
Introduction 
to

October 31- November 7, 2022

Jae Sung Lee

2022 ICTP-KIAS School on Statistical Physics for Life Sciences

Korea Institute for Advanced Study

Stochastic Thermodynamics:

from Fluctuation Theorems  

to Thermodynamic Trade-off Relations

Lecture 1



a branch of physics that deals with heat, work, and temperature, 
and their relation to energy, entropy, and the physical properties of matter 
and radiation 

Wikipedia: Thermodynamics
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What is Stochastic “Thermodynamics”?



a branch of physics that deals with heat, work, and temperature, 
and their relation to energy, entropy, and the physical properties of matter 
and radiation 

Wikipedia: Thermodynamics

relations: 1st, 2nd laws…

…

T1

T2

system

environment  
(reservoir, bath)

Q1

Q2

heat: energy transferred from/into bath 

work: energy transferred from/into E.A. 

External Agent

W

→ open system

What is Stochastic “Thermodynamics”?

→ thermodynamic properties are 
determined



In microscopic scale, motion is not deterministic, 
but random or stochastic.

YouTube: Myosin V molecular motor

What is “Stochastic” Thermodynamics?

100 m 10−3 m 10−6 m 10−9 m

Motion is deterministic.

F1-motor

meso/microscopic system
Brownian particle, 
many biological systems

kinesin
RNA folding 
/unfolding



Source of stochasticity - environment

Wikipedia: Brownian motion

What is “Stochastic” Thermodynamics?

: interaction between a system and environmental particles

→ In principle, the motion is deterministic. 

→ But, practically infeasible to keep track of all degrees of 
freedom of environmental particles.

environmental 
random noise

→ treat the environmental interaction as a simple random 
noise

- Langevin equation (continuous state)  
- master equation (discrete state)



: thermodynamics for stochastic systems (small & open)

What is “Stochastic Thermodynamics”?

F1-motor

kinesin

RNA folding/unfolding

What are

heat, work, stochastic trajectory?

What are

the thermodynamic laws and relations? 

Entropy production and Fluctuation Theorems (FT)

Thermodynamic Uncertainty Relations (TUR) 

Thermodynamic speed limit

Lecture 1

Lecture 2

Lecture 3

Lecture 4



Thermodynamics for Langevin Dynamics

T

1. Description of Langevin equation

phenomenological description of interaction of 
environmental particles

1) dissipation

2) random motion

velocity

time

v0

m ·v = − γv
(m : mass, γ : dissipation coefficient)

∴ v(t) = v(0)e−γt/m

m ·v = − γv+ξ (ξ : white − Gaussian random noise)

i) ⟨ξ⟩ = 0 ⇒ m⟨ ·v⟩ = − γ⟨v⟩

ii) ⟨ξ(t)ξ(t′ )⟩ = 2Bδ(t − t′ ) (Markovian noise)

→ v = 0 in the long time limit?

∴ v(t) = v(0)e−γt/m + ∫
t

0
dt′ e−γ(t−t′ )/mξ(t′ )/m

→ lim
t→∞

⟨v2(t)⟩ =
B

γm
=

kBT
m

⇒ B = γkBT
(equipartition) (Einstein)
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1. Description of Langevin equation

h⇠(t)⇠(t0)i = 2�kBT �(t� t0)

<latexit sha1_base64="m85+OCv7sG8Ljpj4lPJQSc1BTEc="></latexit>

h⇠(t)i = 0,

<latexit sha1_base64="WnAX6s687By4QB3eD0ABmRf2xwo=">AAACBHicbVDLSgMxFL3js9bXqMtugkWoIGVGCj5AKLhxWcE+oDOUTJppQzOZIcmIpXThxl9x40IRt36EO//GtJ2Fth64cHLOveTeEyScKe0439bS8srq2npuI7+5tb2za+/tN1ScSkLrJOaxbAVYUc4ErWumOW0lkuIo4LQZDK4nfvOeSsVicaeHCfUj3BMsZARrI3Xsgsex6HGKvAdW0sfIk7PnFXJOOnbRKTtToEXiZqQIGWod+8vrxiSNqNCEY6XarpNof4SlZoTTcd5LFU0wGeAebRsqcESVP5oeMUZHRumiMJamhEZT9ffECEdKDaPAdEZY99W8NxH/89qpDs/9ERNJqqkgs4/ClCMdo0kiqMskJZoPDcFEMrMrIn0sMdEmt7wJwZ0/eZE0TstupXxxWylWL7M4clCAQyiBC2dQhRuoQR0IPMIzvMKb9WS9WO/Wx6x1ycpmDuAPrM8fK42WfA==</latexit>

�@xU(�, x) + fnc

<latexit sha1_base64="wYRver5XmHJv0tnjSmywPsO3wZk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCWRgo9VwY3LCvYBTQmT6aQdnDyYuZGW0F9w46+4caGIW3fu/BsnsQttPTBwOOde7pzjxYIrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb27q8xv3zOpeBTewjhmvYAMQu5zSkBLrlk5cWIigRPhjnCz4gi92ifHo0N8hH3XATYCGaQhnbhm2apaOfA8saekjKZouOan049oErAQqCBKdW0rhl6aHaOCTUpOolhM6B0ZsK6mIQmY6qV5ogk+0Eof+5HULwScq783UhIoNQ48PRkQGKpZLxP/87oJ+Oe9lIdxAkynyg/5icAQ4awe3OeSURBjTQiVXP8V0yGRhIIusaRLsGcjz5PWadWuVS9uauX65bSOItpD+6iCbHSG6ugaNVATUfSAntALejUejWfjzXj/GS0Y051d9AfGxzdBVJys</latexit>

x(t + dt) − x(t) = v(t)dt

m (v(t + dt) − v(t)) = − ∂xU(λ(t), x(t))dt + fnc(t)dt − γv(t)dt + ξ(t)dt

Note on stochastic calculus
regular function product

⟨f (x(t)) x(t)⟩ = ⟨f (x(t + dt)) x(t)⟩
?

= ⟨[f (x(t)) + ∂x f (x(t)) v(t)dt] x(t)⟩
= ⟨f (x(t)) x(t)⟩ + ⟨∂x f (x(t)) v(t)x(t)⟩ dt

= 0 (dt → 0 limit)

f (x(t)) f (x(t + dt))

1 − a a

f a(t) ≡ (1 − a)f (x(t + dt))+af (x(t))

= ⟨f (x(t)) x(t)⟩(0 ≤ a ≤ 1)

⟨f (x(t)) ⊙a x(t)⟩ ≡ ⟨ f a(t)x(t)⟩

Thermodynamics for Langevin Dynamics

= x(t) + v(t)dt

= (1 − a)⟨f (x(t + dt)) x(t)⟩+a ⟨f (x(t)) x(t)⟩
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1. Description of Langevin equation

h⇠(t)⇠(t0)i = 2�kBT �(t� t0)

<latexit sha1_base64="m85+OCv7sG8Ljpj4lPJQSc1BTEc="></latexit>

h⇠(t)i = 0,
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�@xU(�, x) + fnc
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x(t + dt) − x(t) = v(t)dt

m (v(t + dt) − v(t)) = − ∂xU(λ(t), x(t))dt + fnc(t)dt − γv(t)dt + ξ(t)dt

Note on stochastic calculus
function & noise product

⟨v(t)ξ(t)⟩ = ⟨v(t + dt)ξ(t)⟩
?

⟨v(t)ξ(t)⟩ = ⟨v(t)⟩⟨ξ(t)⟩ = 0

⟨v(t + dt)ξ(t)⟩ = ⟨v(t)ξ(t)⟩ +
1
m ⟨(−∂xU(t) + fnc(t) − γv(t)) ξ(t)⟩ dt +

1
m

⟨ξ(t)ξ(t)⟩dt

= 0 = 0 =
2γkBT

m
⟨v(t) ⊙a ξ(t)⟩ = (1 − a)⟨v(t + dt)ξ(t)⟩ + a⟨v(t)ξ(t)⟩ =

2γkBT
m

(1 − a)

Stratonovich : a = 1/2 ( ∘ ≡ ⊙1/2 ) e . g . v(t) ∘ ξ(t)
Ito : a = 1 ( ∙ ≡ ⊙1 ) e . g . v(t) ∙ ξ(t)

Thermodynamics for Langevin Dynamics
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h⇠(t)⇠(t0)i = 2�kBT �(t� t0)

<latexit sha1_base64="m85+OCv7sG8Ljpj4lPJQSc1BTEc="></latexit>

h⇠(t)i = 0,
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�@xU(�, x) + fnc

<latexit sha1_base64="wYRver5XmHJv0tnjSmywPsO3wZk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCWRgo9VwY3LCvYBTQmT6aQdnDyYuZGW0F9w46+4caGIW3fu/BsnsQttPTBwOOde7pzjxYIrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb27q8xv3zOpeBTewjhmvYAMQu5zSkBLrlk5cWIigRPhjnCz4gi92ifHo0N8hH3XATYCGaQhnbhm2apaOfA8saekjKZouOan049oErAQqCBKdW0rhl6aHaOCTUpOolhM6B0ZsK6mIQmY6qV5ogk+0Eof+5HULwScq783UhIoNQ48PRkQGKpZLxP/87oJ+Oe9lIdxAkynyg/5icAQ4awe3OeSURBjTQiVXP8V0yGRhIIusaRLsGcjz5PWadWuVS9uauX65bSOItpD+6iCbHSG6ugaNVATUfSAntALejUejWfjzXj/GS0Y051d9AfGxzdBVJys</latexit>

x(t + dt) − x(t) = v(t)dt

m (v(t + dt) − v(t)) = − ∂xU(λ(t), x(t))dt + fnc(t)dt − γv(t)dt + ξ(t)dt

v(t) ∘ m (v(t + dt) − v(t)) = −v(t) ∘ ∂xU(λ(t), x(t))dt+v(t) ∘ fnc(t)dt+v(t) ∘ (−γv(t) + ξ(t)) dt

= dK = fnc(t)v(t)dt

dK + dU = ∂λU
·λdt + fnc(t)v(t)dt + v(t) ∘ (−γv(t) + ξ(t)) dt

= − dU + ∂λU
·λdt

= dE = dW = dQ

dWc = ∂λU
·λdt : work done by conservative force or Jarzynski work

dW = dWc + dWnc : work done by external force

dWnc = fncvdt : work done by nonconservative force

dQ = v(t) ∘ (−γv(t) + ξ(t)) dt : work done by heat-bath force (must be Stratonovich)

2. Definitions of heat and work  Sekimoto, Prog. Theo. Phys. 130, 17 (1998)

Work :

Heat :

: 1st law

Thermodynamics for Langevin Dynamics
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�@xU(�, x) + fnc
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2. Definitions of heat and work  Sekimoto, Prog. Theo. Phys. 130, 17 (1998)

h⇠(t)⇠(t0)i = 2�kBT �(t� t0)

<latexit sha1_base64="m85+OCv7sG8Ljpj4lPJQSc1BTEc="></latexit>

h⇠(t)i = 0,
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��v + ⇠
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�@xU(�, x) + fnc
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mv̇ =

<latexit sha1_base64="MKKaYSeSWL8QnVnO4hwfTzKLHps=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi+ACh4MZlBfuA6VAyadqG5jEkdwpl6Ge4caGIW7/GnX9j2s5CWw8EDufcQ+49cSK4Bd//9gpr6xubW8Xt0s7u3v5B+fCoaXVqKGtQLbRpx8QywRVrAAfB2olhRMaCteLR/cxvjZmxXKsnmCQskmSgeJ9TAk4KJe70NGTjKb7rlit+1Z8Dr5IgJxWUo94tf7ksTSVTQAWxNgz8BKKMGOBUsGmpk1qWEDoiAxY6qohkNsrmK0/xmVN6uK+NewrwXP2dyIi0diJjNykJDO2yNxP/88IU+tdRxlWSAlN08VE/FRg0nt2Pe9wwCmLiCKGGu10xHRJDKLiWSq6EYPnkVdK8qAaX1ZvHy0rtNq+jiE7QKTpHAbpCNfSA6qiBKNLoGb2iNw+8F+/d+1iMFrw8c4z+wPv8AcAskOc=</latexit>

·x = v,

overdamped limit (m /γ → 0)

Velocity is always equilibrated, integrated out.

0 = − ∂xU(λ, x) + fnc − γ ·x + ξ

γ (x(t + dt) − x(t)) = − ∂xU(λ(t), x(t))dt + fnc(t)dt + ξ(t)dt

Note on stochastic calculus

overdamped limit 

underdamped sytem

⟨v(t) ⊙a ξ(t)⟩ = (1 − a)⟨v(t + dt)ξ(t)⟩ + a⟨v(t)ξ(t)⟩ =
2γkBT

m
(1 − a)

⟨x(t) ⊙a ξ(t)⟩ = (1 − a)⟨x(t + dt)ξ(t)⟩ + a⟨x(t)ξ(t)⟩ = 2kBT(1 − a)

= ⟨(ξ(t)dt/γ)ξ(t)⟩
= 2kBT

= 0

Thermodynamics for Langevin Dynamics
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overdamped limit (m /γ → 0)
γ (x(t + dt) − x(t)) = − ∂xU(λ(t), x(t))dt + fnc(t)dt + ξ(t)dt

·x(t) ∘ γ (x(t + dt) − x(t)) = − ·x(t) ∘ ∂xU(λ(t), x(t))dt+ ·x(t) ∘ fnc(t)dt+ ·x(t) ∘ ξ(t)dt

= − ∂xU(λ(t), x(t)) ∘ dx(t)

U (λ(t + dt), x(t + dt)) = U (λ(t) + dλ(t), x(t) + dx(t))
≈ U (λ(t), x(t))+

∂U
∂λ

dλ +
∂U
∂x

dx +
1
2

∂2U
∂x2

dx2

dx2 contains ξ(t)ξ(t)dt2 ∼ O(dt)

= ( ∂U
∂x

+
1
2

∂2U
∂x2

dx) dx =
∂U
∂x

∘ dx

Note on stochastic calculus

dU = U (λ(t + dt), x(t + dt)) − U (λ(t), x(t)) = ∂λUdλ + ∂xU ∘ dx

⇒ − ∂xU ∘ dx = − dU + ∂λUdλ

expansion w.r.t x should be Stratonovich!

Thermodynamics for Langevin Dynamics



T

�@xU(�, x) + fnc

<latexit sha1_base64="wYRver5XmHJv0tnjSmywPsO3wZk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoqCWRgo9VwY3LCvYBTQmT6aQdnDyYuZGW0F9w46+4caGIW3fu/BsnsQttPTBwOOde7pzjxYIrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb27q8xv3zOpeBTewjhmvYAMQu5zSkBLrlk5cWIigRPhjnCz4gi92ifHo0N8hH3XATYCGaQhnbhm2apaOfA8saekjKZouOan049oErAQqCBKdW0rhl6aHaOCTUpOolhM6B0ZsK6mIQmY6qV5ogk+0Eof+5HULwScq783UhIoNQ48PRkQGKpZLxP/87oJ+Oe9lIdxAkynyg/5icAQ4awe3OeSURBjTQiVXP8V0yGRhIIusaRLsGcjz5PWadWuVS9uauX65bSOItpD+6iCbHSG6ugaNVATUfSAntALejUejWfjzXj/GS0Y051d9AfGxzdBVJys</latexit>

2. Definitions of heat and work  Sekimoto, Prog. Theo. Phys. 130, 17 (1998)

h⇠(t)⇠(t0)i = 2�kBT �(t� t0)

<latexit sha1_base64="m85+OCv7sG8Ljpj4lPJQSc1BTEc="></latexit>

h⇠(t)i = 0,

<latexit sha1_base64="WnAX6s687By4QB3eD0ABmRf2xwo=">AAACBHicbVDLSgMxFL3js9bXqMtugkWoIGVGCj5AKLhxWcE+oDOUTJppQzOZIcmIpXThxl9x40IRt36EO//GtJ2Fth64cHLOveTeEyScKe0439bS8srq2npuI7+5tb2za+/tN1ScSkLrJOaxbAVYUc4ErWumOW0lkuIo4LQZDK4nfvOeSsVicaeHCfUj3BMsZARrI3Xsgsex6HGKvAdW0sfIk7PnFXJOOnbRKTtToEXiZqQIGWod+8vrxiSNqNCEY6XarpNof4SlZoTTcd5LFU0wGeAebRsqcESVP5oeMUZHRumiMJamhEZT9ffECEdKDaPAdEZY99W8NxH/89qpDs/9ERNJqqkgs4/ClCMdo0kiqMskJZoPDcFEMrMrIn0sMdEmt7wJwZ0/eZE0TstupXxxWylWL7M4clCAQyiBC2dQhRuoQR0IPMIzvMKb9WS9WO/Wx6x1ycpmDuAPrM8fK42WfA==</latexit>

overdamped limit (m /γ → 0)
γ (x(t + dt) − x(t)) = − ∂xU(λ(t), x(t))dt + fnc(t)dt + ξ(t)dt

·x(t) ∘ γ (x(t + dt) − x(t)) = − ·x(t) ∘ ∂xU(λ(t), x(t))dt+ ·x(t) ∘ fnc(t)dt+ ·x(t) ∘ ξ(t)dt

dU = ∂λU
·λdt + fnc(t) ∘ ·x(t)dt + (−γ ·x(t) + ξ(t)) ∘ ·x(t)dt

= dE = dW = dQ

: 1st law

= − dU + ∂λU
·λdt

dWc = ∂λU
·λdt : work done by conservative force or Jarzynski work

dW = dWc + dWnc : work done by external force

dWnc = fnc ∘ ·xdt : work done by nonconservative force (must be Stratonovich)

dQ = (−γ ·x(t) + ξ(t)) ∘ ·x(t)dt : work done by heat-bath force (must be Stratonovich)

Work :

Heat :

Thermodynamics for Langevin Dynamics



3. Examples of heat and work calculation

1) optical tweezers experiment (overdamped)
λ(t) = at

γ ·x = − k(x − λ(t)) + ξ,

work (Jarzynski work)

U (λ(t), x(t)) =
k
2 (x(t) − λ(t))2

dWc =
∂U
∂λ

·λdt = − k (x(t) − λ(t)) adt

⇒ Wc = − ka∫
τ

0
(x(t) − at) dt = −kadt

N

∑
i=0

(x(ti) − ati) experiment (or simulation)

heat

dQ = (−γ ·x(t) + ξ(t)) ∘ ·x(t)dt = k (x(t) − λ(t)) ∘ dx(t)

= kx(t) ∘ dx(t) − λ(t) ∘ dx(t) =
k
2 [x(t + dt)2 − x(t)2] − λ(t)[x(t + dt) − x(t)]

⇒ Q =
k
2

N

∑
i=0

[(x(ti+1)2 − x(ti)2) − λ(ti)(x(ti+1) − x(ti))]
experiment (or simulation)

Thermodynamics for Langevin Dynamics

=
k
2 (x(tN)2 − x(t0)2) −

k
2

N

∑
i=0

λ(ti)(x(ti+1) − x(ti))



3. Examples of heat and work calculation

2) 2-dimensional Brownian gyrator (overdamped)

γ ·x = − kx + ϵy + ξx

γ ·y = − ky − ϵx + ξy

conservative non-conservative

work dWc =
∂U
∂λ

·λdt = 0

dWnc,x = ϵy(t) ∘ dx(t) = ϵy(t)(x(t + dt) − x(t))
dWnc,y = − ϵx(t) ∘ dy(t) = ϵx(t)(y(t + dt) − y(t))

heat dQx = (−γ ·x(t) + ξx(t)) ∘ dx(t) = (kx(t) − ϵy(t)) ∘ dx(t)

dQy = (−γ ·y(t) + ξy(t)) ∘ dy(t) = (ky(t) + ϵx(t)) ∘ dy(t)

=
k
2 (x(t + dt)2 − x(t)2) − ϵy(t)(x(t + dt) − x(t))

=
k
2 (y(t + dt)2 − y(t)2) + ϵx(t)(y(t + dt) − y(t))

Thermodynamics for Langevin Dynamics

⟨ξa(t)ξb(t′ )⟩ = 2γkBTaδabδ(t − t′ )



4. Stochastic trajectory
γ (x(t + dt) − x(t)) = f(x(t))dt + dW(t)

⟨dW(t)⟩ = 0, ⟨dW(t)dW(t′ )⟩ =
0 (t ≠ t′ )
2γkBTdt (t = t′ )

probability for observing Gaussian random variable z: P(z)dz =
1

2σπ
e− z2

2σ dz

probability for observing Gaussian noise dW(tn):

P(dW(tn))d(dW(tn)) =
1

2σπ
e− dW(tn)2

2σ d(dW(tn)) (σ = 2γkBTdt)

=

=
1

4πγkBT
exp [−

1
4γkBTdt {γ (x(tn + dt) − x(tn)) − f(x(tn))dt}

2

∙] γdx(tn + dt)

Ito
=

1
4πkBT/γ

exp [−
dt

4kBT/γ { ·x(tn) − f(x(tn))/γ}2
∙] dx(tn + dt)

x(tn + dt) − x(tn) = ·x(tn)dt

d(dW(tn)) = γdx(tn + dt)

P (x(tn + dt) |x(tn)) dx(tn + dt)

Schematic of a stochastic system

Γ
tn ≡ ndt (tN = τ)

x(t0) x(tN)
x(t1)

x(t2)

1) Probability for observing the transition x(tn) → x(tn+dt) 

Thermodynamics for Langevin Dynamics



4. Stochastic trajectory
γ (x(t + dt) − x(t)) = f(x(t))dt + dW(t)

⟨dW(t)⟩ = 0, ⟨dW(t)dW(t′ )⟩ =
0 (t ≠ t′ )
2γkBTdt (t = t′ )

Schematic of a stochastic system

Γ
tn ≡ ndt (tN = τ)

x(t0) x(tN)
x(t1)

x(t2)

𝒫 (Γ |x(t0)) =
N

∏
n=1

P (x(tn) |x(tn−1)) dx(tn)

2) Conditional probability for observing Γ starting from x(t0) 

=
N

∏
n=1 ( dx(tn)

4πkBT/γ ) exp [−
dt

4kBT/γ

N−1

∑
n=0

{ ·x(tn) − f(x(tn))/γ}2
∙]

𝒫(Γ)

3) probability for observing Γ

initial distribution

=
N

∏
n=0 ( dx(tn)

4πkBT/γ ) exp [−
1

4kBT/γ ∫
τ

0
dt { ·x(t) − f(x(t))/γ}2

∙] p0(x(t0))

= 𝒫 (Γ |x(t0)) p0(x(t0))dx(t0)

Thermodynamics for Langevin Dynamics



4. Stochastic trajectory
γ (x(t + dt) − x(t)) = f(x(t))dt + dW(t)

⟨dW(t)⟩ = 0, ⟨dW(t)dW(t′ )⟩ =
0 (t ≠ t′ )
2γkBTdt (t = t′ )

Schematic of a stochastic system

Γ
tn ≡ ndt (tN = τ)

x(t0) x(tN)
x(t1)

x(t2)

𝒫(Γ)

3) probability for observing Γ

=
N

∏
n=0 ( dx(tn)

4πkBT/γ ) exp [−
1

4kBT/γ ∫
τ

0
dt { ·x(t) − f(x(t))/γ}2

∙] p0(x(t0))

{ ·x(t) − f(x(t))/γ}2
⊙a

Note on stochastic calculusNote on stochastic calculus

= ·x(t)2 +
f(x(t))2

γ2
−

2
γ

f(x(t)) ⊙a
·x(t)

f(x(t)) ⊙a
·x(t) = [(1 − a)f(x(t + dt)) + af(x(t))] ·x(t) = [f(x(t)) + (1 − a)∂x f(x) ·x(t)dt] ·x(t)

= f(x(t)) ·x + (1 − a)∂x f(x) ·x(t)2dt = f(x(t)) ·x + (1 − a)
2kBT

γ
∂x f(x)

= ·x(t)2 +
f(x(t))2

γ2
−

2
γ

f(x(t)) ·x(t) − (1 − a)
4kBT

γ2
∂x f(x)

= { ·x(t) − f(x(t))/γ}2
∙

− (1 − a)
4kBT

γ2
∂x f(x)
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4. Stochastic trajectory
γ (x(t + dt) − x(t)) = f(x(t))dt + dW(t)

⟨dW(t)⟩ = 0, ⟨dW(t)dW(t′ )⟩ =
0 (t ≠ t′ )
2γkBTdt (t = t′ )

Schematic of a stochastic system

Γ
tn ≡ ndt (tN = τ)

x(t0) x(tN)
x(t1)

x(t2)

𝒫(Γ)

3) probability for observing Γ

=
N

∏
n=0 ( dx(tn)

4πkBT/γ ) exp [−
1

4kBT/γ ∫
τ

0
dt { ·x(t) − f(x(t))/γ}2

∙] p0(x(t0))

{ ·x(t) − f(x(t))/γ}2
⊙a

= { ·x(t) − f(x(t))/γ}2
∙

− (1 − a)
4kBT

γ2
∂x f(x)

=
N

∏
n=0 ( dx(tn)

4πkBT/γ ) exp [∫
τ

0
dt (−

1
4kBT/γ { ·x(t) − f(x(t))/γ}2

⊙a
−

(1 − a)
γ

∂x f(x))] p0(x(0))
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𝒫(Γ)

3. probability for observing Γ

=
N

∏
n=0 ( dx(tn)

4πkBT/γ ) exp [∫
τ

0
dt (−

1
4kBT/γ { ·x(t) − f(x(t))/γ}2

⊙a
−

(1 − a)
γ

∂x f(x))] p0(x(0))

dWc = ∂λU
·λdt dW = dWc + dWncdWnc = fnc ∘ ·xdt

dQ = (−γ ·x(t) + ξ(t)) ∘ ·x(t)dt

1. work :

2. heat :

Summary (overdamped Langevin dynamics)

Summary (underdamped Langevin dynamics)

𝒫(Γ)

3. probability for observing Γ

=
N

∏
n=0

dv(tn)dx(tn)

4πkBT/m2
δ ( ·x(tn) − v(tn))

dQ = (−γv(t) + ξ(t)) ∘ v(t)dt

1. work :

2. heat :

dWc = ∂λU
·λdt dW = dWc + dWncdWnc = fncvdt

× exp ∫
τ

0
dt −

{ ·v(t) + γv(t)/m − f(t)/m}2
⊙a

4kBT/m2
−

(1 − a)
m {∂v f(t) − γ} p0(x(0), v(0))

Thermodynamics for Langevin Dynamics



Thermodynamics for Markov Jump Process

·pi = ∑
j(≠i)

(Rij pj − Rjipi) T

reservoir

i

j

1
0E0

E1

Ei

Ejpj

pi

p1

p0

prob energy state

⋯
⋯

Rij : transition rate j → i (i ≠ j)

influx into i outflow from i

1. Description of Markov jump process

Rij pj : mean # of jumps j → i per unit time

escape rate → Rii ≡ − ∑
j(≠i)

Rji

= ∑
j(≠i)

Rij pj− ∑
j(≠i)

Rji pi

2. Definitions of heat and work

⟨E⟩ = ∑
i

Eipi

power : ⟨ ·W⟩

⟨ ·E⟩ = ∑
i

·Eipi + ∑
i

Ei
·pi

heat rate : ⟨ ·Q⟩

= ∑
j

Rij pj



Thermodynamics for Markov Jump Process

T

reservoir

i

j

Ei

Ejpj

pi

prob energy state

⋯
⋯

2. Definitions of heat and work

[heat] ⟨ ·Q⟩ ≡ ∑
i

Ei
·pi

Qji = Ej − Ei

transition i → j induced by Qji = Ej − Ei

Δnji : number of jumps i → j during Δt

total heat absorption per Δt : ΔEQ = ∑
i≠j

(Ej − Ei)Δnji

→ ⟨ΔEQ⟩ = ∑
i≠j

(Ej − Ei)⟨Δnji⟩

= RjipiΔt : mean # of jumps i → j during Δt

⇒ lim
Δt→0 ⟨

ΔEQ

Δt ⟩ = ⟨ ·Q⟩ = ∑
i≠j

(Ej − Ei)Rjipi

power : ⟨ ·W⟩

⟨ ·E⟩ = ∑
i

·Eipi + ∑
i

Ei
·pi

heat rate : ⟨ ·Q⟩

·pi = ∑
j(≠i)

(Rij pj − Rjipi)
Rij pj : mean # of jumps j → i per unit time



Thermodynamics for Markov Jump Process

T

reservoir

i

j

Ei

Ejpj

pi

prob energy state

⋯
⋯

2. Definitions of heat and work

[heat] ⟨ ·Q⟩ ≡ ∑
i

Ei
·pi

Qji = Ej − Ei

transition i → j induced by Qji = Ej − Ei

⇒ lim
Δt→0 ⟨

ΔEQ

Δt ⟩ = ⟨ ·Q⟩ = ∑
i≠j

(Ej − Ei)Rjipi

= ∑
i≠j

EjRjipi − ∑
i≠j

EiRjipi

= ∑
j≠i

EiRij pj − ∑
i≠j

EiRjipi

j ↔ i exchange

= ∑
i

Ei ∑
j(≠i)

(Rij pj − Rjipi) = ∑
i

Ei
·pi : heat rate

power : ⟨ ·W⟩

⟨ ·E⟩ = ∑
i

·Eipi + ∑
i

Ei
·pi

heat rate : ⟨ ·Q⟩

·pi = ∑
j(≠i)

(Rij pj − Rjipi)
Rij pj : mean # of jumps j → i per unit time

∴ heat is associated with population change.



Thermodynamics for Markov Jump Process

T

reservoir

iEi(t)pi(t)

⋯

2. Definitions of heat and work

[work] ⟨ ·W⟩ ≡ ∑
i

·Eipi

⋯

iEi(t + Δt)pi(t + Δt)

System is in state i .

Energy of state i is changed during Δt . (not by heat, but by external agent)

mean work for Ei(t) → Ei(t + Δt) : ⟨ΔWi(t)⟩ = [Ei(t + Δt) − Ei(t)] pi(t)

mean work rate (power) : ⟨ ·W⟩ = lim
Δt→0 ∑

i
⟨ ΔWi(t)

Δt ⟩ = ∑
i

·Ei(t)pi(t)

external agent : ΔWi = Ei(t + Δt) − Ei(t)

power : ⟨ ·W⟩

⟨ ·E⟩ = ∑
i

·Eipi + ∑
i

Ei
·pi

heat rate : ⟨ ·Q⟩

mean work for all changes : ∑
i

⟨ΔWi(t)⟩ = ∑
i

[Ei(t + Δt) − Ei(t)] pi(t)

= pi(t)

∴ work is associated with energy level change.

: 1st law



Thermodynamics for Markov Jump Process
3. Stochastic trajectory

xn-1

xn

tn-1 timetn

·pi = ∑
j(≠i)

(Rij pj − Rjipi) x0

x

t0=0 t1 timet2 t3 … τtΝ

x1

x2

x3
xN

Path probability

influx into i outflow from i

jump probability i → j during Δt : RjiΔt

staying probability at i during Δt : 1 + RiiΔt ≈ eRiiΔt

staying probability during tn-1 ~ tn : e ∫tn
tn−1

Rxn−1,xn−1
(t)dt

probability for the path segment : e ∫tn
tn−1

Rxn−1,xn−1
(t)dt ⋅ Rxn,xn−1

(tn)dt
staying jump path segment

path probability : 𝒫(Γ) = px0
(0)

N

∏
n=1

[e ∫tn
tn−1

Rxn−1,xn−1
(t)dtRxn,xn−1

(tn)dt] e ∫τ
tN

RxN ,xN(t)dt

Γ

escaping probability from i during Δt : ∑
j(≠i)

RjiΔt = − RiiΔt



1. work and heat

Summary

Thermodynamics for Markov Jump Process

power : ⟨ ·W⟩

⟨ ·E⟩ = ∑
i

·Eipi + ∑
i

Ei
·pi

heat rate : ⟨ ·Q⟩

2. path probability

𝒫(Γ) = px0
(0)

N

∏
n=1

[e ∫tn
tn−1

Rxn−1,xn−1
(t)dtRxn,xn−1

(tn)dt] e ∫τ
tN

RxN ,xN(t)dt

: 1st law


