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2, TUR (Thermodynamic Uncertainty Relations) Lecture 3

: relation of EP and fluctuation of ©

Schematic of a stochastic system
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trade-off relation: we have to pay
thermodynamic cost for reducing fluctuation

observable:(® = O(I") ) heat

work
displacement ...

entropy production (EP):(Z = X(T)



3. Thermodynamic Speed Limit  Lecture 4

: relation of EP and distribution

2d3(p(0), p(7)) , 24div(p(0). p(®))

A >

Schematic of a stochastic system

() >

drv(p, q) : distance between p and ¢

A : dynamical activity (number of transitions)

]l (21 tt (2
trade-off relation: we have to pay more
thermodynamic cost for faster transition p(0) p(7)
p(V) observable: ® = O(") heat
S work

displacement ...

p(7)

entropy production (EP):(Z = X(T)
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Thermodynamic Speed Limit

: relation of EP and distribution

2diy(p(0). p(2)) . 2d1v(p(0), p(®)

A >

(X) >

drv(p, q) : distance between p and g

A : dynamical activity (number of transitions)

c.f. Quantum speed limit  Mandelstam / Tamm (1945)

closed quantum system: p(0) — p(7)

_ nZ(p(0), p(2)) classical limit: 7 — 0

— T2>T =027
AE Q5L

T Z TQSL =

Z(p(0), p(7)) = cos™'(/F(p(0), p(1)))

F(p(0), p()) = tr? [\/ \/p<0>p<r>\/p<0>]




Thermodynamic Speed Limit

242, (p(0), () 202
o> TVéMfT > £ = dpy(pO),p(1) T2 o

System setup: jump process with discrete states

Pu® = D [RyOP(® = R, (DD, )] p, () : probability of state n at ¢

m(#n) R, (?) : m — n transition rate at ¢

R, (Op, (D)
R, (DOp,(1)

(£ = D R, (Op,(t)n

m#n

A®) = Z R, (Dp,, A(f) : dynamical activity (number of jumps) rate

m#£n T

A(r) = [ A(f)dt : total number of jumps (total activity)
0

A = A(tr)/t : mean activity

1
drv(p,q) = 5 Z lp,—q,] 0< drv(p,q) < 1 : total variation distance



General Form of Speed Limit

2
> i Shiraishi, Fun, Saito, PRL 121, 070601 (2018)
T (XZ)A  VoVu Hasegawa, PRE 102, 062132 (2020)

a (Z)
h < : : . .
< A(r)) =40 key relation (convex function / exists)

) 2

A(7) A7) 3 h(X)

) £ < > 7/ glx) = 2—x
A(7) A(7)

d <g™! <@> A7) = 7A

> 5 : general form
Ag—l <—) JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)



General Form of Speed Limit

L 4 (X)
Derivation of 5 < JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)
A(7) A(7)

1
£== Z 12,(0) = p,(2)]

- %Z J'Tdt X0

0

rT

<o X | dt|pu0] < 5O = (R0~ By, 0)
n “0 m(#n)
1 4 _
n “0 m(#n) | m(#n) ]

RunOPu(D) = Ryyn(Dp, ) |

1 T
SE[OdtZ

n£m



General Form of Speed Limit

A
Derivation of h <

2
<2 JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)
A(7)

A7)

|
= Z |2,(0) = p, (@) |

1
0

n£m i n#m

[

O = O = —— AW = 2, Ry(Dpy,
AW A E g ;
§ o #
I li |
| | . .probablﬁy e Mllorinjlz{clon ]
1
-~ 5 Z Qnm - Q;l;m - dTV(Q’ Q*)

n£m

— [ dt A(t)dTv(Q, 0%*)
0



General Form of Speed Limit

L 4 (X)
Derivation of 5 < JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)
A(7) A(7)

1
‘= Z |9,(0) = p, (D) ~ A A(t)

{ nm
O S

_ Ryu0p,(0) 0 — (t)pn(j

1
[ dt Z an(t)pm(t) - Rmn(t)pn(t) ‘ J dt A(t) 2 nm - Q:fm
0 n#m n#m
=[ dt A(t)dy(0, Q*)s[ dt A(nh~" (D(QI10%)) =J dt A(Hh™! <<E.> (I))
0 % 0 0 A(t)
Statistical distances and their relation 4 (t) NG
| tofal vériation dlstance d | | B ( )JO A(T) A(t)
- dpy(p.g) = len—qn ‘
v 0 < drvipa) < 1 < A()h-! J A(t) (Z)(0)
| o A@ A
Kullback-Leibler (KL) divergence Jesen (concavity)
Dpl) = X2 020Gl = A ( %) )
- convex function anpm anpm (Z)(t)
D ) — 1 =
h(dTv(p, 9) < D(pllg) o | ([0 nz#;,l A n R o A




General Form of Speed Limit

o £ (2)
Derivation of & < JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)

A(r) ) A7) U —
1 _ an(t)pm(t) * — Rmn(t)pn(t) ‘
< A@@h™! ( \2) > R R (X))
A(T) D(Q”Q*) _ Z nmPm In nmPm —

Aty  Rup.  AQ@)

n#m

R,.D, . R,.p,
= In = D(Q*||Q)

- D(Q||0*) = D(Q*[|0)
symmetric Kullback-Leibler divergence (KLD)



General Form of Speed Limit

7> ‘ g(x) = hx) : general form

2 g~ (@) 2x JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)

20

Stajcisrtical disftancesf and their relation

convex function A 0< dTV(p’ q) <1 0< D(pllq)
h (dry(p.q)) < D(pllg) |
p:(pl,pz)z((),l) dTV=1 <—5(|1—0|+|0—1|)
h(x) = 2x%  [Pinsker (1960)] q = (qy,9,) = (1,0) D(p|lg) = 00 « 11n(1/0) +0In(0/1)

Pinsker is very loose near drv= 1.
= —In(1 — x?)

is tight only when drv= 0.

—In [(1 + )7/ - x)] [Gilardoni (2008)] 5z 3

if D(pllg) = D(ql|p)

— xln [(1 + x)/(1 — x)] [Gilardoni (2008)]

D(Q||Q0*) = D(Q*||Q) : symmetric KLD

0.0




General Form of Speed Limit
7> 4 g(x) = hx) : general form

Ao (& 2x JSL, Lee, Kwon, Park, PRL 129, 120603 (2022)
5\ 2z

Stajcisrtical disftancesf and their relation

convex function 7

h (dry(p, @) < D(pllg)

h(x) = 2x>  [Pinsker (1960)] % > 20 (previous)
X) = 2ZX Insker : : ——— T2 - revious
DA

= —In(1 — x?)

=1In [(1+x)7""/(1 —x)|  [Gilardoni (2008)]
if D(pllq) = D(ql|p) (symmetric KLD bound)

£
=xIn (1 +x)/(1 — [Gilardoni (2008)]  swreelly T > — (tightest) |
¥l (1 4+/(1 =) Atanh ((Z)/(22))

D(Q||Q0*) = D(Q*||Q) : symmetric KLD




Derivation of the Tightest Symmetric KLD Bound

if D(pllg) = D(qllp) — h(x) = xIn [(1 +x)/(1 —x)

dry(p,9)° = (%Z'pn_q”):( ) ljﬁ \/7>

| Py — P — 4,
< 1 Z n Z Pyt 4,) =7 Z = dy c(p, 9)
. 4 . PnTdn 2 . Pn t dn LLe Cam distance

Cauchy-Schwarz =

Ipn—qnl |Pn = G|
dio(p, q)* = drv(p, q) 2 '

2drv(p,q)  Putqn P,
" - = tanh |—=In—
= P 2 4n
<dpy(p.gtanh | Y, [=In 2
concavity of tanh '
1 Py Ds(pllg)
= dpy(p, g)tanh (P, — g,)In — | = dy(p, @)tanh
Y [4dw<p, 9) Z | 2d7y(p. q)
1 1+
tanh~'x = —In *
I —x
= drv(p, @) < @nhDs(plig)/2dry(p, @) if D(pllq) = D(qlip). Ds(pllg) = D(pllg)

" 2dy(p, q)tanh_l dv(p,q) < Ds(pllg) — h (2dTV(pa Q)) < D(pllg)




Application to Finite-Time Landauer’s Bound

Landauer’s bound
For erasing one bit of information, at least kg7 In 2 should be dissipated.

This minimum bound is attained in the quasi-static limit.

For finite-time process,

— O > kgT In2 + additional cost [exp] Berut et al., Nature 483, 187-189 (2012)

. 1 [exp]Jun, Gavrilov, Bechhoefer, PRL113, 190601 (2014)
double-well potential: ~ — ,
T [theory] Proesmans, Ehrich, and Bechhoefer

PRL 125, 100602 (2020), PRE 102, 032105 (2020)




Application to Finite-Time Landauer’s Bound

initial state Erasing process final state
0" — :reset to 0 0" —
0 1 I 0 1
2K ( ' "0 4 '
0 1 0 1
//1 "o e _“_ //O// _0_
0 1 0 1
"0 _0_ ") _u_
0 | 0 1
" 4 ' 0" 4 '
0] 1 0 1
"0 4 ' "0 4 '
0 1 0 1

po(0) = % pi(0) = % p@=1 p@)=0



Application to Finite-Time Landauer’s Bound

Erasing process

initial state final state

1 1
Po(0) = 5 p1(0) = 5 _> por)=1 p()=0

1
1
total variation distance: £ = dy (p(0),p(z)) = Z 1p,(0)—p, (1) ==

n=0 2

Shannon EP change: ASy kg = Z p,(O)np, (0) — Z p,(@np (7) = —1In2

speed limit
4 ¢
T2> => (X)>2g(v) wherev=
Ag- (@) A7)
2¢ {
B 2T#2  previous ~ — behavior
_} insker: —— T
Q2 kBT n2+ 2ng(‘)) TA Zhen, etal., PRL127,190602 (2021)
() = —kgIn2 + Q additional cost

1+
symmetric KLD: 77 In < " 4

—V

> (tightest)



Application to Finite-Time Landauer’s Bound

Model studies

|. discrete one-bit model 2. coarse-grained bit model
+ —————
A \
— 9 o - - —
t<0 0<t<t Tt 0<t<r

3.5

« discrete one-bit
mmmm Pinsker 3.0-
msm symmetric KLD '

x discrete one-bit

10!

=== Pinsker

2.5- ’ == = symmetric KLD
~ = Gilardoni .
~ &2 0 i = Bretangnolle- “Huber ;
2 10° - : A = Vajda
{1 i .
| 1.5 ’ })}’3‘3{5)
i 1.0 Tt et
1] 1
1074 05 '
01 5 10 15 £ 1.0 1.5 2.0 2.5 3.0
v where v = v L
A(7)
Pinsker: (£)/£ > 2v Pinsker is |nf|.n|tely loose compared with
14y the symmetric KLD near v =1.
symmetric KLD: (£)/Z > In ( >
-V



Application to Finite-Time Landauer’s Bound

Model studies

|. discrete one-bit model 2. coarse-grained bit model
+ —————
A \
— 9 o - - —
t<0 0<t<t Tt 0<t<r

« discrete one-bit
mmmm Pinsker 3.0-

x discrete one-bit
e optimal protocol

10! e symmetric KLD | = Pinsker
] 2.5 == = symmetric KLD
& &2 0 g::]t;d:gnr:olle Huber
A 10°4 2 v‘%\i@ - Vajda
| | F N }}333333
i 1.0- Tl ""* Sy
1014 ! - Tr~ea
01 5 10 15 y 1.0 1.5 2.0 2.5 3.0
vt where v = vt

sufficient condition for optimal protocol

=c (const.), VO<t<r

Pinsker: (X)/ > 2v
(2)/E 2 L+ Ry (Opy (1)
symmetric KLD: (£)/Z > In ( " > R (H)po(1)



Application to Finite-Time Landauer’s Bound

Model studies

|. discrete one-bit model

__‘,_ _____

A \/

_— 0 - - - —
t<0 O0<t<~t Tt

« discrete one-bit
s Pinsker
mmm symmetric KLD
°
+

10!

optimal protocol
coarse-grained bit
<
A
100+ E
1 1
I
I
I
I
|
10-1 E ! .
01 5 10 15
-1
v where v =

Pinsker: (£)/¢ > 2v
, I+v
symmetric KLD: (£)/Z > In ( " >

2. coarse-grained bit model

Vo IV AN

O0<st<=x

» discrete one-bit

e optimal protocol
=== Pinsker

| == = symmetric KLD

= Gilardoni ]
= Bretangnolle- Huber
= Vajda

~~~~~
~~~~~~

A(7)

1.0 - ~ .Q*x.“t ¥ Th (xS
0.5 .
1.0 1.5 2.0 2.5 3.0
,U—l
(5) = (Zy™er 4 ()™ where ¥ = ——
Acg(1)

> <Z>inter > <Z>cg > z,”ng(ng)




Summary: Speed Limit

|. Speed Limit: trade-off between time and thermodynamic cost

2. General form of the speed limit

3.Application: tight finite-time Landauer’s bound

2T¢? 1

Pinsker: — revious ~ — behavior
Q > kgT In2 +2T¢g(v) insker: — P -

additional cost

1+
symmetric KLD: 77 In ( " e

> (tightest)

-V



