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entropy production (EP): Σ = Σ(Γ)

Θ = Θ(Γ) heat
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displacement …

Is there any general relation  
for EP and measurable observables?
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observable: 

entropy production (EP): Σ = Σ(Γ)

Θ = Θ(Γ) heat
work
displacement …

1. Fluctuation Theorems

⟨e−Σ/kB⟩ = 1

: relation for EP

e−⟨Σ⟩/kB ≤

Jesen’s 
inequality

→ ⟨Σ⟩ ≥ 0 : thermodynamic 2nd law

: generalized 2nd law

Various FTs

Jarzynski equality
 Jarzynski, PRL 78, 2690 (1997)
⟨e−βW⟩ = e−βΔF

Crooks FT
Crooks, PRE 60, 2721 (1999)
P(W )/P(−W ) = eβ(W−ΔF)

Hatano-Sasa FT
 Hatano and Sasa, PRL 86, 3463 (2001)
⟨e−Σa⟩ = 1, ⟨e−Σna⟩ = 1

Information FT Sagawa and Ueda, PRL 109, 180602 (2012)⟨e−Σ+I⟩ = 1
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observable: 

entropy production (EP): Σ = Σ(Γ)

Θ = Θ(Γ) heat
work
displacement …

Var[Θ]
⟨Θ⟩2

⟨Σ⟩ ≥ 2kB

: relation of EP and fluctuation of Θ

Var[Xτ]
⟨Xτ⟩2

↑ ⟨Σ⟩ ↓
Var[Xτ]
⟨Xτ⟩2

↓ ⟨Σ⟩ ↑

trade-off relation: we have to pay 
thermodynamic cost for reducing fluctuation

Var[Θ] = ⟨Θ2⟩ − ⟨Θ⟩2

⟨Σ⟩ ≥ 2kB
⟨Θ⟩2

Var[Θ]
≥ 0

stronger than the thermodynamic second law

2. TUR (Thermodynamic Uncertainty Relations) Lecture 3 



1. TUR derivation

Contents of Lecture 3

2. TUR application

- Cramér-Rao inequality

- TUR derivation for overdamped Langevin System

- Estimation of entropy production

- TUR derivation for Markovian jump process

- Variants of TUR

- Estimation of extent of anomalous diffusion



TUR - Brief History
Derivation history of TUR (2015~2019)

• first proof via large deviation theory in 2016 Gingrich et al, PRL 116, 120601 (2016)

Barato et al, PRL 114, 158101 (2015)• first report in 2015

Hasegawa and Vu, PRE 99, 062126 (2019)

Dechant and Sasa, J Stat Mech 063209 (2018)

Horowitz and Gingrich, PRE 96, 020103(R) (2017)

• proof via generating function method in 2018 

• proof via Cramér-Rao inequality in 2019 

This greatly simplifies the TUR derivation.

Varϵ[Θ]

(∂ϵ⟨Θ⟩ϵ)2 ≥
1

ℐ(ϵ)

ℐ(ϵ) : Fisher information



Cramér-Rao Inequality
Θ(z) : observable

Pϵ(z) : probability distribution → ⟨⋯⟩ϵ = ∫ dz ⋯ Pϵ(z) → ⟨Θ⟩ϵ = ∫ dz Θ(z)Pϵ(z)

(∂ϵ⟨Θ⟩ϵ)2
note : ∫ dz ⟨Θ⟩ϵ∂ϵPϵ(z) = ⟨Θ⟩ϵ∂ϵ ∫ dz Pϵ(z) = 0

= (∫ dz Θ(z)∂ϵPϵ(z) − ∫ dz ⟨Θ⟩ϵ∂ϵPϵ(z))
2

= (∫ dz [Θ(z) − ⟨Θ⟩ϵ] ∂ϵPϵ(z))
2

∂ϵPϵ(z) = Pϵ(z)∂ϵ ln Pϵ(z)

= (∫ dz [Θ(z) − ⟨Θ⟩ϵ] [∂ϵ ln Pϵ(z)] Pϵ(z))
2

Cauchy-Schwarz (a ⋅ c)2 ≤ |a |2 |c |2

≤ ∫ dz [Θ(z) − ⟨Θ⟩ϵ]2 Pϵ(z)∫ dz [∂ϵ ln Pϵ(z)]2 Pϵ(z)

= (∫ dz Θ(z)∂ϵPϵ(z))
2

= Varϵ[Θ] = ∫ dz ∂ϵ ln Pϵ(z) ∂ϵ ln Pϵ(z) Pϵ(z)

= ∫ dz ∂ϵ ln Pϵ(z) ∂ϵPϵ(z) = − ∫ dz ∂2
ϵ ln Pϵ(z) Pϵ(z)

= Varϵ[Θ]ℐ(ϵ)

= − ⟨∂2
ϵ ln Pϵ(z)⟩ϵ ≡ ℐ(ϵ)

Varϵ[Θ]

(∂ϵ⟨Θ⟩ϵ)2 ≥
1

ℐ(ϵ)



Cramér-Rao Inequality

γ ·x = F(x) + ξoriginal dynamics: 

ε-perturbed dynamics: (e.g.) γ ·x = F(x)+ϵG(x)+ξ (ϵ → 0 : original)

Varϵ[Θ]

(∂ϵ⟨Θ⟩ϵ)2 ≥
1

ℐ(ϵ)
Var[Θ]
⟨Θ⟩2

⟨Σ⟩ ≥ 2kB
Varϵ[Θ] |ϵ=0

(∂ϵ⟨Θ⟩ϵ |ϵ=0 )2 ≥
1

ℐ(0)

→ ℐ(0) =
⟨Σ⟩
2kB

→ Varϵ[Θ] |ϵ=0 = Var[Θ]

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩

→ Θ(Γ) : observable (work, heat, displacement, etc.)

→ 𝒫ϵ(Γ) : path probability

Θ(z) : observable

Pϵ(z) : probability distribution



TUR Derivation for Overdamped Langevin Dynamics

What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

⟨Θ⟩ss = τ⟨ ·Θ⟩ss τ → (1 + ϵ)τ : ⟨Θ⟩ss
ϵ = (1 + ϵ)τ⟨ ·Θ⟩ss

∴ time scaling perturbation : t → (1 + ϵ)t

γ ·x = F(x) + ξoriginal dynamics: 

Fokker-Planck equation: ∂tP(x, t) = − ∂xγ−1(F(x) − kBT∂x)P(x, t)

Jss(x) = γ−1 (F(x) − kBT∂x) Pss(x)

perturbed FP equation: ∂tP(x, (1 + ϵ)t) = −(1 + ϵ)∂xγ−1(F(x) − kBT∂x)P(x, (1 + ϵ)t)

steady state: ∂tPss(x) = 0 = −(1 + ϵ)∂xγ−1(F(x) − kBT∂x)Pss(x)

= − ∂xγ−1(F(x)+ϵ
γJss(x)
Pss(x)

−kBT∂x)Pss(x) G(x) ≡
γJss(x)
Pss(x)

→ perturbed dynamics: γ ·x = F(x)+ϵG(x)+ξ

Equivalent to time perturbation

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩

(0 ≤ t ≤ τ)

= − ∂xγ−1(F(x) − kBT∂x)Pss(x) − ∂xϵJss(x)



What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

G(x) ≡
γJss(x)
Pss(x)

→ perturbed dynamics: γ ·x = F(x)+ϵG(x)+ξ

= ∫
τ

0
dt ⟨ G2(x)

2γkBT ⟩
ϵ

= ⟨∂2
ϵ ∫

τ

0
dt

γ
4kBT ( ·x −

F(x)+ϵG(x)
γ )

2

⟩
ϵ

=
1

2kB ∫
τ

0
dt∫ dx

γ
T

Jss(x)2

Pss(x)

Fisher information

ℐ(ϵ) = − ⟨∂2
ϵ ln 𝒫ϵ(Γ)⟩ϵ

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩ → these are satisfied.

= ⟨∂2
ϵ ∫

τ

0
dt

γ
4kBT [( ·x −

F(x)
γ )

2

+ 2 ( ·x −
F(x)

γ ) ϵG(x)
γ

+ ( ϵG(x)
γ )

2

]⟩
ϵ

𝒫ϵ(Γ) =
N

∏
n=0 ( dx(tn)

4πkBT/γ ) exp [∫
τ

0
dt (−

1
4kBT/γ { ·x − F(x)/γ−ϵG(x)/γ}2

∙)] p0(x(0))
a = 1 (Ito)

⟨⋯⟩ϵ = ∫x
⋯ Pϵ(x)ss (Pϵ(x)ss = Pss(x))

TUR Derivation for Overdamped Langevin Dynamics

= ⟨ ·Σ⟩

=
⟨Σ⟩ss

2kB



Var[Θ]
⟨Θ⟩2

⟨Σ⟩ ≥ 2kB
Varϵ[Θ] |ϵ=0

(∂ϵ⟨Θ⟩ϵ |ϵ=0 )2 ≥
1

ℐ(0)

→ ℐ(0) =
⟨Σ⟩
2kB

→ Varϵ[Θ] |ϵ=0 = Var[Θ]

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩

TUR Derivation for Overdamped Langevin Dynamics



TUR Derivation for Markov Jump Process

What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

⟨Θ⟩ss = τ⟨ ·Θ⟩ss τ → (1 + ϵ)τ : ⟨Θ⟩ss
ϵ = (1 + ϵ)τ⟨ ·Θ⟩ss

∴ time scaling perturbation : t → (1 + ϵ)t

original dynamics: 

perturbed dynamics:

steady state:

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩

(0 ≤ t ≤ τ)

d
dt

px(t) = ∑
y(≠x)

(Rxypy(t) − Ryx px(t))
d
dt

px((1 + ϵ)t) = (1 + ϵ) ∑
y(≠x)

(Rxypy((1 + ϵ)t) − Ryx px((1 + ϵ)t))

d
dt

pss
x = 0 = ∑

y(≠x)
((1 + ϵ)Rxypss

y −(1 + ϵ)Ryx pss
x )

= ∑
y(≠x) ((1 + ϵ)Rxypss

y −(1 + ϵ)Ryx pss
x − Rxypss

y
2Ryx pss

x

Rxypss
y + Ryx pss

x
ϵ + Ryx pss

x
2Rxypss

y

Rxypss
y + Ryx pss

x
ϵ)

≡ ηxy = ηyx
= ∑

y(≠x)
[{1 + ϵ(1 − ηxy)}Rxypss

y −{1 + ϵ(1 − ηyx)}Ryx pss
x ]



TUR Derivation for Markov Jump Process

What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

⟨Θ⟩ss = τ⟨ ·Θ⟩ss τ → (1 + ϵ)τ : ⟨Θ⟩ss
ϵ = (1 + ϵ)τ⟨ ·Θ⟩ss

∴ time scaling perturbation : t → (1 + ϵ)t

original dynamics: 

perturbed dynamics:

steady state:

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩

(0 ≤ t ≤ τ)

d
dt

px(t) = ∑
y(≠x)

(Rxypy(t) − Ryx px(t))
d
dt

px((1 + ϵ)t) = (1 + ϵ) ∑
y(≠x)

(Rxypy((1 + ϵ)t) − Ryx px((1 + ϵ)t))

d
dt

pss
x = 0 = ∑

y(≠x)
((1 + ϵ)Rxypss

y −(1 + ϵ)Ryx pss
x )

= ∑
y(≠x)

[{1 + ϵ(1 − ηxy)}Rxypss
y −{1 + ϵ(1 − ηyx)}Ryx pss

x ]
·px = ∑

y(≠x)
[Rϵ

xypy−Rϵ
yx px]→ perturbed dynamics: Rϵ

xy = [1 + ϵ(1 − ηxyδ)]Rxy

δ = 0 or 1

ηxy ≡
2Ryx pss

x

Rxypss
y + Ryx pss

x



What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

→ perturbed dynamics: 

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩ → these are satisfied.

·px = ∑
y(≠x)

[Rϵ
xypy−Rϵ

yx px] Rϵ
xy = [1 + ϵ(1 − ηxyδ)]Rxy δ = 0 or 1

ηxy ≡
2Ryx pss

x

Rxypss
y + Ryx pss

x

𝒫ϵ(Γ) = px0
(0)

N

∏
n=1

[e ∫tn
tn−1

Rϵ
xn−1,xn−1

dtRϵ
xn−1,xn

(tn)dt] e ∫τ
tN

Rϵ
xN ,xNdt

exp [∫
τ

0
dt∑

x

Rϵ
xxδx(t),x] exp ∫

τ

0
dt∑

x≠y

·mxy(t)ln Rϵ
xy

·mxy(t) = ∑
n

δ(t − t(n)
xy )

t(n)
xy : time at which transition y → x occurs

𝒫ϵ(Γ) = px0
(0)exp ∫

τ

0
dt∑

x

Rϵ
xxδx(t),x + ∫

τ

0
dt∑

x≠y

·mxy(t)ln Rϵ
xy

⟨ ·mxy(t)⟩ϵ = Rϵ
xypϵ

y(t)

⟨δx(t),x⟩ϵ = pϵ
x(t)

Fisher information

ℐ(ϵ) = − ⟨∂2
ϵ ln 𝒫ϵ(Γ)⟩ϵ

TUR Derivation for Markov Jump Process



What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

→ perturbed dynamics: 

Fisher information

ℐ(ϵ) = − ⟨∂2
ϵ ln 𝒫ϵ(Γ)⟩ϵ

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩ → these are satisfied.

·px = ∑
y(≠x)

[Rϵ
xypy−Rϵ

yx px] Rϵ
xy = [1 + ϵ(1 − ηxyδ)]Rxy δ = 0 or 1

ηxy ≡
2Ryx pss

x

Rxypss
y + Ryx pss

x

𝒫ϵ(Γ) = px0
(0)exp ∫

τ

0
dt∑

x

Rϵ
xxδx(t),x + ∫

τ

0
dt∑

x≠y

·mxy(t)ln Rϵ
xy ⟨ ·mxy(t)⟩ϵ = Rϵ

xypϵ
y(t)

⟨δx(t),x⟩ϵ = pϵ
x(t)

= − ⟨∫
τ

0
dt∑

x

∂2
ϵRϵ

xxδx(t),x + ∫
τ

0
dt∑

x,y

·mxy(t)∂2
ϵ ln Rϵ

xy⟩
ϵ

= − ∫
τ

0
dt∑

x≠y

⟨ ·mxy(t)⟩ϵ
(∂2

ϵRϵ
xy)Rϵ

xy − (∂ϵRϵ
xy)2

(Rϵ
xy)2

ℐ(0) = ∫
τ

0
dt∑

x≠y

Rxypss
y

(1 − ηxyδ)2(Rxy)2

(Rxy)2
= ∫

τ

0
dt∑

x≠y

Rxypss
y (δ = 0)

= ·A(t) : dynamical activity

= A(τ)

= ∫
τ

0
dt∑

x≠y

Rxypss
y (

Rxypss
y − Ryx pss

x

Rxypss
y + Ryx pss

x )
2

(δ = 1)

TUR Derivation for Markov Jump Process



What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

→ perturbed dynamics: 

Fisher information

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩ → these are satisfied.

·px = ∑
y(≠x)

[Rϵ
xypy−Rϵ

yx px] Rϵ
xy = [1 + ϵ(1 − ηxyδ)]Rxy δ = 0 or 1

ηxy ≡
2Ryx pss

x

Rxypss
y + Ryx pss

x

ℐ(0) = ∫
τ

0
dt∑

x≠y

Rxypss
y (δ = 0)

= ·A(t) : dynamical activity

= A(τ)

= ∫
τ

0
dt∑

x≠y

Rxypss
y (

Rxypss
y − Ryx pss

x

Rxypss
y + Ryx pss

x )
2

(δ = 1)

= Bxy = Byx

= ∫
τ

0
dt ∑

x>y

Rxypss
y Bxy + ∑

x<y

Rxypss
y Bxy = ∫

τ

0
dt ∑

x>y

Rxypss
y Bxy + ∑

x>y

Ryx pss
x Bxy

= Byx

= ∫
τ

0
dt∑

x>y

(Rxypss
y + Ryx pss

x )Bxy = ∫
τ

0
dt∑

x>y

(Rxypss
y − Ryx pss

x )2

Rxypss
y + Ryx pss

x

TUR Derivation for Markov Jump Process



What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

→ perturbed dynamics: 

Fisher information

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩ → these are satisfied.

·px = ∑
y(≠x)

[Rϵ
xypy−Rϵ

yx px] Rϵ
xy = [1 + ϵ(1 − ηxyδ)]Rxy δ = 0 or 1

ηxy ≡
2Ryx pss

x

Rxypss
y + Ryx pss

x

ℐ(0) = ∫
τ

0
dt∑

x≠y

Rxypss
y

= ·A(t) : dynamical activity

= A(τ)

= ∫
τ

0
dt∑

x>y

(Rxypss
y − Ryx pss

x )2

Rxypss
y + Ryx pss

x

a − b
ln a − ln b

≤
a + b

2
→

(a − b)2

a + b
≤

1
2

(a − b)ln
a
b

1
2 ∫

τ

0
dt∑

x>y

(Rxypss
y − Ryx pss

x )ln
Rxypss

y

Ryx pss
x

=
1
2 ∫

τ

0
dt∑

x≠y

Rxypss
y ln

Rxypss
y

Ryx pss
x

=≤ 1
2kB

⟨Σss⟩

≡
1

2kB
⟨Σps⟩

(δ = 0)

(δ = 1)

TUR Derivation for Markov Jump Process

log mean arithmatic mean

= ⟨ ·Σ⟩/kB



What perturbation leads to these?

⇒ ⟨Θ⟩ϵ = (1 + ϵ)⟨Θ⟩

In a steady state:

→ perturbed dynamics: 

Fisher information

→ ℐ(0) =
⟨Σ⟩
2kB

→ ∂ϵ⟨Θ⟩ϵ |ϵ=0 = ⟨Θ⟩ → these are satisfied.

·px = ∑
y(≠x)

[Rϵ
xypy−Rϵ

yx px] Rϵ
xy = [1 + ϵ(1 − ηxyδ)]Rxy δ = 0 or 1

ηxy ≡
2Ryx pss

x

Rxypss
y + Ryx pss

x

ℐ(0) = ∫
τ

0
dt∑

x≠y

Rxypss
y

= ·A(t) : dynamical activity

= A(τ)

= ∫
τ

0
dt∑

x>y

(Rxypss
y − Ryx pss

x )2

Rxypss
y + Ryx pss

x
≤≡

1
2kB

⟨Σps⟩
1

2kB
⟨Σss⟩ (δ = 1)

TUR Derivation for Markov Jump Process

(δ = 0)

Varϵ[Θ] |ϵ=0

(∂ϵ⟨Θ⟩ϵ |ϵ=0 )2 ≥
1

ℐ(0)

Cramér-Rao

Var[Θ]
⟨Θ⟩2

⟨Σss⟩ ≥

Var[Θ]
⟨Θ⟩2

A(τ) ≥ 1 (δ = 0) Kinetic Uncertainty Relation

(δ = 1) TUR≥ 2kB
Var[Θ]
⟨Θ⟩2

⟨Σps⟩



TUR and Variants of TUR

Steady-state TUR (overdamped Langevin system + Markov jump process)

Var[Θ]
⟨Θ⟩2

⟨Σ⟩ ≥ 2kB (steady state) Dechant and Sasa, JStatMech 063209 (2018)

Koyuk and Seifert, PRL 125, 260604 (2020)(arbitrary time-dependent protocol)
Var[Θ]

(ĥo⟨Θ⟩)2
⟨Σ⟩ ≥ 2kB

ĥo ≡ τ∂τ − ω∂ω (τ : final time, ω : protocol change speed)

Hasegawa and Vu, PRE 99, 062126 (2019)

Var[Θ]
⟨Θ⟩2

A(τ) ≥ 1 (steady state)

Steady-state KUR (Markov jump process)

TUR with an arbitrary state (overdamped Langevin system + Markov jump process)

TUR with an arbitrary state (underdamped Langevin system)

Terlizzi and Baiesi, J Phys A 52, 02LT03 (2019)

ĥu = τ∂τ − s∂s − r∂r − ω∂ω

I : related to initial shannon entropy

Var[Θ]
(ĥu⟨Θ⟩)2 (⟨Σ⟩ + I) ≥ 2kB (arbitrary time-dependent protocol) Lee, Park, Park, PRE 104, L052102 (2021)



: not feasible to measure path probability

1) direct measurement of path probability

P(x) =
1
τ ∫

τ

0
δ(x(t) − x)dt J(x) =

1
τ ∫

τ

0
δ(x(t) − x) ∘ dx

2) direct measurement from 

⟨ ·Σ⟩ = ∫ dx
J(x)D−1J(x)

P(x)

P(x), J(x)

(It takes long time, and not feasible for high dimensional systems)

Application of TUR
1. Estimation of entropy production

R ≡ ln
p0(z0)𝒫(Γ |z0)
pτ(zτ)𝒫̃(Γ̃ | z̃τ)

theory τ

Li, Horowitz, Gingrich, Fakhri, Nature Comm. 10, 1666 (2019)

x2

x1



⟨Σ⟩ ≥ 2
⟨Θ⟩2

⟨Θ2⟩ − ⟨Θ⟩2
≡ B[Θ]

B[Θmax] = ⟨Σ⟩

- pros: experimentally feasible (measurable current)

- cons: not exact, but bound

- study to find Θmax which makes B maximum: tightest

- condition for satisfying 

Vu, Vo, Hasegawa, PRE 101,  042138 (2020)

Manikandan, Gupta, Krishnamurth, PRL 124, 120603 (2020)

3) using TUR

Application of TUR
1. Estimation of entropy production

Dechant, J Phys A 52, 035001 (2018)
Dechant and Sasa, PRX 11, 041061 (2021)

a. short time and Θmax = Σ 

b. multiple observables Θ1 , Θ2 , Θ3 , … → ∑
n

anΘn ≈ Σ

c. multidimensional entropic bound Lee et al., arXiv:2207.05961

periodically driven particle

Multidimensional TUR method



Hartich and Godec, PRL 127, 080601 (2021)

⟨xt⟩ = vt

- anomalous diffusion:

σ2
x (t) ≡ ⟨x2

t ⟩ − ⟨xt⟩2 ≃ Ktα
α > 1 super
α = 1 normal
α < 1 sub

t

σ2
x (t) normal

sub

super

t*

long time: normal

- possible to estimate t* ? 

σ2
x (t)

⟨xt⟩2
⟨Σ⟩ ≥ 2kB- TUR: 

σ2
x (t) ≥ Ct (C =

2kBTv2

·W )

⟨xt⟩2 = v2t2, ⟨Σ⟩ =
·Wt
T

sub

allowed region

t

σ2
x (t) σ2

x (t) = Ct

impossible region

(driven)

possible maximum bound for t* 

Application of TUR
2. Estimation of extent of anomalous diffusion 
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σ2
x (t)
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σ2
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T
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sub

super


