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Lecture 1
1.1 Inverse problem in statistical physics >= data science? 

1.2 What are the assumptions we make in statistical physics?

1.3 Where is information theory in all this?

1.4 What does large deviations mean?




Maximum likelihood and why we need models:
If we observe frequencies      for specific events, 
then the standard way to find the probabilities of 
these events is to maximize 
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This is a so-called trivial solution because it says that 
the probability of observing any new event is just the 
frequency with which that event was observed already.
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Our aim is to make better predictions from observations.

• Need models for calculating probabilities <-> frequencies

• Need way to evaluate model performance

• Need framework to compare models

Maximum likelihood and information theory
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So we need to focus on maximizing 
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Convex functions: 
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The general form we will use sometimes is called Jensen's inequality:
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for any convex function f and any random variable X.

Proof:
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Some notation: Expectation value of 
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looks very similar to what we just saw for convex functions

because                              and  

<latexit sha1_base64="24yzh7bYAa5R7w1h76OK1cZjeyE="></latexit>

f(
X

i

xiti) 
X

i

tif(xi) if
X

i

ti = 1 8ti � 0

<latexit sha1_base64="DUR/iEtvpFGtrg6LmUdScknJvuo="></latexit>X

i

fi = 1 and fi � 0

So maximizing                       is the same as minimizing 
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This is the Kullback-Leibler divergence, a measure of how similar two 
probability distributions are but it is NOT symmetric in the two arguments!!

<latexit sha1_base64="mCh2i/EKVRqZ5rIsWa2ZyQzkBvA="></latexit>

DKL(f ||p) ⌘
X

i

fi ln
fi
pi

<latexit sha1_base64="QidnRx0xXh7w0aK1zYdkk26mXug="></latexit>

Convexity =) DKL(f ||p) � � ln
X

i

fi
pi
fi

= � ln
X

i:fi>0

pi � 0



To recap: We have found that we want to minimize 
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and we need some sort of model for the probabilities.
Statistical physics is all about probabilities following Boltzmann. A physical 
system with fixed energy will occupy all accessible states with equal 
probability and this is encoded in maximizing
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If we do a Legendre transform to a more convenient intensive variable, we 
want to maximize 
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So now we start to see what form of probabilities we could 
use in our inference. We expect in this analogy that higher 
energy states will have lower probability and that is why we 
observe them with lower frequency.

How do we know that the appropriate probability distribution 
we are trying to infer is of this exponential form??

We could always write 
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BUT we will see that there are many calculations that we want 
to do that do not work unless 
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More formally, we will be able to investigate models where the 
probability distribution that we are trying to infer belongs to 
the exponential family.



Exponential family distributions:

• normal

• beta

• Poisson

• exponential 

• Dirichlet

• gamma

• Bernoulli

• Wishart

• geometric

• multinomial (with fixed # of trials)

Must take the form
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Some examples:
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`Natural parameter':
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We will always work with natural model parameters 
that we want to infer because of convexity.

<latexit sha1_base64="+UkpJBkayJ491RUkpn7nOT5R4HY="></latexit>

Z ⌘
X

e✓·O

<latexit sha1_base64="ukLflR/S6ERxmXCzLjQ+I57TUEY="></latexit>

@ lnZ

@✓i
=

X
Oi

e✓·O

Z
= E(Oi)

<latexit sha1_base64="LndCauhrkrP2p48z1rj5vrLqavE="></latexit>X

i,j

vivjCij = E((v · O � E(v · O))(v · O � E(v · O))) � 0

So the log of Z is convex as a function of natural parameters!

Generating function of correlations:
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Connected correlation functions <=> cumulants in statistics

So the generating function of moments is 

Correlation functions <=> moments in statistics
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and the generating function of cumulants is 

Remember that       denotes the vector of natural parameters!  
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Let's see how this generating function is going to help us find 
parameters from data. Going back to the Kullback-Leibler 
divergence, we want to make the model probability 
distribution as close to the observed frequencies as possible.
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Expectation in model,

difficult to compute 
because it requires a sum 
over all configurations!

Expectation in data

Sum over 
observations

Use this for gradient 
descent to find 
parameters.



Statistical physics from the perspective of probability theory

1. Macroscopic description <=> Law of large numbers

2. Behavior of fluctuations <=> Central limit theorem

3. Probability of rare events <=> Large deviation principles

4. Probability of empirical pdf <=> Level 2 LDP



Law of large numbers
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Chebyshev's theorem: 

For a random variable with a finite expected value and a finite non-zero 
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Central limit theorem CLT

Under quite general circumstances, the appropriately normalized 
sum of independent random variables (RVs), the distribution of the 
sum will tend (in the limit) to the normal distribution. The reason 
this distribution is called the Gaussian is because (as with so much 
else) Gauss figured this out first.
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The CLT lies at the heart of many proofs in statistics for the 
asymptotic behavior of inference algorithms, but keep in mind that it 
is a theorem and it comes with hypotheses so you can’t blindly 
assume that it will always hold for real data!



Statement of the CLT

if
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This is NOT uniform convergence but only convergence in 
distribution. Why is that important? The tails of the 
distribution converge more slowly than the center. So the 
CLT is really telling you about moderate deviations from the 
mean. 



What’s behind the CLT?
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question is entirely one of convergence.



Moment generating function
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MX(t) ⌘ E(exp(tX))

Expand in formal powers of t and you get coefficients that are 
the expectations of powers of X, by definition, the moments.

Useful identities
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Cumulant generating function
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KX+Y (t) = KX(t) +KY (t), KcX(t) = KX(ct)

<latexit sha1_base64="JVM1WqsnpYoIkiyETx5nFunqksY="></latexit>

K 00
X(t = 0) = E(X2)� E(X)2 ⌘ V ar(X)

<latexit sha1_base64="oaSyut5WuILdocX+ma1es+OJwTs=">AAACDnicbVA9SwNBFNyL3/ErammzKIGkCXciaiOINoKNgjGB5BL2NnvJkt29Y/edEI6UVjb+C2sbC0Vsre3E0j/i5qNQ48DCMPOGt2+CWHADrvvhZKamZ2bn5heyi0vLK6u5tfUrEyWasjKNRKSrATFMcMXKwEGwaqwZkYFglaB7MvAr10wbHqlL6MXMl6SteMgpASs1c/mzZrWRFmSxX4BDt4gPsWykdS0xdPp1TBOZCKKgmdt2S+4QeJJ4Y7J9lL+Z8r7uP8+bufd6K7JppoAKYkzNc2PwU6KBU8H62XpiWExol7RZzVJFJDN+Ojynj/NWaeEw0vYpwEP1ZyIl0pieDOykJNAxf72B+J9XSyA88FOu4gSYoqNFYSIwRHjQDW5xzSiIniWEam7/immHaELBNpi1JXh/T54kVzslb6+0e2HbOEYjzKNNtIUKyEP76AidonNURhTdogf0hJ6dO+fReXFeR6MZZ5zZQL/gvH0DlkWeSQ==</latexit>

K(m)
X (t = 0) = mth cumulant



Cumulant scaling
<latexit sha1_base64="KGBwGKQ7tWWi2KWBWNd2kNIbo3I="></latexit>

If K(m)
X < C < 1 8m then K(m)(Yn) 

nC

nm/2
! 0 for m > 2

This is really the proof. It assumes that the RV has 
been shifted so that the expectation value of each X 
is 0. In other words, the cumulants of the sums tend 
to the cumulants of a normal distribution! We left out 
the Levy continuity theorem which is needed to 
show that the implicit assumption that the moment 
generating function converges doesn’t matter.



A couple of examples …

Poisson

Bernoulli RV -> Binomial RV
<latexit sha1_base64="e2XHrXdVkSlwGNDJ/8dExhPbkYM="></latexit>

KBer(p)(t) = ln(MBer(p)(t)) = ln((1� p) + p exp(t)) = tp+
t2

2
p(1� p) + . . .

<latexit sha1_base64="FeeJRwKB+lLBug0zeJIYJKaxM/M="></latexit>

KBin(n,p)(t) = ln(MBin(n,p)(t)) = n lnMBer(p)(t) !n"1 (np)(exp t� 1)

<latexit sha1_base64="O8WGlUtXrzMuiDjP1eskTOuXaKk="></latexit>

Poisson(k|�) ⌘ exp(��)
�k

k!
<latexit sha1_base64="Tg+U2VL/qd0EbmKCkEPSwrBOJSA="></latexit>

KPoisson(t) = ln(exp(��)
1X

k=0

�k exp(tk)

k!
) = ��+ � exp(t)

<latexit sha1_base64="Thptc7ROSbkBsCuSNe1ZXWfWPUE=">AAACA3icbVDLSgMxFM34rPU16k5FgkVwVWZE1GXRjcsW7AM6Q8mkmTY0kxmSO0opBTf9FTcuFHHRjT/hzm/wJ0wfC209EDiccy439wSJ4Boc58taWFxaXlnNrGXXNza3tu2d3YqOU0VZmcYiVrWAaCa4ZGXgIFgtUYxEgWDVoHMz8qv3TGkeyzvoJsyPSEvykFMCRmrY+54w4SbBnmAhKN5qA1EqfsAyadg5J++MgeeJOyW5wuGw9D04GhYb9qfXjGkaMQlUEK3rrpOA3yMKOBWsn/VSzRJCO6TF6oZKEjHt98Y39PGJUZo4jJV5EvBY/T3RI5HW3SgwyYhAW896I/E/r55CeOX3uExSYJJOFoWpwBDjUSG4yRWjILqGEKq4+SumbaIIBVNb1pTgzp48Typnefcif14ybVyjCTLoAB2jU+SiS1RAt6iIyoiiR/SEXtCrNbCerTfrfRJdsKYze+gPrI8fHYabig==</latexit>

� $ np



Moving on to more control of rare events …

Suppose we have random bits taking values 0 or 1. We 
want to calculate the probability that the mean value of 
the bits observed is a certain value.

<latexit sha1_base64="UGgwnu+H7GJcsJuOHPWVAIhJn+U="></latexit>

Rn ⌘ 1

n

n�1X

i=0

bi We want to calculate 
<latexit sha1_base64="+4XPs16LhUEUHVacNfbWYm2ZhtE=">AAAB8nicbVDLSsNAFL2pr1pfVZduhhahIoRERN0IRTcuq9gHpKFMppN26GQSZiZCCf0L3bhQxK1f465/4/Sx0NYDFw7n3Mu99wQJZ0o7ztjKrayurW/kNwtb2zu7e8X9g4aKU0loncQ8lq0AK8qZoHXNNKetRFIcBZw2g8HtxG8+UalYLB71MKF+hHuChYxgbSSvVnnoCHSN5IndKZYd25kCLRN3TsrVUvv0eVwd1jrF73Y3JmlEhSYcK+W5TqL9DEvNCKejQjtVNMFkgHvUM1TgiCo/m548QsdG6aIwlqaERlP190SGI6WGUWA6I6z7atGbiP95XqrDKz9jIkk1FWS2KEw50jGa/I+6TFKi+dAQTCQztyLSxxITbVIqmBDcxZeXSePMdi/s83uTxg3MkIcjKEEFXLiEKtxBDepAIIYXeIN3S1uv1of1OWvNWfOZQ/gD6+sHJcaS2Q==</latexit>

P (Rn = r).

Every possible vector of n bits is equally likely so we want to sum 
over all possible n bit vectors with the correct sum specified by r.

<latexit sha1_base64="HJv6mgxwhzeQ2x980Tnz7qKgqAY="></latexit> X

b:Rn(b)=r

2�n = 2�n n!

(rn)!((1� r)n)!



Stirling’s approximation
<latexit sha1_base64="ajHxhGlsVPHYrz+DBraBV3tkSxg=">AAACAHicbVDLSgMxFM3UV62vURcu3MQWoSKWGRF1WXTjsoJthc5YMmmmDc1kQpKRDqUbv8E/cONCEbd+hrv+jeljoa0HLhzOuZd77wkEo0o7ztDKLCwuLa9kV3Nr6xubW/b2Tk3FicSkimMWy/sAKcIoJ1VNNSP3QhIUBYzUg+71yK8/EqlozO90KogfoTanIcVIG6lp7/ED6CEhZNyD/IFDj/RE8YQfNe2CU3LGgPPEnZJCOe8dPw/LaaVpf3utGCcR4RozpFTDdYT2+0hqihkZ5LxEEYFwF7VJw1COIqL8/viBATw0SguGsTTFNRyrvyf6KFIqjQLTGSHdUbPeSPzPayQ6vPT7lItEE44ni8KEQR3DURqwRSXBmqWGICypuRXiDpIIa5NZzoTgzr48T2qnJfe8dHZr0rgCE2TBPsiDInDBBSiDG1ABVYDBALyAN/BuPVmv1of1OWnNWNOZXfAH1tcP+EmYWQ==</latexit>

n! ⇡ nn exp(�n)
<latexit sha1_base64="HyZ8HbuZ9lzD5f36FN4SgSnP4Dg=">AAACE3icbZDLTgIxFIY7eEO8oS7dVIgJaCQzxqhLohuXmMglYQjplA40dDpN2zGQCe/gQl/FjQuNcevGHW9jYVgoeJImX/7/nJye3xOMKm3bYyu1tLyyupZez2xsbm3vZHf3aiqMJCZVHLJQNjykCKOcVDXVjDSEJCjwGKl7/ZuJX38gUtGQ3+uhIK0AdTn1KUbaSO3scUHy4iF0kRAyHECXDEQhlnzkMg4nVjGRTg22s3m7ZE8LLoIzg3w55548jcvDSjv77XZCHAWEa8yQUk3HFroVI6kpZmSUcSNFBMJ91CVNgxwFRLXi6U0jeGSUDvRDaR7XcKr+nohRoNQw8ExngHRPzXsT8T+vGWn/qhVTLiJNOE4W+RGDOoSTgGCHSoI1GxpAWFLzV4h7SCKsTYwZE4Izf/Ii1M5KzkXp/M6kcQ2SSoMDkAMF4IBLUAa3oAKqAINH8ALewLv1bL1aH9Zn0pqyZjP74E9ZXz8gfJ9r</latexit>

(rn)! ⇡ exp(rn ln(rn)) exp(�rn)

So we find our first Large Deviations result
<latexit sha1_base64="J84xCy2J3cRlNRZyM643ytQFelk=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2Q4KwQQy7ImojBG20i2IekA1hdjJJhszODjOzkiWktbH1M2wsFLH1D+zyN04ehUYPXDiccy/33hMIRpV23ZGVWlhcWl5Jr2bW1jc2t+ztnYqKYolJGUcskrUAKcIoJ2VNNSM1IQkKA0aqQe9y7FfviVQ04nc6EaQRog6nbYqRNlLThiXntsnhOZR56CMhZNSHPukL55DDa0fm80075xbcCeBf4s1Irpj1D55GxaTUtL/8VoTjkHCNGVKq7rlCNwZIaooZGWb8WBGBcA91SN1QjkKiGoPJJ0O4b5QWbEfSFNdwov6cGKBQqSQMTGeIdFfNe2PxP68e6/ZZY0C5iDXheLqoHTOoIziOBbaoJFizxBCEJTW3QtxFEmFtwsuYELz5l/+SylHBOykc35g0LsAUabAHssABHjgFRXAFSqAMMHgAz+AVvFmP1ov1bn1MW1PWbGYX/IL1+Q17Gpql</latexit>

P (Rn = r) ⇡ exp(�nI(r))
<latexit sha1_base64="vIT5vL3A+Eu1+vTVNaq9ilAh6Xk=">AAACEHicbZDLSgMxFIYz9VbrbdSlm9AiVoplpoi6EYpudFfBXqAtJZNm2tBMZkgywjD0EdyIb+LGhSJuXbrr25iZdqGtBwJf/v8ckvM7AaNSWdbEyCwtr6yuZddzG5tb2zvm7l5D+qHApI595ouWgyRhlJO6ooqRViAI8hxGms7oOvGbD0RI6vN7FQWk66EBpy7FSGmpZx7dFsUxvIQdxmEFlqBIQGgo2ifaSG4p9cyCVbbSgotgz6BQzXdKz5NqVOuZ352+j0OPcIUZkrJtW4HqxkgoihkZ5zqhJAHCIzQgbY0ceUR243ShMTzUSh+6vtCHK5iqvydi5EkZeY7u9JAaynkvEf/z2qFyL7ox5UGoCMfTh9yQQeXDJB3Yp4JgxSINCAuq/wrxEAmElc4wp0Ow51dehEalbJ+VT+90GldgWllwAPKgCGxwDqrgBtRAHWDwCF7AG3g3noxX48P4nLZmjNnMPvhTxtcP8fmbHg==</latexit>

I(r) = ln 2 + r ln r + (1� r) ln(1� r)

Notice that 
<latexit sha1_base64="C/HGlH2B0VaDoH4tF2A5QflylR0="></latexit>

I(r) is convex and has a unique zero at r = 1/2.

Rate function (binary cross-entropy form)



<latexit sha1_base64="/CDjDHwLdOC18feo6VU6YAjrx7g="></latexit>

{0, 1}
<latexit sha1_base64="c/TUdW9veJLKRW5SB1PTrmBglXs="></latexit>

P (Xi = 0) = 1� ↵ and P (Xi = 1) = ↵
<latexit sha1_base64="SpgBciuvB2gwDvql5ZXdozZJ9EA="></latexit>

PSn(s) ⇡ e�nI(s)

<latexit sha1_base64="YxoM46cpugFOEn/UAQshcywe4YU="></latexit>

I(s) = s ln
s

↵
+ (1� s) ln

1� s

1� ↵
, s 2 [0, 1]
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From H. Touchette, The large deviation approach to statistical physics



Another example: i.i.d. normal variables
<latexit sha1_base64="+ve9TkCWqGxAcuyDSsDD4OQiVVY="></latexit>

P (Yn = s) =

Z

~x2Rn

�(Yn(~x)� s)
Y

i

dxiN(xi|µ,�)

<latexit sha1_base64="zERLMQmpZ7DoHVxG+YKErDZp+f4="></latexit>

=

r
n

2⇡�2
exp(�n(s� µ)2

2�2
)

So we find our second Large Deviations result
<latexit sha1_base64="pWH/susANPhZes++PTjR2xhy/c4="></latexit>

I(s) =
(s� µ)2

2�2

Again convex and with a unique zero.

Subleading term
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From H. Touchette, The large deviation approach to statistical physics



Yet another example: i.i.d. exponential variables
<latexit sha1_base64="Wwk5F18AVl9EoUEAoIf/awTyktc="></latexit>

X ⇠ 1

µ
exp(�x

µ
) for µ > 0

<latexit sha1_base64="3vtDqUDYzhMcClkBRJp5fSVyv9U="></latexit>

P (Yn = s) = (
1

µ
exp(� s

µ
))n

Z 1

0

Y
dxi �(s�

1

n

X
xi)

So, after doing the integral and using Stirling again, we get
<latexit sha1_base64="C2nw/XFOWD82QcYnjPwhoyND940=">AAACIXicbVDLSgMxFM34rPVVdenmYhEUbJkR0a606ELdVbBW6JSSSdMazCRDkpGWob/ixl9x40LR7sSFv2L6WFTrgQuHc84luSeIONPGdT+dqemZ2bn51EJ6cWl5ZTWztn6jZawILRPJpboNsKacCVo2zHB6GymKw4DTSnB/1vcrD1RpJsW16US0FuKWYE1GsLFSPVO43NG74OMoUrINifalTYMfxl3IgWfH52Jc3QMfNByDW89k3bw7AEwSb0SyxZPvj3aucF6qZ3p+Q5I4pMIQjrWuem5kaglWhhFOu2k/1jTC5B63aNVSgUOqa8ngwi5sW6UBTansCAMDdXwjwaHWnTCwyRCbO/3X64v/edXYNAu1hIkoNlSQ4UPNmIOR0K8LGkxRYnjHEkwUs38FcocVJsaWmrYleH9PniQ3+3nvMH9wZds4RUOk0CbaQjvIQ0eoiC5QCZURQY/oGb2iN+fJeXHend4wOuWMdjbQLzhfP7oqpGI=</latexit>

I(s) ⇡ s

µ
� 1� ln

s

µ
, s > 0

Again convex and with a unique zero at <latexit sha1_base64="DLiNz8+VdWcaCPenfcEovRS4OBA=">AAAB7nicbVDLSgNBEOyNrxhfUY+KDAbBU9gVUS9C0IvHBMwDkiXMTmaTITOzy8ysEJYc/QAvHhTx6ifkO7z5Df6Ek8dBEwsaiqpuuruCmDNtXPfLySwtr6yuZddzG5tb2zv53b2ajhJFaJVEPFKNAGvKmaRVwwynjVhRLAJO60H/duzXH6jSLJL3ZhBTX+CuZCEj2FiprtE1aomknS+4RXcCtEi8GSmUDkeV78ejUbmd/2x1IpIIKg3hWOum58bGT7EyjHA6zLUSTWNM+rhLm5ZKLKj208m5Q3RilQ4KI2VLGjRRf0+kWGg9EIHtFNj09Lw3Fv/zmokJr/yUyTgxVJLpojDhyERo/DvqMEWJ4QNLMFHM3opIDytMjE0oZ0Pw5l9eJLWzondRPK/YNG5giiwcwDGcggeXUII7KEMVCPThCV7g1YmdZ+fNeZ+2ZpzZzD78gfPxA1F7kp4=</latexit>s = µ



Now some theory …

A large deviation principle amounts to 
<latexit sha1_base64="aZ5pDLLc/qcpIYtFrm/DKiYUpZ0="></latexit>

Some probability Pn ⇡ exp(�nI) as n " 1,with I � 0.

More formally:
<latexit sha1_base64="ZrynDhFI5XXnYrcYq7WAVvJSIMc="></latexit>

With An a family of RVs and B a set,

lim
n"1

� 1

n
lnP (An 2 B) = IB

IB ⌘ rate.



To connect to the rate functions we have calculated,
<latexit sha1_base64="ytWYjEHn/d13ttwl2v4RWa7c1wA=">AAACIHicbVDLSgMxFM3UV62vUZdugkVoUcuMFOuy6EZ3FexDOkPJpGkbmsmEJCMtQz/Fjb/ixoUiutOvMX0Iaj1w4XDOvdx7TyAYVdpxPqzUwuLS8kp6NbO2vrG5ZW/v1FQUS0yqOGKRbARIEUY5qWqqGWkISVAYMFIP+hdjv35HpKIRv9FDQfwQdTntUIy0kVp2qZK7bXHoUQ6b6kgdJp4MYXuk/Dz0kBAyGkCPDETumF/lVD4Pv/2WnXUKzgRwnrgzkgUzVFr2u9eOcBwSrjFDSjVdR2g/QVJTzMgo48WKCIT7qEuahnIUEuUnkwdH8MAobdiJpCmu4UT9OZGgUKlhGJjOEOme+uuNxf+8Zqw7Z35CuYg14Xi6qBMzqCM4Tgu2qSRYs6EhCEtqboW4hyTC2mSaMSG4f1+eJ7WTgntaKF4Xs+XzWRxpsAf2QQ64oATK4BJUQBVgcA8ewTN4sR6sJ+vVepu2pqzZzC74BevzC3ZcoVU=</latexit>

P (Yn 2 [s, s+ ds]) ⇡ exp(�nI(s))ds

Now we turn to more direct ways to calculate rate functions.



<latexit sha1_base64="Gbrk93bO02kR9jjRKnN4M8OKsG8=">AAACB3icbVDLSgMxFM34rPVVdSlIaBHcWGaKqMuiiC4r9AWdUjLpbRuaZIYkI5ShOzf+ihsXirj1F9z5N6btLLT1QOBwzn3kniDiTBvX/XaWlldW19YzG9nNre2d3dzefl2HsaJQoyEPVTMgGjiTUDPMcGhGCogIODSC4fXEbzyA0iyUVTOKoC1IX7Ieo8RYqZM7Snwl8K2fJ8pIUKc33C71cXUAoQIx7uQKbtGdAi8SLyUFlKLSyX353ZDGAqShnGjd8tzItBM7nVEO46wfa4gIHZI+tCyVRIBuJ9M7xvjYKl3cC5V90uCp+rsjIULrkQhspSBmoOe9ifif14pN77KdMBnFBiSdLerFHJsQT0LBXaaAGj6yhFDF7F8xHRBFqLHRZW0I3vzJi6ReKnrnxbP7UqF8lcaRQYcoj06Qhy5QGd2hCqohih7RM3pFb86T8+K8Ox+z0iUn7TlAf+B8/gBOKJj4</latexit>

Gärtner-Ellis Theorem

<latexit sha1_base64="Y2Y8Nz4A186cSv1FQVH1s628ils="></latexit>

Suppose we have found a rate function, I(s). Then we have

P (Yn 2 [a, a+ da]) ⇡ exp(�nI(a))da.
<latexit sha1_base64="8Ao1Eb8cdQXq/EWWBuz7BkiMI/s="></latexit>

So D
exp(tYn)

E
⇡

Z
exp(ta� nI(a))da.

<latexit sha1_base64="M68h9bgmLbBp6O8uBuae2WoG8vE="></latexit>

Setting t ⌘ kn for some real number k, we have

D
exp(tYn)

E
⇡

Z
expn(ka� I(a))da.



<latexit sha1_base64="Wp8P0kxDdd/V3VrizZX06E5hdy8="></latexit>

Laplace’s approximation (or saddle-point) then says that

D
exp(tYn)

E
⇡ expn sup

a
(ka� I(a)).

<latexit sha1_base64="xq/oPsmrQ0LKczu7DqV873DViPA="></latexit>

In other words,

�(k) ⌘ lim
n!1

1

n
ln
D
exp(knYn)

E
⇡ sup

a
(ka� I(a)).

<latexit sha1_base64="0Q8pfnEgdbMlPGUbqQtoXibDeSU=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2WmiLpr0Y3LCvYB7VAyaaYTmskMyR2hDMWNv+LGhSJu/Qp3/o1pOwttPZBwOOfem9zjJ4JrcJxvq7Cyura+UdwsbW3v7O7Z+wctHaeKsiaNRaw6PtFMcMmawEGwTqIYiXzB2v7oZuq3H5jSPJb3ME6YF5Gh5AGnBIzUt4/aIQHMNYZwejFhBg1xqmu1vl12Ks4MeJm4OSmjHI2+/dUbxDSNmAQqiNZd10nAy4gCTgWblHqpZgmhIzJkXUMliZj2stkKE3xqlAEOYmWOBDxTf3dkJNJ6HPmmMiIQ6kVvKv7ndVMIrryMyyQFJun8oSAVGGI8zQMPuGIUxNgQQhU3f8U0JIpQMKmVTAju4srLpFWtuBeV87tquX6dx1FEx+gEnSEXXaI6ukUN1EQUPaJn9IrerCfrxXq3PualBSvvOUR/YH3+ADB4lqk=</latexit>

What is this telling us??
<latexit sha1_base64="+71G8cQGY8YhsL1XCQHtUZvhl1A="></latexit>

The cumulant (after scaling!) is the Legendre-Fenchel transform of the rate
function!



<latexit sha1_base64="xgTxbW5z3HWRBXp1C+w1qKNXViE=">AAACB3icbVDLSgMxFM3UV62vqktBgkVwY5kpoi6LgrhwUaEvaEvJpLed0CQzJBmhDN258VfcuFDErb/gzr8xbWehrQcCh3Pu5eYcP+JMG9f9djJLyyura9n13Mbm1vZOfnevrsNYUajRkIeq6RMNnEmoGWY4NCMFRPgcGv7weuI3HkBpFsqqGUXQEWQgWZ9RYqzUzR9WA8B3MADZU3B6A5IGwLFRROp+qEQ3X3CL7hR4kXgpKaAUlW7+q90LaSxAGsqJ1i3PjUwnIcowymGca8caIkKHZAAtSyURoDvJNMcYH1ulh+1d+6TBU/X3RkKE1iPh20lBTKDnvYn4n9eKTf+ykzAZxcYmnB3qxzZniCel4B5TQA0fWUKoYvavmAZEEWpsdTlbgjcfeZHUS0XvvHh2XyqUr9I6sugAHaET5KELVEa3qIJqiKJH9Ixe0Zvz5Lw4787HbDTjpDv76A+czx+PaZkj</latexit>

The Legendre-Fenchel transform
<latexit sha1_base64="pv0E2N27eFtFlXhmKctYmGTgBEE="></latexit>

For a convex function f(t), define a new function by

g(s) ⌘ sup
t
(ts� f(t)).

Then g(s) is also convex and we have a duality:

f(t) ⌘ sup
s
(ts� g(s)).

<latexit sha1_base64="p9rzMOpKm9XRKfT+Cg1TV6Z++zE="></latexit>

This is the more general form of the usual physics Legendre transform:

f(t) + g(s) = ts,

which is only valid when f, g are di↵erentiable.



λ(k)

k
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a

k
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From H. Touchette, The large deviation approach to statistical physics



<latexit sha1_base64="K8R2ZHT1NhAFkWYMYHgUpRgseu4=">AAACEXicbVA9SwNBEN3z2/h1ammzGIRU4U5ELYM2FhYqxgTiEfb25pIl+3Hs7hlCyF+w8a/YWChia2fnv3ETr9Dog4HHezPMzIszzowNgk9vZnZufmFxabm0srq2vuFvbt0YlWsKdaq40s2YGOBMQt0yy6GZaSAi5tCIe6djv3EH2jAlr+0gg0iQjmQpo8Q6qe1XrkAwmYDGKsVd1cfn0AGZaMBWE2lSpYXBfaV7bb8cVIMJ8F8SFqSMCly0/Y/bRNFcgLSUE2NaYZDZaEi0ZZTDqHSbG8gI7ZEOtByVRICJhpOPRnjPKQl2211Jiyfqz4khEcYMROw6BbFdM+2Nxf+8Vm7T42jIZJZbkPR7UZpzbBUex4MTpoFaPnCEUM3crZh2iSbUuhBLLoRw+uW/5Ga/Gh5WDy73y7WTIo4ltIN2UQWF6AjV0Bm6QHVE0T16RM/oxXvwnrxX7+27dcYrZrbRL3jvX3s1nXM=</latexit>

Reminder of how Legendre transforms work
<latexit sha1_base64="X/3WDyhHHSGD4cI9R3EkyZ9kRmQ="></latexit>

Pick a variable, t or s. Then we regard all appearances of the other variable as
an implicit function of the chosen variable. Treating s as a fixed parameter, we
get

@tf = s.

This defines

s(t) = @tf, and vice versa t(s) = @sg(s).

Now we have the very important relation:

@ts(t) = @t@tf, and @st(s) = @s@sg.

But this gives us
@t@tf = (@s@sg)

�1.



<latexit sha1_base64="P0EeB+bB19tVOa8r8tsuT6ie4GA=">AAACDnicbVA9SwNBEN3z2/gVtbRZDAGrcCeidoo2lgrGBJIQ9vbmkiV7u8funBIOf4GNf8XGQhFbazv/jXsxhSY+duHx3gwz88JUCou+/+XNzM7NLywuLZdWVtfWN8qbWzdWZ4ZDnWupTTNkFqRQUEeBEpqpAZaEEhrh4LzwG7dgrNDqGocpdBLWUyIWnKGTuuXqhb6jkaZ3QDMLFPvCUhZaNIwjVVpZcO+kW674NX8EOk2CMamQMS675c92pHmWgEIumbWtwE+xkzODgku4L7XdsJTxAetBy1HFErCdfHTOPa06JaKxNu4rpCP1d0fOEmuHSegqE4Z9O+kV4n9eK8P4uJMLlWYIiv8MijNJUdMiGxoJAxzl0BHGjXC7Ut5nRRQuwZILIZg8eZrc7NeCw9rB1X7l9GwcxxLZIbtkjwTkiJySC3JJ6oSTB/JEXsir9+g9e2/e+0/pjDfu2SZ/4H18A3Qum8I=</latexit>

How do we use this abstract nonsense?

<latexit sha1_base64="IejpWEUoVYY5SI/Mfpelo8dpl6w="></latexit>

Suppose we have a cumulant generating function for an RV X : KX(t) =
lnMX(t). Then

E(X)(t) = @tKX(t) =
E(X exp(Xt))

E(exp(Xt))
.

In the language of Legendre transforms, E(X)(t) ⌘ Xc(t) is the analog of s(t). So
by thinking in terms of the Legendre transform, we see that the large deviation
rate function, which is a function of the expectation value, is naturally the
Legendre transform of the cumulant generating function.

<latexit sha1_base64="ef56WJzuOMDa/u6eVV+QXd9u9Ug="></latexit>

WARNING: What if the rate function is not convex? The cumulant generating
function is always convex (Why?). The Legendre transform of a non-convex
function is convex, but the double Legendre transform does not give back the
original non-convex function!!
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<latexit sha1_base64="w3k23dvFMRqUo3PubtwvxBDESf8=">AAAB+3icbVBNTwIxEO3iF+LXikcvjcTgiewSox6JXDxiAkgCG9ItAzS03U3bNZINf8WLB43x6h/x5r+xwB4UfMkkL+/NZGZeGHOmjed9O7mNza3tnfxuYW//4PDIPS62dZQoCi0a8Uh1QqKBMwktwwyHTqyAiJDDQzipz/2HR1CaRbJppjEEgowkGzJKjJX6brGuiOiVQZU1bo4hUiD6bsmreAvgdeJnpIQyNPruV28Q0USANJQTrbu+F5sgJcowymFW6CUaYkInZARdSyURoIN0cfsMn1tlgIeRsiUNXqi/J1IitJ6K0HYKYsZ61ZuL/3ndxAxvgpTJODEg6XLRMOHYRHgeBB4wBdTwqSWEKmZvxXRMFKHGxlWwIfirL6+TdrXiX1Uu76ul2m0WRx6dojN0gXx0jWroDjVQC1H0hJ7RK3pzZs6L8+58LFtzTjZzgv7A+fwBDmCT0Q==</latexit>

Cramér’s Theorem

<latexit sha1_base64="3Z6Qne2OGvB7ZlDdWb/z2Jd3mOE="></latexit>

This is where the theory of large deviations actually started. Here, we approach

it as an application of the Gärtner-Ellis Theorem. Suppose Xi are i.i.d. RVs.

Then the scaled cumulant generating function is

�(k) = lim
n"1

1

n
ln

D
exp(k

X

i

Xi)

E
= lim

n"1

1

n
ln

Y

i

D
exp(kXi)

E
= ln

D
exp(kX)

E
.

In other words, the cumulant generating function of any of the variables is the
scaled cumulant function. So we can get the rate function directly from this

cumulant function.

We will use this result over and over.



Example again: i.i.d. normal variables
<latexit sha1_base64="62F0IF7DYFLr/fFeRY0rnIxvQxI="></latexit>

�(k) ⌘ lnhexp(kX)i = ln

 R
exp(� (x�µ)2

2�2 ) exp(kx)
R
exp(� (x�µ)2

2�2 )

!
= µk +

�2k2

2
,

so we need the Legendre transform of µk + �2k2

2 . As �(k) is di↵erentiable,

@k�(k) = s(k) = µ+ �2k

so

k(s) =
s� µ

�2
.

Therefore

I(s) = k(s)s� �(k(s)) =
s� µ

�2
s� µ

s� µ

�2
� 1

2�2
(s� µ2)2 =

1

2�2
(s� µ)2

as we found before.



Again with Cramer: i.i.d. exponential variables
<latexit sha1_base64="CBdtWpqzcvB5xybpQh59SjKG/6M="></latexit>

�(k) ⌘ lnhexp(kX)i = � ln(1� kµ),

so again �(k) is di↵erentiable, and we have

@k�(k) = s(k) =
µ

1� kµ
.

Now

k(s) =
s� µ

sµ
.

Therefore

I(s) = k(s)s� �(k(s)) =
s

µ
� 1 + ln

✓
1� s� µ

s

◆
=

s

µ
� 1 + ln

⇣µ
s

⌘

as we found before.



<latexit sha1_base64="KGhdUUZNp6d5pEXZvUB2BxydK74=">AAAB+HicbVBNSwMxEM36WetHVz16CRbRU9ktoh6LXjxW7Be0S8mms21oNlmSbKGW/hIvHhTx6k/x5r8xbfegrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dxOfndv/6DgHh41tEwVhTqVXKpWSDRwJqBumOHQShSQOOTQDId3M785AqWZFDUzTiCISV+wiFFirNR1C49EyNG5xrUBSAVx1y16JW8OvEr8jBRRhmrX/er0JE1jEIZyonXb9xITTIgyjHKY5juphoTQIelD21JBYtDBZH74FJ9ZpYcjqWwJg+fq74kJibUex6HtjIkZ6GVvJv7ntVMT3QQTJpLUgKCLRVHKsZF4lgLuMQXU8LElhCpmb8V0QBShxmaVtyH4yy+vkka55F+VLh/KxcptFkcOnaBTdIF8dI0q6B5VUR1RlKJn9IrenCfnxXl3Phata042c4z+wPn8AUwEkt0=</latexit>

Sanov’s Theorem
<latexit sha1_base64="MHFfxeV5wtl4HFSaiJf85/6cikk="></latexit>

All our results work perfectly fine for vector RVs. Sanov’s theorem says that

they also work for functions that are RVs. One case in particular is exactly

what data science is all about: Determining the probability density underlying

a set of empirical observations. Define an empirical probability density Ln :

Ln(x) ⌘
1

n

X

i

�(�i � x),where {�i} = observations.

Ln(x) is a function that is an RV. Now

�(k) = ln

Z
dx ⇢(x) exp(k(x)) ⌘ ln

D
exp k(X)

E
.

Notice that k is now a function! With the same arguments as before, we find

a rate function which measures the probability of any given probability density

µ :

I(µ|⇢) =
Z

dx µ(x) ln
µ(x)

⇢(x)
.

You should recognize our old friend, the Kullback-Leibler divergence, here.



<latexit sha1_base64="zV95cFbl4Z5GaIypry426wfvVn4=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBaDaBXugqhl0Ea7iPmC5Ah7m7lkyd7usbsXCCGNf8XGQhFbf4ad/8ZNcoUmPhh4vDfDzLwg5kwb1/12Miura+sb2c3c1vbO7l5+/6CuZaIo1KjkUjUDooEzATXDDIdmrIBEAYdGMLid+o0hKM2kqJpRDH5EeoKFjBJjpU7+6F5MbcCPRMjhmcbVPkgFUSdfcIvuDHiZeCkpoBSVTv6r3ZU0iUAYyonWLc+NjT8myjDKYZJrJxpiQgekBy1LBYlA++PZAxN8apUuDqWyJQyeqb8nxiTSehQFtjMipq8Xvan4n9dKTHjtj5mIEwOCzheFCcdG4mkauMsUUMNHlhCqmL0V0z5RhBobSs6G4C2+vEzqpaJ3Wbx4KBXKN2kcWXSMTtA58tAVKqM7VEE1RNEEPaNX9OY8OS/Ou/Mxb8046cwh+gPn8wczWJYp</latexit>

Inverse Sanov’s Theorem

<latexit sha1_base64="/hYZqwSUmD2K+IujvqtSL0qISFY="></latexit>

To be honest, Sanov’s theorem doesn’t help us directly because we don’t know
⇢, the true probability density. What we want is a data-driven version that tells
us about convergence to the true density but based only on the observed data.
The approach usually to prove an Inverse Sanov Theorem is Bayesian:

P (⇢|Ln) =
P (Ln|⇢)P (⇢)

P (Ln)
,

where ⇢ is a possible model for the true distribution, and Sanov’s theorem is
used for calculating P (Ln|⇢). This requires a little more mathematical e↵ort.
We may return to it later.



<latexit sha1_base64="SY4rS+AXGoV4a906x7EkwwWl1qw=">AAAB+3icbVBNS8NAEN34WetXrEcvi0X0VJIi6rHoxWOFfkEbymYzaZZuNmF3I5bQv+LFgyJe/SPe/Ddu2xy09cHA470ZZub5KWdKO863tba+sbm1Xdop7+7tHxzaR5WOSjJJoU0TnsieTxRwJqCtmebQSyWQ2OfQ9cd3M7/7CFKxRLT0JAUvJiPBQkaJNtLQrnSIJEFExLnCrQgSCfHQrjo1Zw68StyCVFGB5tD+GgQJzWIQmnKiVN91Uu3lRGpGOUzLg0xBSuiYjKBvqCAxKC+f3z7FZ0YJcJhIU0Ljufp7IiexUpPYN50x0ZFa9mbif14/0+GNlzORZhoEXSwKM451gmdB4IBJoJpPDCFUMnMrppEJg2oTV9mE4C6/vEo69Zp7Vbt8qFcbt0UcJXSCTtEFctE1aqB71ERtRNETekav6M2aWi/Wu/WxaF2ziplj9AfW5w9/KpQZ</latexit>

Varadhan’s Theorem
<latexit sha1_base64="tMGmKcuJQ32itxsTNg3lU5POeIg="></latexit>

�(f) = lim
n"1

1

n
hexpnkf(An)i = sup

a
(f(a)� I(a))

for any continuous bounded function f. This is not just a trivial generalization.
It holds in much more general circumstances than the Laplace saddle-point
argument that we gave to justify when f(a) = ka.



<latexit sha1_base64="Af6YrzlGOXjSEnJygxIz+zZ/6mQ=">AAAB/nicbVDLSgMxFL1TX7W+quLKTbAIrspMEXVZ7MZlBfuAdiiZNNOGZjIhyQhlKPgrblwo4tbvcOffmGlnoa0HLpyccy+59wSSM21c99sprK1vbG4Vt0s7u3v7B+XDo7aOE0Voi8Q8Vt0Aa8qZoC3DDKddqSiOAk47waSR+Z1HqjSLxYOZSupHeCRYyAg2VhqUTxqxMAqT7IWkYoIwyemgXHGr7hxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n8/Vn6NwqQxTGypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x446dMyMRQQRYfhQlHJkZZFmjIFCWGTy3BRDG7KyJjnKVhEyvZELzlk1dJu1b1rqqX97VK/TaPowincAYX4ME11OEOmtACAik8wyu8OU/Oi/PufCxaC04+cwx/4Hz+AKNqle4=</latexit>

Contraction principle

<latexit sha1_base64="wcFaW0vi7Tqpx6uBnWpBdQP2J2c="></latexit>

Suppose Bn is some other RV, and Bn = h(An), where h may be many-to-
one. Then a rate function for An implies a rate function for Bn because

IB(b) = inf
a:h(a)=b

IA(a).

Why is this true?

The LEAST improbable value of a for which h(a) = b!

What happens if there is no such value of a? Then IB(b) = 1, because such
a value of b is never observed.



<latexit sha1_base64="Sny3ygF9hAIkj9RYOTblXl8iowI=">AAACCHicbVC7TsMwFHXKq4RXgJEBQ4XEVCUVAsYKFsYi0YfURpXj3rZWHSeyHUQVdWThV1gYQIiVT2Djb3DaDNByJEtH59xj+54g5kxp1/22CkvLK6trxXV7Y3Nre8fZ3WuoKJEU6jTikWwFRAFnAuqaaQ6tWAIJAw7NYHSd+c17kIpF4k6PY/BDMhCszyjRRuo6hx0KQoPM8mmTSMHEAMMDCWMORxPb7jolt+xOgReJl5MSylHrOl+dXkST0NxKOVGq7bmx9lMiNaMcJnYnURATOiIDaBsqSAjKT6eLTPCJUXq4H0lzhMZT9XciJaFS4zAwkyHRQzXvZeJ/XjvR/Us/ZSJONAg6e6ifcKwjnLWCe0wC1XxsCKGSmb9iOiSSUFONykrw5ldeJI1K2Tsvn91WStWrvI4iOkDH6BR56AJV0Q2qoTqi6BE9o1f0Zj1ZL9a79TEbLVh5Zh/9gfX5A0tfmXw=</latexit>

Warning example!

<latexit sha1_base64="eUZ9+/46GvEJu+//kJ262Z6zjpg="></latexit>

Suppose

p(x) =
C

(|x|+ a)�
, � > 3

for x real. Now V ar(X) is finite, so the CLT holds. But what is I(s)?

�(k) = 1 8 k 6= 0.

Therefore I(s) = 0.

In general, we can use Cramér’s theorem locally at values where �(k) is
di↵erentiable.



<latexit sha1_base64="nsPpxCxOSf5xu2sLWZCyk0GLufI="></latexit>

Suppose the RV is a ‘stuck’ coin, so it’s either 1, 1, 1, . . . or �1,�1,�1 . . . . Then

p(Yn = y) =
1

2
(�(y + 1) + �(y � 1)) .

What is I(s)? First, we calculate

�(k) = lim
n"1

1

n
ln cosh(nk) = |k|.

On the other hand, we can directly see that

I(s) = 0 for s = ±1, and I(s) = 1 everywhere else.

This is non-convex! The Legendre-Fenchel transform is

ILF(s) = sup
k
(ks� |k|).

For s < �1, or s > 1, the supremum gives ILF(s) = 1, but for s 2 [�1, 1], we
have ILF(s) = 0!



<latexit sha1_base64="8wHVYvasJPipEmSd+xxY/BAjkHM="></latexit>

Suppose Yn = Z + 1
n

P
i Xi, where Xi are i.i.d. normal RVs and Z = ±1

with probability 1
2 . We already know

P (Yn = s|Z = ±1) ⇡ exp(�nI±(s)), with I±(s) =
(s⌥ 1)2

2�2
.

so we get (summing over the probabilities of the Z values)

P (Yn = s) ⇡ exp(�nI(s)), I(s) = min(I+(s), I�(s)).

Now we have

�(k) = |k|+ k2

2
,

and like the previous example

ILF(s) = 0 for s 2 [�1, 1],

with ILF(s) = I±(s) for ±s > 1.

s

(c)

-1 1

I (s)**λ(k)

k

(b)(a)

I(s)

s-1 1

From H. Touchette, The large deviation approach to statistical physics



<latexit sha1_base64="sZZ8p1bT877nWH+TJ70r3gXL2BA=">AAACCHicbVDLSgMxFM3UV62vUZcuDBbBVZkpoi6rblxWsA9oS7mTZtrQTDIkmUIZunTjr7hxoYhbP8Gdf2PazkJbDwQO59yb5Jwg5kwbz/t2ciura+sb+c3C1vbO7p67f1DXMlGE1ojkUjUD0JQzQWuGGU6bsaIQBZw2guHt1G+MqNJMigczjmkngr5gISNgrNR1j6+FNAOq8NTEMsQKRE9GeASKgb2k6xa9kjcDXiZ+RoooQ7XrfrV7kiQRFYZw0Lrle7HppKAMI5xOCu1E0xjIEPq0ZamAiOpOOgsywadW6eFQKnuEwTP190YKkdbjKLCTEZiBXvSm4n9eKzHhVSdlIk4MFWT+UJhwbOQ8eI8pSgwfWwJEMftXTAaggBjbXcGW4C9GXib1csm/KJ3fl4uVm6yOPDpCJ+gM+egSVdAdqqIaIugRPaNX9OY8OS/Ou/MxH8052c4h+gPn8wdm7JmX</latexit>

Another type of random variable
<latexit sha1_base64="YdPRE9hxCFDtUPitDaQy9ln4vwY="></latexit>

Consider sequences ! ⌘ (!1,!2 . . . ,!n). !i could be random i.i.d. or a Markov
chain. Then the probability of a sequence Pn(!) is an RV, and we can calculate
the rate of

An(!) ⌘ � 1

n
lnPn(!).

If random i.i.d.,

�(k) = lim
n"1

1

n
ln

D
P�k
n

E
= lim

n"1

1

n
ln

X

!

Pn(!)
1�k =

X

j

P (!i = j)1�k.



<latexit sha1_base64="lbwG0J3Zym0vDLr2K0lDzzObZ5Q="></latexit>

Suppose I(a) is convex and has a unique minimum, a⇤. Then

lim
n"1

hAni = a
⇤
,

but also
lim
n"1

An = a
⇤ almost surely.

The first implies that the mean Boltzmann-Gibbs-Shannon entropy

Hn ⌘ �
X

!

Pn(!) lnPn(!) ! a
⇤
,

which is the Kolmogorov-Sinai entropy or the entropy rate. The second is the
Asymptotic Equipartition Theorem or the Shannon-McMillan-Breiman theo-
rem, and it says that most of the probability is in sequences with Pn(!) ⇡
exp(�na

⇤). So how many such typical sequences are there? exp(na⇤).



<latexit sha1_base64="51VwvUfQrmuCKeFC2LxiP/Vyuog=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWZKUZfFB7hwUdE+oB1KJnPbhmYyY5IplNIfceOvuHGhiAs34t+YTrvQ1gOBwzn3JLnHjzlT2nG+rczS8srqWnY9t7G5tb1j7+7VVJRIClUa8Ug2fKKAMwFVzTSHRiyBhD6Hut+/mPj1AUjFInGvhzF4IekK1mGUaCO17dINkV3AlzBgqaIwEQG+ekgYZ75kSYjvtDGUNgmOK72hYlS17bxTcFLgReLOSB7NUGnbn60gokkIQlNOlGq6Tqy9EZHmWg7jXCtREBPaJ11oGipICMobpduN8ZFRAtyJpDlC41T9nRiRUKlh6JvJkOiemvcm4n9eM9GdM2/ERJxoEHT6UCfhWEd4UhUOmASq+dAQQiUzf8W0RySh2hSaMyW48ysvklqx4J4USrfFfPl8VkcWHaBDdIxcdIrK6BpVUBVR9Iie0St6s56sF+vd+piOZqxZZh/9gfX1A/gwon4=</latexit>

Large Deviations and Equilibrium Statistical Physics
<latexit sha1_base64="7uZ+tA2qHgmJoBjg/DCCDf1vIeU="></latexit>

Microstates $ ! = (!1,!2, . . . ,!n)

<latexit sha1_base64="mXWuth83+ofnobfFrQ0wumYCKlU="></latexit>

A priori distribution on the space of microstates P (d!)
<latexit sha1_base64="8kcyry6pcFUN8wUnQKIXzwjfRtM="></latexit>

Mean energy per particle hn(!) ⌘ Hn(!)/n.

<latexit sha1_base64="wrdcH+FMtfQBMueLrRLBGOfUHbY="></latexit>

Macrostate $ fn(!)

<latexit sha1_base64="IE8hE+JmGBj2XUuaLIqCpkdrWK4=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBQ8hV0R9Sh68RjBqJANYXbSmwzOY5npVZYlf+LFX/HiQRHx5t84iTn4Kmgoqrrp7koyKRyG4UcwNT0zOzdfWaguLi2vrNbW1i+dyS2HFjfS2OuEOZBCQwsFSrjOLDCVSLhKbk5H/tUtWCeMvsAig45ifS1SwRl6qVs7iDloBDuaLy8GYJXpFZopwakUSiDd1rEV/QEya80djYVOsdgedmv1sBGOQf+SaELqZIJmt/Ye9wzPlV/GJXOuHYUZdkpmUXAJw2qcO8gYv2F9aHvqLwDXKcf/DemOV3o0NdaXRjpWv0+UTDlXqMR3KoYD99sbif957RzTo04pdJYjaP61KM0lRUNHYdGesMBRFp4wboW/lfIBs4z7xFzVhxD9fvkvudxrRAeN/fO9+vHJJI4K2SRbZJdE5JAckzPSJC3CyT15JM/kJXgInoLX4O2rdSqYzGyQHwg+PgG3+KP/</latexit>

Thermodynamic limit n ! 1

<latexit sha1_base64="Bkv5TLXMUZqaM+poIYaBy+XAtlg="></latexit>

Basic idea:

Observed macroscopic variables concentrate at minima of their rate functions



<latexit sha1_base64="4+KpK6/uSBTY9FRWRYoOPytPWIA=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm8EiuCozRdRlUQSXFewD2qFk0kwbmkmGJCMMQ8FfceNCEbd+hzv/xkw7C209EDicc09yc4KYUaVd99sqrayurW+UNytb2zu7e/b+QVuJRGLSwoIJ2Q2QIoxy0tJUM9KNJUFRwEgnmNzkfueRSEUFf9BpTPwIjTgNKUbaSAP7qI8J10Tm+eyWaynidFoZ2FW35s7gLBOvIFUo0BzYX/2hwElk7sIMKdXz3Fj7GZKaYkamlX6iSIzwBI1Iz1COIqL8bLb+1Dk1ytAJhTSHa2em/k5kKFIqjQIzGSE9VoteLv7n9RIdXvkZ5XGiCcfzh8KEOVo4eRfOkEqCNUsNQVhSs6uDx0gibApReQne4peXSbte8y5q5/f1auO6qKMMx3ACZ+DBJTTgDprQAgwZPMMrvFlP1ov1bn3MR0tWkTmEP7A+fwC7iJX8</latexit>

Entropy
<latexit sha1_base64="p8t1u64MgeM6C3tO87rcoOHTaCo="></latexit>

⌦(hn 2 du) =

Z

!:hn(!)2du
d!

<latexit sha1_base64="FmWr4xfb3v0ky4rb+ZnJVYN4rsM="></latexit>

assuming a uniform measure on the space of microstates.
<latexit sha1_base64="I7vFk/Dcv7Bhb0ldQX0dtrlatu4="></latexit>

Define a rate function

I(u) = lim
n"1

� 1

n
lnP (hn 2 du)

assuming a uniform it a priori measure d!/|⇤|n.
Then

I(u) = ln |⇤|� lim
n"1

1

n
ln⌦(hn 2 du).

Rate function = � Entropy up to log of ‘volume’



<latexit sha1_base64="j3wqo0pYTB98SPtpoB1ndfSjQxE="></latexit>

P (hn 2 du) / ⌦(hn 2 du)

so with

Zn(�) =

Z

⇤n

d! exp(��Hn(!))

we have

�(k) ⌘ lim
n"1

1

n
ln

⌦
exp(kHn)

↵
= lim

n"1

1

n
lnZn(�)

���
�=�k

� ln |⇤|.

It follows that the Massieu potential �(�) = ��(k = ��) is a concave function
of � (we normalize |⇤| = 1).



<latexit sha1_base64="O+R/uomsYl7kHmKwOK4w4HBoqiY="></latexit>

Using Varadhan’s theorem and the Gärtner-Ellis theorem, we see our usual
dualities:

�(�) = inf
u
(�u� s(u))

and
s(u) = inf

�
(�u� �(�)).

(inf?? Why?)


