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Contents of Lecture 2
|. Entropy production (EP)

o
- Thermodynamic EP: Clausius EP = AS = [TQ (defined in equilibrium)

- What is EP for general non-equilibrium stochastic processes!?

2. Thermodynamic 2nd Law — Fluctuation Theorems

- negative EP region exists due to thermal fluctuation

- AStot >0 ?
P(AS,,) t

negative EP!!
——
0 ASIOZ




Entropy Production

| Irreversibility seifer, PRL95, 040602 (2005)

irreversible process S

reversible process S

forward, time-reversal

: equally probable ° : pe : ai . °



Entropy Production

| Irreversibility seifer, PRL95, 040602 (2005)
time-forward path probability: (") = p,(z,) 21| z,)
time-reverse path probability: (") = p_(z.) (| z,)

Po(z) P |zy) = 0 (reversible)
n

R=1 —
pAz)PX|Z;)  # 0 (irreversible)

[ =
I
t=0 N
<0 I
Po(Zo)



Entropy Production

2. Physical meaning of irreversibility (overdamped Langevin)
Po(z0) P | zp) x(tg=0) x(t) - x(t) - X(ty_y) x(ty =17)

) > — X(t) = x(7 — t)
Ple) P12 Mty=1) Fty_y) - Xz—1t,) - ;)  %0) oA

time-forward path probability

N T
PI)= H i exp Jdt< {x(r) — f(x(2), r)/y} ——0 f(x>> po(x(0))
\/ArkgTly 0 4kpT/

time-reverse path probability

N T
P()= H ) exp Jdr( {5 - fG@. 7= 01y}, ——a f(x)> pLx(2))
ArkgT/y 0 4gTly

'=1t—1t d d d
— () = x(t), ¥() =—3%0) =—x(r—1t) = ——x(t) = — x(t)
dt dt

d /

N / 0
T2 exp | [ -ar (— ()~ 7 - iaxf(»o) P(®)
=0 4\ / 47TkB T/}/ | I 4kB T/]/ ° 2}/

dx(t,) ”Tdt (_ 1 ()=o), 1) }2—i6 A )) (o)
\/4rkgT/y =P Jo 4k Tly - X{0), DIy g 2, x) )| p,(x(z

R=1n




Entropy Production

2. Physical meaning of irreversibility (overdamped Langevin)

po(Z())g)(F | Zo) x(to=0) x(&) - x(2,) e X(ty_y) Xty =17)
k=l (2.) P[] 2.) < > S X)) = x(z — 1)
PriZe 4 Fty=1) Hty_,) - ¥e—1) - %)  F0)

time-forward path probability

N dx(z) ’ |
F)= H( 4ﬂkBT/y> exp “O dr( Tl {x(t) — 60,07} —° f(x)>]Po(X(0))

time-reverse path probability

. L dx(t,) 4 1 , » 1
PA)= H < = kBT/y> exp “0 dt <— Tl {—i()—fx(), t)/y}o — z—yaxf(x)>] p(x(7))

n=0
R lD > = dﬂﬂy(&m.mmnw}—h@+ﬂmwmﬁ)
21 -0 B
_ 1y P (O) _ [ jE0-rfem.00_  Q AS Ik,
Px(2)) Jo kT kT

ri(0) = fx(®), 0+ £ =5(0) o (ri(0) — &) dt = — dQ

= Aylke + A5 /ks = ASalks A5 =5, (1) = $.,4(0) where S.\(f) = — kg In p,(x(1))



Entropy Production

3. Physical meaning of irreversibility (Markov jump process)

P()(Zo)g) I Zo)
pz) P Z,)

R=1n

to=0 t) b t3 -+ tN INIST >time
time-forward path probability: ;o 7 fv Ty =0
P =p, ((»H[ S S (O] PR s h=Toh
time-reverse path probability
P(E)=p (D) B DR (o
ﬁ L N v P O R, (e=DdE
=2

=Dy (T)H[ R, 1(t)dtRxn_1’xn(tn)dt] ej’N Ry (D



Entropy Production

3. Physical meaning of irreversibility (Markov jump process)
Po(zg) P | zp)

R=1In
Pz P\ Z,)
: S : -
to=0 t) th t3 tn  tn+I=T time
time-forward path probability: f:o 3 iy Iy =0
N y
PI)= pr(O)H [e LZ‘IRx”‘l’x”‘l(t)dtRxn,xn-l(fn)dt] e Jiy Ry (Delt -1, =1-1,
n=1
time-reverse path probability
N
P()=p ] [l ®iR, apdr| elFoan
"= E -E o(,) (local detailed balance)
= - kT kT Ryp jeq = R;p;
_ ,—HEE)
= Alsyslkg + Adi/kg = ASulk  AS =S, (7) = S,,(0) where S, (1) = — k Inp, (1)



Fluctuation Theorems

| Irreversibility and Fluctuation Theorems

time-forward path probability: (") = p,(z,) 21| z,)

I
time-reverse path probability: (") = p_(z) (1| Z,) t=0 N P(z,)
[

<0
n = i

—n P O (reversible) Po(z0)

PM)  #0 (irreversible)
= ASy/kg — k_QT — R = ASiot Ik : (stochastic) total entropy production!

B
Property of R

ey= Y PMef= Y P)=1

all paths all paths

m) (o 2So) =1 :Fluctuation Theorem

Jensen’s inequality: (f(x)) > f({x)) for convex function f(x)

= 1=(F)>e® L (R)20 - (AS,) 20

— ASit can be negative, but its average is nonnegative. (2nd law in stochastic system)



Fluctuation Theorems

| Irreversibility and Fluctuation Theorems
time-forward path probability: (") = p,(z,) 21| z,)
time-reverse path probability: 2(I") = p (z)P("|z,)

P
R=1In % — R = ASiot /k : (stochastic) total entropy production!

(e 2%/k8) =1 :Fluctuation Theorem

different choice of denominator

S(I)
G*I)

R* =1n

2 P*I) = 1

all paths

€y = PMer= 3 21D =1

all paths all paths



Fluctuation Theorems

2.Various Fluctuation Theorems

P
R* =1n gs*((l“)) Z P*EI) =1 (e7™) =1 — Jarzynski equality: (¢?%) = /2"
all paths
1) Equilibrium initial distributions Jazynski, PRL78, 2690 (1997) DNA hairpin
ex) DNA-pulling experiment
: k

yi=—k(x—=20)+¢& U (M), x1) = 5 (x(0) — /1(t))2

Protocol: .

At) =2, (t<0) —initial state: equilibrium g =—— X ;

=at+4, (>0) A7)
e—ﬁU(ﬂO,x)
initial distribution: p*i(x) = —— = eP=UpX)+F) Z, = de e~ PUAD.0)
0
final distribution: p_(x) (arbitrary state) F,=-p"'InZ
PI) = p, (x) P | xp) P
. = R¥=In— = B |U(x) — U(0)— (F, — Fp)— Q|
PHI) = pi(x )P | %,) FHI)

piix) = /- UHDOHE) = B(AE — Q — AF) = (W — AF)



Fluctuation Theorems

2.Various Fluctuation Theorems

P
P*I) =1 R =
() aupzaths 1) (e™™")

R* =1n

|) Equilibrium initial distributions (Jarzynski equality) Jarzynski, PRL78,2690(1997)

PI) = py ) P | xp) P
. = R*=In = B(W — AF)
P*T) = pSlx )PI| %) G*(T)

— Jarzynski equality: (e PW) = /AT

Equilibrium free energy can be evaluated by measuring nonequilibrium work.



Fluctuation Theorems

2.Various Fluctuation Theorems

PI) R
P11y =1 =1
() aupzaths @) (e™™")

2) Crooks relation  crooks, PRE 60,2721 (1999)

R* =1n

I process2 A(r—1) (refolding)
j“0

P, P = p, 1) P, (T [ x0)

PHD) PHID) = ple) Py, (F13,)

probability for observing R*(I') =r: P(r) = 2 P06 <r — Rf(l“))
r

[process|] R¥I) =1In

PH(17) PH(17) = pflq(x(’))@ /11_}/10(F’|x(’))

[process2] R¥I") =In / 5
PIC)  PHT) = pONP,, (|20

probability for observing RX(I)) = —r: Py(—r) = Z P,I)o <—r — Rj(l“))
r

| initial eq process| A(f) (unfolding) S .
< initial eq



Fluctuation Theorems

2.Various Fluctuation Theorems

2) Crooks relation  Crooks, PRE 60,2721(1999)
P PiD) = p, (x0) P, T )

[process|] R#I) =In g
g)ik(r) g)ik(r) — p/lelq(xr)‘@/ll—)ﬂo(r |'XT)

probability for observing R*(I') =r: Py(r) = Z P06 <r — Rf(F))
r

P PAT) = PP (U1 35)

[process2] R¥(I) =1In ; g

probability for observing R¥(") = —r: Py(=r) = ¥ P,I)5 <—r _ R;(r))
I

P\(T) = PHD) = Y PHDS (-r+R¥D)
r

PO = D) = 3 O[5 (~r + RET)

P () (D) r

R>l< F — 1 = 2 —_ —r * _ -7
F@) =1In 0 In 7.0 — ¢ zr' gl(r)(s(—le (r)) = ¢7P,(1)

= — R;k(f) » P,(r)/P,(—r) =" Crooks relation



Fluctuation Theorems

2.Various Fluctuation Theorems

2) Crooks relation  crooks, PRE 60,2721 (1999)
()

P

[process|] R¥I) =1In

PH(17)

rocess2| R*(I) =1
[P 1 RFI) N )

» P = @;(f“) » P(r)/Py(—r) =e" Crooks relation
P¥I) = P, e.g. total EP satisfies Crooks relation for a steady-state process
P,[T 708
wh RO = 2Dy S5O
PTI) PH(')
= — R¥(D)

involution



Fluctuation Theorems

2.Various Fluctuation Theorems

2) Crooks relation  crooks, PRE 60,2721 (1999)

P(r)/Py(—r) =¢€"

] nitial eq process| A(r) (unfolding) N
Yo b

. <€ initial eq
: process2 A(r—1) (refolding)
/10

P,(T) P = p, 1) P, (T [ X0)
PEO) PO = pi) P, lx)
= p(W - AF)

[process|] R¥I) =1In

P,(p(W — AF)) _BW=AF) P (W) _ _B(W—=AF)
P m—gw_sry ¢ = o C




Fluctuation Theorems

2.Various Fluctuation Theorems

2) Crooks relation  crooks, PRE 60,2721 (1999)

P,(W)
1 W—-AF
——— =" = 1 when W = AF
Pr(—W)
AF
P(W) T
021 | M 15pNsT ]
Py-W) Py(W) oans [, "
TS N e e Refolding ! M 75pNst
. ," B 20pN s
’ 05} ;
l' g "
) + ° s
' Q RN
l' g 0.1~ //l \ N
1 Q‘? //
' ( /
' o Y
/ d
N 0.05 |- .
: //. o
: /‘/ / :
0 ( ) [ ] | i / g ! 1 |
AF W 95 100 105 110 115 120

Collin et al., Nature 437,231 (2005)



Fluctuation Theorems

2.Various Fluctuation Theorems

3) Hatano-Sasa Fluctuation Theorem: separation of EP into two parts

Hatano and Sasa, PRL 86, 3463 (2001)
P (OP(T | x0)
p.(PT| %)

Py, (0) n P | xp)
P (7) PI|X)

AS,lk = ASyy/ky — O = In

AS,y,/kg = In

?
<e_ASsys/kB> =1

= ) P (ORI | xp)e 55 s = N P(T | xp)p, (7) # 1
I I

9
<eﬁQ> =1

= Y p (ORI |x)e’ = Y p (VAT %,) # 1
r r

Is there any way such that two separated EPs satisfy FT simultaneously?



Fluctuation Theorems

2.Various Fluctuation Theorems

3) Hatano-Sasa Fluctuation Theorem: separation of EP into two parts
Hatano and Sasa, PRL 86, 3463 (2001)

Py, (0) ZN R, . (1)
P (7) R, (1)

p, 0 & po,)
= |n

o S:—l(tn) < Rxn,xn_l(tn)
rwe R dyry Z} o

&y pe,) =R, (1)

= ASna — ASSYS - €X/T — ASa -_ Qhk/T
non-adiabatic EP (Hatano-Sasa EP) adiabatic EP

px 0 & t )p>(t
ASya/kg =In—— + 2 R (t) = ltoPs (i)
px (7) xn(tn) o py(t,)
PT R (t)= R_.(t)) (same escape rate)
— ln ( ) Z (@T(F) — 1 Z/ X, X Z/ ’ p
@T(r) = xX(#x") xX(#x")

— same staying probability
N < e—ASna> —1



Fluctuation Theorems

2.Various Fluctuation Theorems

3) Hatano-Sasa Fluctuation Theorem: separation of EP into two parts
Hatano and Sasa, PRL 86, 3463 (2001)

.0 & R . (1)
ASy =In—"—+ ) In—==!
pr(T) n=1 Rxn_l,xn(tn)
p.0) & pi@) al o) & R, (1)
— ln 0 + Z ln n + Z Z n*n—1
p(0) = ope (1) = p)%S(t ) = Ry ()
= ASna = ASS}/S - GX/T = ASa = — Qhk/T
non-adiabatic EP (Hatano-Sasa EP) adiabatic EP
px 0) & t )pSS(t
Sa _ 0 + 2 Xn— 1 RT /(l‘n) _ ( )p ( )
pxo(o) n=1 x X _1(tn) o p;/s(t )
P(I) , Z RT ) = Z t,) (same escape rate)
= 27T =1] G X(#x)
r

— (e =1



Expression of Entropy Production Rate

|. Overdamped Langevin system

1 1 1
X = —flx(0), 1) + —¢(0) 0,P(x,t) = —0J(x,t)  J(x,1) =— (f(x,1) — kgT9,) P(x,1)
4 4 Risken (The Fokker-Planck Equation) Y
: d kg dP kg
So.=——kpgInP(x,t) =———=——(0.Pox+0P
WS g B (1) P dt P(x ; P)
Y
J k 0P=—P———J
_—iox+1—ox——Ba,P kg kgT
T TP P
. J kg
=—(—yx+§)ox+——ox—?()tP
0 Tk () =[x P
- St0t= Ssys_g zl_ox__BatP
T TP
kB
. J k <—a P> = kno [de(x, H=0
= (Sior) = 2= °oX ) — _Batp P o
T \P P |

_ Jd S0y (g(x(D),1) o §) = deg(x, NJCx, 1



Expression of Entropy Production Rate

|. Overdamped Langevin system

1
5=

1
== Fx(0), 1) + 7/;@) 0.P(x,H)=—0J(x,1)  Jx,f) = ! (f(x, ©) = kgT9,) P(x, 1)

Risken (The Fokker-Planck Equation) Y

Derivation of (g(x(1))<x) = deg(x, NJ(x, 1)

{ d 1 dx(?)
(g(x(1)) o %) = <5 (g(x(0) + dx(®) + g(x(1))) $> = <<g(x(t)) +58 (x(t))dx(t)> 7R >

1
= (g(x(0))x(1)) + E(g’(x(t))dxdx/dt)

1 | 1
= ;(g(x(t))f(x(t)» + ;(g(x(t))cf(t» + (g (x(0) (dxdx)/di
= (g(x()))(&(0) =0 = 2k Ty

1 kgT
=— deg(X)f(x)P(x, f) +—— [dxg’(X)P(x, 1)
14 I4

= deg(x) J(x, 1) = - deg(X)axP(X, t) (integration by part)



Expression of Entropy Production Rate

2. Markov jump process

Entropy is produced only when jump occurs

RyOpWAL _ Ry(Op,(D)
R, (Op (DAL R (Op(D)

jump y — x : EP during Az = In

number of jump y — x during At¢ : ny(t)py(t)At

N R_.(H)p,(?)
AS, — R, ,(Opy()At] -

(AS, (1)) % ,Op (DAL R, (Dp (1)
| N R, ,(Op, (D)

(‘S'tot(lt)> _ Z Rx’y(t)py(t)ln Ry,x(t)px(t)

XFy



Summary
|. Entropy production (irreversibility)

N Po(zp) P | zp) _ ASiot _ 1 < Q>

R=1 ASsys_7

pr(zr)@ (flzr) kB kB
2. Fluctuation Theorems (normalization of dual-path probability )

P()
PHI)

(e R"y = 2 PMe R = Z P =1

all paths all paths

R* =1n

3.Various FTs
1) Jarzynski equality (e "V) = /2"
2) Crooks relation P,(r)/Py(—r) =¢’
3) Hatano-Sasa FT AS = AS,, +AS, — (e™Swh)y=1 (e78%h) =1

4. Expression of EP rate

. J(x, 1)? . Al
(Stot) = [d% If?x 2) (Si(D) = Z R, ,(0p,(Dln
b x;é

overdamped Langevin equation Markov jump process

R, ,()p,(2)
R, (Dp,(1)




