



Quantization of gauge boson field

1 1
— Str{Fu ] = —tr| (D Ay — DAy — iglAy, AP - ; P F¥|

= —tr [zf)uAkF“’f + 20, AgF*™ — 2ig(Ag Ay, — AAg)F + F;FY — %(E,iF‘” + FoF™" + F; FY )}
k 2 : 2

~ AgORF*® = Ay0,E*

—Qigt-f[ﬂ(]AkFUk == A[]F[]kAk] = —QLQtI'[A(][Ak F[)k]] = —ZTQtT[AU[AL, Ek]]

= —tr[ — 200A*E* + (E? + B?) + 240(0: E* — ig[Ay, E))]

' rrak 1 a az a ak : e
= 8{1AakE{k i i(E 2 -+ B 2) e A(](BkE ke EQ[A;{,EL] )

L = ¢gp — H — A(constraint)

While A, does not have dynamics, it plays a role of Lagrange multiplier accompanying the

constraint | _ _
Q° = HE™ — ig[Ay, EN* — j° = 0
: Coulomb’s law



1) Constraint is the generator of gauge transformation :

Under the quantization A% (x), B2 (y)] 0_y0 = 10a0:0° (= — 1)

| A

@ AW = i [ @y WIOE™ + gt B, A0
=1 / d:g yﬁ.b (F‘f J l;-_-)I)')r..i { _-'):(s:g (I - y}) 3 geu fcr.{.'b*)q‘i:{ =4 “Sn.f;ld:i{m _ .?f) )
= —(0;0™ + gfpaAS)e® = —D;e®

This coincides with the infinitesimal gauge transformation, U ~ 1+ ie"t*

i .
EUQIUT + UAU ~ —(—id,e"t*) + e[t t"] A

| =t | ==

1
— ti’.[ (a;.ﬂfﬂ + ‘f”b{_-A::J{E{:) — atlhD“E”

Tay

2) Coulomb’s law as a constraint is ‘conserved’ over the whole time evolution



3) Among A°, A1, A% A3,
A° is not dynamical : Lagrange multiplier accompanying constraint
By imposing the constraint, one more degrees of freedom can be eliminated (?)
to be consistent with 2 polarization (as predicted by little group)
: Not always. (Proca equation for massive spin-1 field : not commute with 749 = 0)
Moreover, even if we eliminate one degree of freedom,

we need to eliminate one of conjugate momenta E, E? E3 :
4) Gauge ? Symmetry?

Symmetry : invariance of dynamics under the transformation between different states
But.... States related by gauge transformation are not distinct, but equivalent
(polarizations in Lorenz gauge and Coulomb gauge are NOT different states)

e.g., different coordinate systems for the same spacetime manifold



Illustration :

Equivalent orbits
connected by rotation

%

/

=)

passive picture active picture

If we try to describe 1-dimensional motion in terms of 2-dimensional coordinates which contain
unphysical degrees of freedom, the rotation (gauge transformation) connecting equivalent orbits
looks like a symmetry

See, e.g., Ch. 15 of A. Duncan, The conceptual framework of quantum field theory

M. Henneaux, C. Teitelboim, Quantization of gauge systems



Hamiltonian with  constraints y,,, (im=1, ...,r)

ili= h—-(@'la L ”Q_f) + Z /\m?{m

m=1

Total (including unphysical ) degrees of freedom = 2 f

While constraints eliminate r degrees of freedom, the requirement that physical degrees of
freedom must be even ( configurations + conjugate momenta ) suggests that we must eliminate r
more degrees of freedom ( physical degrees of freedom =2(f — 1) ,not 2f —r.

So, we need to impose 7 more ‘gauge fixing conditions’ ¥,, (m = 1, ...,7) by hand.

(Choosing one orbit among equivalent orbits)



Cf. Noether theorem for global symmetry: promoting the transformation parameter « to local
one a(x)

Global symmetry
=0 d4 d 7
0=35 = /qu B / 0,0 (z)J" ()
For a classical 4
solution d wa(z)0,J*
B J* =

: d
Q=/d3$=}0 —) aff: daa‘;@fJO:—/d‘?ﬂ:V*J:U



(Qr* JP:"CQ?R: p'm)

Physical Unphysical
i=1,..,f—r m=1,..,r

One can always choose the gauge fixing conditions to be unphysical momenta (by canonical
transformation) such that

pm — T«f’m(q P ) [U'mﬁ 11?1] =0
[ Faddeev-Popov}

0¥

I et[Xm, Wn] = det[xm, Pn] = dEt('}: ,_:)Qn) 2

determinant

Xm(QF, P Q,n, P,,) = 0 can be solved to give 0 =0 ([ PP =0 =71 I1cC F)

: all unphysical degrees of freedom are written in terms of physical degrees of freedom



Then from f—r

H DQIDF;| _ = H DQ;DP; Hl DQ,,DP,,0(P,,))
f - - d m
_ Hlp@ DP; yl DQ,, DP,.6 (1), )?HI ..fsm,)cmdzgn

and replacing 8(x,,) by equations of motion for Lagrange multiplier,

Two partition functions are equivalent :

((gm }(m((u)jp.ax))

J r
- /H Dglppz H 6(%{’1?'&)(1&1: [Xm,-« 'wn]ﬁl [ dtpigi—H=3_,, Amxm)

i=1 m=1

f—r
_ /H'DQ’TDP-_*E";"F dt [fTQf—H*(QIJ’f)}

=1



In gauge theory, ,
Xom — Q% = OE™* — ig|Ay, BF® — j9° Gauge transformation
| generator
: Gauge transformation of
2 a .
Xm, ¥n] = [Q° the] gauge fixing condition
Example : Lorenz gauge ¢ = 9,A" — f%(x)

[Q%,¢°] = 0u(0"0at, — g fabcOuAY)  mmm)  App = det[Q”, v } = det[0” — g fabcOu A

/ DA DYDPI(9, A — f*)Appe™
1. Z can be multiplied by 1 = fpjap oz [ d*z(f*)?

( f@is irrelevant to dynamics of physical degrees of freedom :treated as a
constant)



2. Introducing ‘ghosts’ w,, w, : fermionic (Grassmannian) field

1
det X

/ dwdoe®* = detX NOT

Al_[} — /Du'a,DwaF?f d‘ﬂ:ri“’_‘ﬂ{(?Qﬁab_g.fﬂbca#‘qi)wb
From 1 and 2, the partition function for the gauge interaction is given by

Z= / D AXDYDYDw, DD *5(B, A% — f*)¢iS =t f =V i d'emalP busmofuucOt Ao

ACTY )TV . iS—i [ d4a(9# A%)?+i [ d42wa (0280 —g fab O AS
_/D‘4fpt'9DU‘DwaDwae% 7¢ | d*2(94AL) +i [ d*2l0a (0% 0ab—g fane 0" Aj, Jwp

L

Now the photon quadratic term has an inverse : photon propagator in this case is,

Fs:‘uky] ¢ RE—Y)

. _ d*k
<D|IT(A;1(33)A5(F)’))|U> = ?-5ab/ W ["?;w — {1~ k2 | k2 +ic



Physical states : Becchi-Rouet-Stora-Tyutlin (BRST) cohomology

1. Simple +generic version of what we have done:

& Y A =
7 = /D@e'“’ﬁ(LJ )det— /D@qu@f‘“ﬁ(u )eilS+oa mre®) | DP = DA%DYDy

5Qn.

A

— /D@phﬁpcﬂpgﬂei(ﬂwﬁSBQ 2+Bav ) tba FEn )
= 9

'Df Pzi ()(1,) —f = -'T:/DBAP (§B%+¢4Ba)

( B4 : bosonic, by, c® : fermionic)  Term containing 14

2. Even though gauge invariance is ‘broken’ by gauge fixing, it appears in another form

: BRST invariance ( € : fermionic)

5P Gauge transformation

0P = —rec” - m===) | with ghost c? parameter
%
1

0ba=—eBy bc" = —5e fareC’c®, 8B4 =0 00, 0b) = fabcde




3. BRST is nilpotent : 82 = 0 or Q> = 0 (Q : BRST generator)

Q(Q|arbitrary state)) = 0

| 5
5(bav™) = ie(iBay™ + bﬂ(;—)caj i
(1.1'.1

Physics is not changed under different choices of * (gauge fixing)
: under the change of gauge fixing condition " — ¢ + Ay* probability amplitude between

physical state (¢|¢') is invariant

14 is contained in S’
only

0 = ieA(p|¢') = (9|(ieAS")|¢') = (G|Ad(bay™)|d') = (p|o(baAU™)|¢)

. 5 _ Physical state is BRST
Qo) =Ql¢) =0 ) (Q|physical state) = 0 (~gauge) invariant




Moreover, §* = 0 or Q* = 0 : |physical state) is equivalent to |physical state) + Qlarbitrary state)

(cohomology class)

S-matrix is also required to be BRST invariant :

(@, 5] =0 wmm) (Q(S|physical state)) = S(Q|physical state)) = 0
S|physical state) is BRST invariant, thus (unphysical state|S|physical state) = 0

(A : phys|B : phys) = (A : Dh}’b‘|3i5 | B : phys)
- Z (A : phys|S|C : phys){(C : phys

phyical

S|B : phys)

Unitarity of S-matrix S'S = [ is implemented among physical states only!



Relation between 1PIs imposed by gauge invariance :

Ward-Takahashi identity / Slavnov-Taylor identity

For simplicity, we consider the Abelian case, QED.

0A, = —0,x, OY =iexy
Quantum effective action (1PI generator):

o o1 o |
['(Au ¥, ¥) = / dod'y (5T, y) A (2)A%(y) + P(@)T (2, 9)v (y))

+ /dj‘ﬂ?dé;?jd%za_ﬁ(m)f‘;’l(:’ﬁj y, 2)P(y) AP (2) + - - -



Under the gauge transformation,

0T = [ d'aatyT (. ) A @) ~ [ dtad'yi(a)T . v (w)ie(x() - x(0)
- / d'zd'yd 2y ()T (z,y, 2)Y(y) [ie(x(x) — x(y))A¥(2) + 04X (2)] + - -
=0
Choosing y(x) = 6*(x — a),

ol [a] = [d'ix&gF,;i,(xra)44“(m)
- [ died@r ) + [ diaiesor @ au
— /d"lyd'iz-ieﬁ(a.)Fi’l(a,y,z)w(y)A*‘(z) —|—/d’lxddzieﬁ(m)Ffl’l(x,a,z)w(a)A*‘(z)
+ /dd:}:‘d’lyieu_‘;(ﬂ?)@ff'i’l(:1:, y, a)P(y) + -

=



)
) = = f . s
5N (D) ol [al e O, T'y,(b,a) =0 —> k#T,, =0

transversality : only states orthogonal to k* contribute (two polarizations)

(5‘2

= —ied(a — b (a,c) + iel''é(a — ¢) + Oi‘I':I’](FJ, ¢;a)=0
d=0

=) (p+@)"T, (p.q) = —e(p + q) — eX(—p) + eX(q)




Interpretation:

Unlike

and reflect the nature of U(1) charged particle

In the charge renormalization, without the Ward identity 2,
the renormalized charge depends on the nature of the
particle carrying the charge

e.g., positron and proton have different charges ?

:In the charge renormalization,
is crucial.

1
4e?

L1/
F P



Charge renormalizaion : how Abelian and non-Abelian different

Unlike the Abelian case, non-Abelian allows the gauge boson self-interaction:

1 1 , :
st P s jl(f)nﬂ:{ - -auA;la + g ﬁ!br'Ab A, ) (aj“qu - E}MA(W o 5 gf u.bf:filb“Atp)

4 s - H 5

il abc v
\ 9f*°[g"" (k — p)”
k v
Py = +97 (-
b, v E‘ C,p + 97" (¢ — k)”]
a, b,U _,ig2 [fabefcde(gppgua_gp,agup)

X — 0 facefbde (guvgpcr _g,u.agup)
+ fadefbce(gp,ugpor _gupguo)]



@

X — __]:ﬂ- jd_pn, — 0—1_
. 11 . .
For SUN) 75, = 3 N — ﬁNf — ﬁNﬁ N : the number of fermionic degrees of freedom

Ny, : the number of bosonic degrees of freedom

Note the contributions from gauge self-interaction and matter have different sign!

p
Bo T
+ 24 o
1 2, kg l()b N

e



g

= Bo CH
1+ 2o log &£

¥

For Abelian case,

Xp

: 1 T L “_\_____
1 — s-Q log &

o =~

1) The force becomes weaker as length scale increases

2) For 1/A > 1/m (m < A) ‘electron’ is not dynamical : integrated out

effective theory for photon only in which coupling is frozen (photon is not charged)



3) Screening by vacuum polarization

dipoles (=pair created particle-antiparticle pair) array to screen

the ‘bare charge’

¥
q C 4
d7eg 4de

; Ep -
Q‘z — —qz
€

Asymptotic freedom in non-Abelian gauge interaction means that anti-screening arises by the
gauge boson self-interaction



see, e.g., V. A. Novikov, L. B. Okun, M. A. Shifman, A. I. Vainshtein, M. B. Voloshin, Z. 1. Zakharov, Phys.

Rep. 41 (1978) 1
Sec. 25.1 of M. A. Shifman, Advanced topics in quantum field theory

A4
_[(1—;]1]1“512] _rp@ _ PE“F F{ljrw )

e
.:”VI[] . ?P{IIF (2) i‘];r:z - : ]

v q*
4 € (1)(2) ¢- fﬁza (1) (2)
g I'o'Tg (l = Z Iy I
q q,; i=1,2
) 2 2
Ty =y 4 =4y — 43
gl, —ql,” = (1,2 (1,2
: ; . =) '?UP{: = (L'EF;; j
¢ =(¢",0,0,¢%) My = —¢€° ( 1_'[{]1)1_‘[2} : Z 1_'[1}1"[2})
{ i=1,2
Coulomb EM wave
(instantaneous) propagation

Let B ey e : Coulomb

———————— : transverse propagation

Caution : the instantaneous Coulomb does not violate causality as electric field (gauge invariant
quantity) respects causality



Focusing on Coulomb case only,

Abelian: e O e only

Non-Abelian : ' + self-interaction s R
e O e gl 1 9 . I
At Ve - Ve
Same type
Note the opposite | .
behaviors between E . :
and B : While the A EyBi | . Ao 1 E;

same charges repel, i
the same currents
attract




