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What is “Thermodynamics’?

a branch of physics that deals with heat, work, and temperature,
and their relation to energy, entropy, and the physical properties of matter

and radiation
Wikipedia: Thermodynamics
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What is “Thermodynamics’?

a branch of physics that deals with heat, work, and temperature,
and their relation to energy, entropy, and the physical properties of matter
and radiation
Wikipedia: Thermodynamics
environment
(reservoir, bath) heat: energy transferred from/into bath

work: energy transferred from/into E.A.

system
~ — open system
relations: |st, 2nd laws...
I — thermodynamic properties are
Q A J .
2 determined
%%

. External Agent



What is “Stochastic” ?

10 m 10> m 107° m 10~° m

eso/microscopic syste

Brownian particle,
many biological systems

. . e e e -
Motion is deterministic. [IIX I kinesin
RNAfolding

Junfolding F1-motor

In microscopic scale, motion is not deterministic,
but random or stochastic.

YouTube: Myosin V molecular motor



What is “Stochastic”

°~Jd

Source of stochasticity - environment

:interaction between a system and environmental particles  *:
.. .. . Plagah Pele, St wRIE
— |n principle, the motion is deterministic. 3,3 ‘

— But, practically infeasible to keep track of all degrees of AR Ol TP
3 .;b...t ..;. - $£ . .‘_‘ % ..::,‘:‘
freedom of environmental particles. SEVRRROCA RIS OF

Wikipedia: Brownlan motion

— treat the environmental interaction as a simple random

noise J
enwronmental

- Langevin equation (continuous state)

random noise
- master equation (discrete state)



What is “Stochastic Thermodynamics’?

: thermodynamics for stochastic systems (small & open)

What are

heat, work, stochastic trajectory? “TM

Lecture |
ecture ﬂ“

RNAfolding/unfolding ~ °+*
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What are

. . F1-mot
the thermodynamic laws and relations? ot

Entropy production and Fluctuation Theorems (FT) Lecture 2
et ——————e—————————rem———roueereseme | S CLU

Thermodynamic Uncertainty Relations (TUR)

Lecture 3

Thermodynamic speed limit
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Thermodynamics for Langevin Dynamics

|. Description of Langevin equation

phenomenological description of interaction of e * o ¢ o T

environmental particles

|) dissipation

velocity
A

Vo

time

2) random motion

my = —yv _ ° °

(m : mass, vy : dissipation coefficient)

V(@) =v(0)e ™ 5 1y =0inthe long time limit?

my = —yv+¢& (¢ : white — Gaussian random noise)
D) =0 = m=-xry
i) (&(0)&(1)) = 2B6(r — t') (Markovian noise)

t
L v() = v(0)e T + [ dt'e 7 IMER) Im
0

= B = ykpT



Thermodynamics for Langevin Dynamics

- Y )‘7 nc
|. Description of Langevin equation 0:U(A x) + f

x(t + dt) — x(t) = v(t)dt o \ e o T

m (v(t + dr) — v(1)) = — o,UA(D), x(0))dt + f,(dt — yv(t)dt + E@dr © ° " , e

<£(t)> =0, <€(t)€(t,)> = Z’YkBT5(t — t/) ° ° 9 °

-Note on stochastic calculus

regular function product
(f (x(0) x)) = (f (xte + dn) ) = <[f(x(t)) +0,f (x(0) vy x(t)>
' = x(t) + v(t)dt

= <f (x()) x(t)> + <ax £ (x() v(t)x(t)> dt

fo0 = (1 — a)f (x(t + db))+af (x(®) =0 (dr - 0 limit)
l (f(x0) ©, %) = (f*Ox(0)
1 —a a
— R = (1 - a)<f(x(t + dv)) x(t)>+a <f(x(t)) x(t)>
f(x()) f(x(r+ dp))
O<a<l) = (f (x0)x0)




Thermodynamics for Langevin Dynamics

- Y )‘7 nc
|. Description of Langevin equation 0:U(A x) + f

x(t + dt) — x(t) = v(t)dt o \ e o T

m (v(t + dr) — v(1)) = — o,UA(D), x(0))dt + f,(dt — yv(t)dt + E@dr © ° " , e

<£(t)> =0, <€(t)€(t/)> = Z’YkBT5(t — t/) ° ° * . °

-Note on stochastic calculus

function & noise product

(&) = (vt +dne)
(V(DED) = (v()){(E(D) =0

1 1
(vt + dnér)) = (v(OED) + — <(—0xU(t) + foo(®) — yv(D)) cf(t)> dr + Z(g(t)g(mdt
=0

2vk,T
YKp 1 —a)

m

m

(v(t) ©,¢4()) = (1 —a)(v(t + dé®) + a(v(HéEQ)) =

Stratonovich : a = 1/2 (e =0© ) €.g. v(t) o &(2)
[to:a=1 (¢e=0;) e.g.v(t)*&()




Thermodynamics for Langevin Dynamics

2. Definitions of heat and work —0:U(A, @) + fuc

x(t + dt) — x(t) = v(t)dt o \ e o T

m (v(t + dr) — v(1)) = — o,UA(D), x(0))dt + f,(dt — yv(t)dt + E@dr © ° " , e

<£(t)> =0, <€(t)€(t,)> = Z’YkBT5(t — t/) ° ° 9 °

V(1) o m (vt + di) = v(1)) = —v(1) o O UQA®), X()di+1(1) © fo(Ddt+v(1) o (—yv(D) + E1)) dt

e a s o

— dK = —dU + 0,UJdt = fac(OV(D)dt

dK + dU = 0,UAdt + f, (Ov(t)dt + v(t) o (—yv(?) + &) dr  : Ist law

— dE = dW = dO

Work : dW. = 0,UJdt : work done by conservative force or Jarzynski work

dW,. = f,.vdt : work done by nonconservative force

dW = dW_+ dW,_. : work done by external force

Heat: dQ =v(?) - (—yv(t) + f(t)) dt : work done by heat-bath force (must be Stratonovich)



Thermodynamics for Langevin Dynamics
— 0, U(N\, ) + fuc

2. Definitions of heat and work
overdamped limit (m/y — 0) ° \ e o
i=v, mi=—0,UN\7T)+ fac —y0 + & o o .“' .
€)= 0, (EOEW) —2keTo—¢) S -

Velocity is always equilibrated, integrated out.
——> 0=—-0ULX)+f,,—yi+&
y (x(t + dt) — x(t)) = = 0,UCA1), x(t))dt + f,(dt + E()d1

“Note on stochastic calculus

underdamped sytem

2ykpT
V(1) ©, &(0) = (1 = a)(v(t + dné(®)) + a(v()é®) =

m

(1 —-a)
overdamped limit
(x() ©, &) = (1 — a){x(t+ dt)ﬁé(r)) + a(x(t)éj(t)) = 2kzT(1 — a)

= (EWdiED) =0
= 2k,T




Thermodynamics for Langevin Dynamics

2. Definitions of heat and work —0:U(A, @) + fuc

overdamped limit (m/y — 0) ° \ ° o T

y (x(t + dt) — x(1)) = — 0 U, x(0))dt + f,,(0)dr + E(1)d1 e o o ‘ :
() =0, (M) = 2vkpTo(t—1) = ° & F

(1) oy (x(t + df) — x(1)) = —i(1) o OUA®), x(D)dt+1i(1) o f, ()di+5(1) o E(t)dt

= — 0, U(A®), x(¢)) o dx(1)
-Note on stochastic calculus

2 ; 2
U (At + di), x(t + dt)) = U (A0) + dA@®), (1) + dx (1)) dx* contains ¢(n)c(1)di™ ~ Oldr)
U (A1) (t))+aUa’/1+ aUd + : asz 2 /
~ , X — —dx +———dax
oA 0x 0x?
oUu 10°U oU
expansion w.r.t x should be Stratonovich! =| —+—=———>dx |dx = odx
ox 2 ox? 0x
dU = U (Mt + d1), x(t + dr)) — U (A1), x(1)) = 0,UdA + 0,U  dx
= —0.Uedx = —dU + 9,Ud)




Thermodynamics for Langevin Dynamics

2. Definitions of heat and work —0:U(A, @) + fuc

overdamped limit (m/y — 0) ° \ ° o T

y (x(t + dt) — x(1)) = — 0 U, x(0))dt + f,,(0)dr + E(1)d1 e o o ‘ :
() =0, (E@EW)) = 29kpTo(t—t) = ° g °

(1) oy (x(t + df) — x(1)) = —i(1) o OUA®), x(D)dt+1i(1) o f, ()di+5(1) o E(t)dt

= —dU + 0,U]dt

dU = 0,ULdt + f, (1) o X()dt + (—yx(r) + &(1)) o (n)dt : | st law

= dE = dW = dQ

Work : dW. = 0,UJdt : work done by conservative force or Jarzynski work

dW,. = f,. e Xdt : work done by nonconservative force (must be Stratonovich)

dW = dW_+ dW,_. : work done by external force

Heat: dQ = (—;/)'c(t) + f(t)) o X(t)dt : work done by heat-bath force (must be Stratonovich)



Thermodynamics for Langevin Dynamics

3. Examples of heat and work calculation A0 = at
|) optical tweezers experiment (overdamped) —
k
= —k(x—20)+& U (XD, x(1)) = 5 (x() — A(t)) ‘

work (Jarzynski work)

oU |
dW, = —-4dt = — k (x(2) = A(1)) adt

T N
=> W, =- kaJ (x(t) — ar) dr = —kadtz (x(1) — at;)  experiment (or simulation)
0 .
heat

dQ = (- yx(z)+z;(r)) o X(0)dt = k (x(1) — A1) ° dx(2)

- -
- -
- -
i R

= kx(t) o dx(f) = A1) e dx(t) == [x(t + di)* — x(1)?] — A(0) [x(t + dr) — x (1))

N

k
= 0 == D | (3001 = 2(0%) = 40 (x(001) = 2(6)) |
i=0

k k
=2 (x(ty)* = x()?) — 5 Z M) (x(t1) — x(5))  experiment (or simulation)



Thermodynamics for Langevin Dynamics

3. Examples of heat and work calculation

2) 2-dimensional Brownian gyrator (overdamped)

Yx = —kxitey+éjx

ext &,

(E(DE()) = 2ykgT 0,,0(t — 1)
vy =rky

conservative non-conservative

work dw. = a_U,{dz =0
0l
AWy, = €(1) o dx(t) = ey () (x(t + dr) — x(1))
AWy, = — ex() o dy(t) = ex(0)(y(t + dt) = y(0))

heat  dQ, = (—yi(0) + &) o dx(0) = (kx(t) — ey(1)) o dx(1)
= g (x(7 + dty* — x(1)*) — ey(D) (x(¢ + dt) — x(1))

40, = (=130 + &) » dy(®) = (ky(®) + ex(®)) « dy(®

k
== (v(t + d* — y(©)*) + ex(0) (y(t + di) — (1))



Thermodynamics for Langevin Dynamics

4. Stochastic trajectory Schematic of a stochastic system
y (x(t + dt) — x(1)) = f(x(®)dt + dW(2) t, = ndt (ty =1)
(dW()) =0, (dW(DHdW(t')) = (O “=0 (1) W)X(IN)
ke Tdt (t=1) " x(8,)
|) Probability for observing the transition x(#,) — x(¢,+d¥)

1

probability for observing Gaussian random variable z: P(z)dz = e‘é_idz

207

probability for observing Gaussian noise dW(t,):

1 e d(dW(t,))) = ydx(t, + dt)
P(dW(t,)d(dW(t,)) = e” 2 d(dW(t)) (6 = 2ykgTdr) \
207

1 1
= exp |- {y (x(z, + dr) — x(tn)) — f(x(t, ))dt} ] ydx(t, + dt)

x(t, + dt) — x(t,) = x(t,)dt N Ito
L@, — fxeae )1y} ] dx(t, + df)

1
_ exp [
\/ArksTly 4kgTly

= P (x(t, + d) | x(t,)) dx(t, + dt)



Thermodynamics for Langevin Dynamics

4. Stochastic trajectory Schematic of a stochastic system
y (x(t + dt) — x(t)) = f(x(@®)dt + dW(?) t, = ndt (ty =71)

(dW(D) = 0, (dWOdW()) =< x(ty) x(ty)

QykpTdt (t=1t) " x(t,)

2) Conditional probability for observing I' starting from x(to)

P (T|x(1)) HP x(t,) | %(t,1)) dx(,)

n=1

N dx(t,) dr S )
H< 47rkBT/y> =P [_4kBT/V 2, i) _f(x(t”))/y}l

n=0

3) probability for observing I'
P[)= P (T |x(ty) ) pox(ty))dx(ty)

initial distribution

ﬂ ) ex : Jdr (i(e) — Nty Y| poati)
- ArkgT/y P 4kB Tly 7. | Pt

n=




Thermodynamics for Langevin Dynamics

4. Stochastic trajectory Schematic of a stochastic system
y (x(t + dt) — x(t)) = f(x(@®)dt + dW(?) t, = ndt (ty =1)
0 ¢#0 A SN
(WD) =0, (dW(HAW(t)) = <2kasz gy X0 b x(ty)

3) probability for observing I'

N d 1
PI)= H( x(t,) ) xp[ yPRs J dr {x(t) — fx()/7} ]po(x(to))

-Note on stochastic calculus

(x0) — fopry)?, =g+ L =~ u(0) 0, 50
fx(@) ©, x(1) = [(1 — a)f(x(t + db)) + af x(0)| (1) = |[f(x@) + (1 - a)a f(x)fc(t)dt] x()
= A+ (1 = 9 fR(0dE = O+ (1 = )L fx)
_ s+ O 3f< ()50 — (1 a) Lo f(x)

}’
= {x(0) f(x(t))/y} —(1—a>

Lo (%)




Thermodynamics for Langevin Dynamics

4. Stochastic trajectory Schematic of a stochastic system
y (x(t + dt) — x(1)) = f(x(®)dt + dW(2) t, = ndt (ty =17)

(dW(D) = 0, (dWOdW()) =< x(ty) x(ty)

kg Tdt (t=1) " x(t,)
3) probability for observing I'

P(T)= l'N[ D)) exp | -— Jdr [50) — oy} | poa(ty)
ArkgT/y 4k Ty

{x(0) f(x(t))/y} = {x(t) f(x(r))/y} —(1—a>

N dx(,) v — a)
=11 exp [dt( {x(t) f(x(t))/y} - axf(x)> Po(x(0))
ArkgT/y 0 4T/ /

n=0

Lo (%)




Thermodynamics for Langevin Dynamics
Summary (overdamped Langevin dynamics)

l.work : dW.=0,Uldt dW,_=f, cxdt dW=dW, +dW,
2.heat : dQ = (—yx(?) + &) © X(0)dt

3. probability for observing I

P(I)= ﬂ D) exp rdr< (50— feoir}, - — axf<x>> Pox(0))
ArkgT/y 0 4kgTly

Summary (underdamped Langevin dynamics)
l.work : dW, =0,Uldt  dW,_=f.vdt  dW=dW.+dW,_
2.heat: dQ = (—yv(t) + £(t)) » v(1)dt

3. probability for observing I

N
g)(r)z H dV(tn)dX(tn) 5 (X(Zn) _ V(fn))
ir \/ Aseke T/ m?

X exp

dt| > [0,70) =7} || pox(©), v(0))
. 4k TIm? ’

\ )




Thermodynamics for Markov Jump Process

|. Description of Markov jump process

pi= Z (szpj - Rjipi>

() |
influx intoi outflow from i

= Y Ry 2 Ripi = 2 Ryp) L
j

JF) JFD)
escape rate — R.=— Z R;
R; : transition rate j — i (i # j) J#) Pi L,
R;;p; : mean # of jumps j — i per unit time
D1 E,
Po E

2. Definitions of heat and work

(E) = ZEz’pi — (E)= ZE‘Pi"‘ ZEipi

power :‘(W-) heaf rate : {Q)

prob energy state

J

reservoir



Thermodynamics for Markov Jump Process

2. Definitions of heat and work transition i — j induced by Q;; = E; — E,

(E) = 2 E;p;+ 2 Ep; T
i : :

prob energy state

power : (W) heat rate : {(Q) P, E, i )
‘ jS — E] — L,
[heat] (Q) = ) Ep, —
Pi Ei l

Anj; : number of jumps i — j during Az

total heat absorption per At: AE, = Z (E; — E)An;,
i] .
- (AEp) = 2 (E; — Ei)<Anji> reservolr

e | I
7 = R;p;At : mean # of jumps i — j during Az

. AE,
=>A1§10< At> (Q) = %(E E)R;;p;

= (Ryp] ﬂpl>
J(FD)
R;;p; : mean # of jumps j — i per unit time



Thermodynamics for Markov Jump Process

2. Definitions of heat and work transition i — j induced by Q;; = E; — E,

(E) = 2 E;p;+ 2 Ep; T
i : :

prob energy state

ower : (W heat rafé - {(C .
p < > <Q> pj E] J ‘
t 0 =E=E
[heat] (Q) = ZEl-pi s
' D; E; i
AE
. 0
= lim E - E :
At—>0< At > (Q) = é( il
= 2 EiR;ip; — 2 R;iD; reservoir
i#] i#] .
JFl 7] I JG#D)

J < i exchange

= (Ryp] ﬂpl>

. heat is associated with population change. i)
R;;p; : mean # of jumps j — i per unit time



Thermodynamics for Markov Jump Process

2. Definitions of heat and work external agent : AW, = E(t + Ar) — E({)

(E) = ZEipi + ZEipi : Ist law T

power : (W) heat rate : {(Q) plt+AD EG+An i — /

= pi(1) A "
[work] (W) = Z E.p,
i pi(l‘) Ei(t) j e

System 1is in state i.

Energy of state i is changed during Az. (not by heat, but by externaf agent)

mean work for E(f) — E(t+ Ar) : (AW(?)) = [Ei(t + Af) — Ei(t)] pi(®) reservoir

mean work for all changes : ) (AW/()) = Y’ [E(t + Af) — E(1)] p(®)

l

mean work rate (power) : (W) = lim Z < AWi(t)> = Z E(t)pt)

A0 < At

.". work is associated with energy level change.



Thermodynamics for Markov Jump Process

3. Stochastic trajectory x4 L2
Z <Rl]pj ﬂpz> of
(D) m—
influx into i outflow from i .
=0 & b 6 - v T time
Path probability
jump probability i — j during Az : R;At
escaping probability from i during At : 2 R;At = — R;At
JFD) A
staying probability at i during A¢: 14 R At ~ eRit Y ST L.
staying probability during fn.1 ~ t : e iy Rey o, (D ]
to-1 t, time

probability for the path segment : et Ropromn O R, . (t)dt

e e path segment

path probability : (") = p, (())H[ o R 1, 1(r)arz (1) dt] Ry (O

n=1



Thermodynamics for Markov Jump Process
Summary

|. work and heat

(E) = ZEipi + ZEl-pi : 1st law

e 3

power :} (W) heat rate : (Q)
2. path probability

N
FT)=p XO(O)H [e LZ_IRxn_l,xn_l(t)dtRxn,xn—l(fn)dt] e [y Boyoxy Dt
n=1



