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We are going to study stochastic systems where the present state determines

the probable next state with specific probabilities. Suppose there’s a single spin

�(t) = ±1, flipping with

P (�(t+ 1) = ⇢|�(t)) = exp(⇢(b+ w�(t)))

2 cosh(b+ w�(t))
.

How do we find b, w?
We could look at the mean value and covariance over a period of observation:

m ⌘ h�(t)i, h�(t+ 1)�(t)i.

So, for example, we might expect

m = tanh(b+ wm)

for some kind of mean-field self-consistency.

We can be a lot more sophisticated. The expectation value of �(t+1) is tanh(b+
w�(t)). So we can demand

h�(t+ 1)�(t)i = htanh(b+ w�(t))�(t)i.
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Maximum likelihood estimation
<latexit sha1_base64="AmhEyaLMw1INc8oQ9CGe3UW9LN4="></latexit>

We want to maximize the likelihood of the observed time series:

ML =
L�1Y

t=1

P (�(t+ 1)|�(t)),

Then di↵erentiating with respect to b, w gives

@b lnML =
X

t

[�(t+ 1)� tanh(b+ w�(t))],

@w lnML =
X

t

[�(t+ 1)�(t)� �(t) tanh(b+ w�(t))].

So our intuitive equations are the same as ML! Then

(@w �m@b) lnML =
X

t

[�(t+ 1)��(t)� tanh(b+ w�(t))��(t)],

where we have defined ��(t) ⌘ �(t)� h�(t)i. tanh(x+ �) ⇡ (1� tanh2(x))�, so

(@w �m@b) lnML ⇡ h�(t+ 1)��(t)i � w(1�m2)h��(t)��(t)i.
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So we finally arrive at the näıve mean field approximation:

w ⇡ 1

(1�m2)

h�(t+ 1)��(t)i
h��(t)��(t)i .

If you consider expanding tanh to second order, you get a better approximation:
the Thouless-Anderson-Palmer approximation. If you treat fluctuations in �(t+
1) as following a Gaussian distribution, then you get the so-called exact mean-
field approximation.
We will do something di↵erent but I wanted to give you an idea of why all these
expressions involve a ratio of covariances.
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Now we do it with many indices!
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Kinetic Ising model: N -spin state � = (�1, · · · ,�N ) at time t+1 is stochastically
determined from the current state �(t) at time t with the following conditional
probability,

P (�i(t+ 1)|�(t)) = exp(�i(t+ 1)Hi(�(t)))

exp(Hi(�(t))) + exp(�Hi(�(t)))
, (1)

for i = 1, · · · , N. Local field:
Hi(�(t))

is how the present state �(t) stochastically determines �i(t+ 1).

Hi(�(t)) =
X

j

Wij�j(t),

and we aim to determine the weight matrix

Wij .

Danh-Tai Hoang, Juyong Song, Vipul Periwal, and Junghyo Jo, PRE
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Model expectation:

h�i(t+ 1)iHi(�(t)) ⌘
X

⇢=±1

⇢ P (�i(t+ 1) = ⇢|�(t)) = tanh(Hi(�(t))).

Notice ����
h�i(t+ 1)iHi(�(t))

�i(t+ 1)

���� = | tanh(Hi(�(t)))|  1.

Define

H
new
i

(�(t)) �i(t+ 1)

h�i(t+ 1)iHi(�(t))
Hi(�(t)),

then
|h�i(t+ 1)iHnew

i (�(t))| � |h�i(t+ 1)iHi(�(t))|

because |Hnew
i

(�(t))| � |Hi(�(t))| and, therefore, | tanh(Hnew
i

(�(t)))| � | tanh(Hi(�(t)))|.
So the model prediction for �i(t+ 1) is closer to ±1, and is therefore better IF
it’s actually correct.
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Where did this update come from?
<latexit sha1_base64="djE4Ax3u1yz8lN2NNAaaye9wPZk="></latexit>

Start with a moment generating function:

Zi(J,�) =
X

t

exp(J · �(t)� �H
new
i (�(t))), (1)

which is a function of a vector parameter J, a scalar parameter �, and an
observableHnew

i (�(t)) of data �(t). Define a convex free energy Fi ⌘ logZi so we
can get expectation values of spin activities and observables by di↵erentiation,

@Fi

@Jj
=

P
t �j(t) exp(J · �(t)� �H

new
i (�(t)))P

t exp(J · �(t)� �H
new
i (�(t)))

= h�jiJ ⌘ mj(J), (2)

@Fi

@�
= �

P
t H

new
i (�(t)) exp(J · �(t)� �H

new
i (�(t)))P

t exp(J · �(t)� �H
new
i (�(t)))

= �hHnew
i iJ . (3)
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Notice we have a sum over observed configurations, but we NEVER ever assume
that there is some sort of equilibrium distribution or even try to deduce some
sort of distribution for the observed configurations!!
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Define a convex dual free energy Gi so that the expected activity vector m is
the independent variable, and J(m) the dependent vector:

Fi(J) +Gi(m) = J ·m.

Define a normalized probability, P (�(t)) ⌘ exp(J ·�(t)��H
new
i (�(t))�Fi) then

Gi is a thermodynamic free energy,

Gi = �hHnew
i iJ � Si (1)

with the expectation value of Hnew
i taking the place of internal energy and the

Shannon entropy of data,

Si = �
X

t

P (�(t)) logP (�(t)).

At � = 0, minimizing the free energy Gi is exactly maximizing the entropy Si.



<latexit sha1_base64="wFypH7qlgDbm3l2K2mv9c3RNQ7E="></latexit>

The usual Legendre transform duality gives

@Gi

@mj
= Jj , (1)

@Gi

@�
= �@Fi

@�
= hHnew

i im, (2)

where we identify hHnew
i iJ(m) ⌘ hHnew

i im.
With Gi, we can easily get hHnew

i im, the expectation value of observable H
new
i

conditioned on the expectation value m = h�i of microstates �. All we need is
the derivatives of Gi(m) at its minimum for � = 0.
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The Taylor expansion of Gi(m) up to second-order terms at m = m⇤ is

Gi(m) = Gi(m
⇤) +

1

2

X

j,k


@2Gi

@mj@mk

�⇤
(mj �m⇤

j )(mk �m⇤
k), (1)

where the derivatives [·]⇤ are taken at m = m⇤.
Di↵erentiating the expanded Gi(m) with respect to � leads to

@Gi(m)

@�
=

@Gi(m⇤)

@�
�

X

j,k

@m⇤
k

@�


@2Gi

@mj@mk

�⇤
(mj �m⇤

j ). (2)
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Big Picture

<latexit sha1_base64="Hn4EwmCPDCkPWRb3VcneLXpPTl0="></latexit>

@

@m

@

@�
G =

@

@�

@

@m
G.

We are going to calculate one side directly and the other side using the Taylor expansion!
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The Taylor expansion of Gi(m) up to second-order terms at m = m
⇤ is

Gi(m) = Gi(m
⇤) +

1

2

X

j,k


@
2
Gi

@mj@mk

�⇤
(mj �m

⇤
j )(mk �m

⇤
k), (1)

where the derivatives [·]⇤ are taken at m = m
⇤.

Di↵erentiating the expanded Gi(m) with respect to � leads to

@Gi(m)

@�
=

@Gi(m⇤)

@�
�

X

j,k

@m
⇤
k

@�


@
2
Gi

@mj@mk

�⇤
(mj �m

⇤
j ). (2)

Remember that di↵erentiating the connected correlation/cumulant generating
function gives us connected correlation functions. So if we define hfi⇤ ⌘ hfiJ=0,
and h�fim ⌘ hfim � hfi⇤,

�@mk

@�
= h�Hnew

i ��ki

and
@
2
Gi

@mj@mk
=

@Jk

@mj
= h��j��ki�1

m ⌘ C
�1
jk .
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From @�Gi = hHiim, we see that the quadratic expansion of Gi(m,�) around
m

⇤ is just

h�Hnew
i im =

X

j,k

h�Hnew
i ��ki⇤[C�1]⇤kjh��jim.

Di↵erentiating with respect to m, and matching terms, we get

W
new
ij  

X

k

h�Hnew
i ��ki⇤[C�1]⇤kj .

This is the update that we intuitively suggested would work.
Note: We made no use of maximizing any quantity. All we did was use the
minimization of the free energy.
We can do the Taylor expansion of the free energy to higher orders and get
higher order terms in the local field Hi in the same way.
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Not so fast!
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When do we stop the iteration?
<latexit sha1_base64="sV6mZRPj9ct2QsZGJ4eE9ijXejM="></latexit>

Define the discrepancy as

Di ⌘
X

t

⇥
�i(t+ 1)� h�i(t+ 1)iHi(�(t))

⇤2

which is a measure of how well the data for spin �i is being fit by the model.

Note that �2
= 1 so

Di ⌘
X

t


1�

h�i(t+ 1)iHi(�(t))

�i(t+ 1)

�2
,

in which each term shows that the individual update of each observation is

trying to reduce Di. Of course, we want the overall Di to decrease and because

Wij is the same for all the data points, not every observation gets its wish. We
stop the iteration when Di starts to increase.
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The Sherrington-Kirkpatrick (SK) model assumes Wij are normally distributed
with zero mean and variance equal to g2/N.
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(i) Compute Hi(�(t)) =
P

j Wij�j(t) (initialize with a random Wij);

(ii) Compute H
new
i (�(t)) = �i(t+1)

h�i(t+1)iHi(�(t))
Hi(�(t));

(iii) Update Wij = W
new
ij  

P
kh�Hnew

i ��ki⇤[C�1]⇤kj ;

(iv) Repeat (i)-(iii) until Di starts to increase;

(v) Compute (i)-(iv) in parallel for every index i 2 {1, 2, · · · , N}.
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Other coupling distributions?
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Higher order interactions?
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Benefit of a multiplicative update
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What happens when a salamander sees a movie of a fish?
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Money, money, money
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Finding Hidden Variables
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Expectation Maximization (EM) algorithm for hidden variables

Two alternating steps:

1. Inferring all interactions of observed and hidden variables from configurations
of observed variables,
2. Reconstructing the configurations of hidden variables consistent with these
inferred interactions.

Hoang, Jo, Periwal, PRE
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What is a hidden variable?

The problem is only well-posed if we restrict the form of interactions be-
tween the observed variables and the hidden variables.

Important part of the problem: How many hidden variables? You can keep
adding hidden variables and make the observed data fit arbitrarily well — So
there’s always a problem of overfitting and not enough data.
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For a range of numbers of hidden variables, in parallel and independently,
(i) Assign configurations of hidden variables at random;
(ii) Infer interaction weights Wij including observed-to-observed, hidden-to-
observed, observed-to-hidden, and hidden-to-hidden from the configurations of
observed and hidden variables using FEM;
(iii) Flip the states of hidden variables with probability Lafter flip/(Lbefore flip +
Lafter flip) (see below).
(iv) Repeat steps (ii) and (iii) until the discrepancy of observed variables is
minimized. The final values of Wij and hidden states are the inferred coupling
weights and configurations of hidden spins, respectively.
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How many hidden variables?



<latexit sha1_base64="V9rFUMr9UtTrlD0gi0o8gpG+bgA="></latexit>

Define the scaled discrepancy of the entire system based on the observed part
as

D ⌘ Dvisible

✓
1 +

Nh

Nv

◆
. (1)

because the discrepancy in the hidden variables cannot be less than the discrep-
ancy in the visible variables. You cannot fit unobserved variables better than
your model fits the observed variables!
Note Dvisible ⇡ lnLvisible so this is a little like AIC/BIC.
We predict the right number of hidden variables by minimizing D.
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Salamander and fish movies again!
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MNIST digit classification
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How about missing values in data?

Lee, Periwal, Jo, PRE
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1. This is di↵erent from hidden variables because there are random (we assume!)
places where the data is missing values — happens in biological data sets all
the time.

2. We still use the EM algorithm, with a stochastic approximation for the
Expectation step (just like for hidden variables) — Stochastic Approximation
EM (SAEM).

3. We do need a di↵erent stopping criterion because there is no simple scale
argument giving us a discrepancy for stopping iteration.

Once missing data is properly restored, there should not be any dis-

tinction between observed and restored data. We stop when

Dobserved = Dmissing.
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As before, we want to find the coe�cients of Hi using:

P (�i(t+ 1) = ±1|~�(t), ✓) = exp[±Hi(t)]

exp[Hi(t)] + exp[�Hi(t)]
,

which can be written as a logistic regression problem as well.

P (�i(t+ 1) = 1|~�(t), ✓) = 1

1 + exp[�2
P

j Wij�j(t)� 2bi]
.

and solving this by logistic regression is equivalent to maximizing the total
likelihood of the data.
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For missing data, first assign random values to the missing entries, then find
Wij , then stochastically update the missing values as follows. Define

L±
i,t ⌘ P (�m

i (t) = ±1|~�(t� 1), ✓)
NY

j=1

P (�j(t+ 1)|F±
i (~�(t), ✓),

where F±
i (~�(t)) = (�1(t), · · · ,�m

i (t) = ±1, · · · ,�N (t)) for (i, t) 2 M.

For the end times, t = 0, L� 1 :

L±
i,0 ⌘

NY

j=1

P (�j(1)|F±
i (~�(0)), ✓)

and
L±
i,L ⌘ P (�m

i (L) = ±1|~�(L� 1), ✓).

Stochastically re-assign ±1 to �m
i (t) with a probability of L±

i,t/(L
+
i,t + L�

i,t) for
every missing data point of (i, t) 2 M with random order.
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Synthetic Data
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Mean field EM vs. SAEM
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Dij = h�i(t+ 1)�j(t)i
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Very strong and very weak coupling limits
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Dependence on the amount of data
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K(t) =
1

2

NX

i=0

(�i(t) + 1)

is the number of simultaneous spikes of N neurons.
P (K) is the probability of K simultaneous spikes.




