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1. Thermalization in a closed quantum system 

- Eigenstate Thermalization Hypothesis


- Operator Spreading


2. Many-body localization 

- MBL vs. Anderson localization vs. thermalization


- LIOM and the effective l-bit model


- Instability of a MBL phase



Thermalization



• No symmetry assumed, for simplicity, but energy conservation


• Unitary dynamics (reversible!)


• "Deterministic" time-evolution of a quantum state

Closed quantum system

|Ψ(t)⟩ = U |Ψ(0)⟩ U = e− i
ℏ Ht

t-indep. H

interacting

N → ∞, t → ∞

How does thermalization arise in a unitary time evolution?

( , , local observables)N → ∞ t → ∞



interactions in the system’s Hamiltonian must connect all of its degrees of freedom so that the
system does not contain any subsystems that are themselves isolated closed subsystems not in
contact with the remainder of the system. We partition the full quantum system into a subsystem,
A, and its environment, B, which contains all the degrees of freedom not in A.We need to take the
thermodynamic limit on the number of degrees of freedom inB such that in this limit the fraction of
the full system’s degrees of freedom that are in A goes to zero. Any choice of subsystem A is
acceptable, as longas the degrees of freedomwithinAare defined byk-local operatorswith finitek.
A concrete case can be that A is a fixed compact subregion (in real space). However, different
choices, such as a subsystem in momentum space, a set of degrees of freedom that are well
separated in real space, or even a single degree of freedom, also constitute acceptable subsystems.
For clarity, we consider a case in which A is a fixed compact subregion of the full system and B is
taken to infinite volume by addingmore degrees of freedom that are in the limit arbitrarily far from
A. Thus, as we take the thermodynamic limit on B, we have a sequence of systems and their
Hamiltonians,with the number of degrees of freedom increasingwithout limit. In the concrete case
mentioned, the changes to H as the system’s size is increased are only at the locations far from A
where the new degrees of freedom are being added to B.

For each system in this sequence, as we take the thermodynamic limit we need to consider a set
of initial states, r(t ¼ 0). Let us consider initial states that, if they do thermalize, thermalize to
a given temperature T. Each system in our sequence has an equilibrium expectation value of the
total energy ÆHæT at temperature T. We consider a sequence of initial states such that the mean-
square deviation within each initial state of the total energy of the system from ÆHæT grows no faster
than the volume of the full system. Although we thus fix the average energy density to be at its
equilibrium value, we do not otherwise constrain how this energy is initially distributed, and
we are particularly interested in initial states in which that initial distribution of energy is far
from equilibrium, because these are a type of initial state that may fail to thermalize. Each
system and each initial state is then time-evolved, as found in Reference 1. The probability
operator rA(t) (a.k.a. reduced density matrix) of subsystem A at time t is obtained from r(t) of
the full system by taking a partial trace over all of the degrees of freedom in B: rA(t)¼TrB{r(t)}.
The same system at equilibrium at temperature T has Boltzmann probability operator r(eq)(T) ¼
Z"1(T)exp ("H/kBT) for the full systemand thus rðeqÞA ðTÞ ¼ TrBfrðeqÞðTÞg for the subsystem.The
system thermalizes for this temperature if in the long-time and large-system limit rAðtÞ ¼ rðeqÞA ðTÞ
for all subsystems A (50–53). These two limits must be taken together: For a finite system, the
dynamics are quasiperiodic, so r(t) does not have a long-time limit, whereas for finite time, the
diffusive transport in a thermalizing system only reaches a finite distance.

Bath

System

System
a b c

A

B

iħ dp
dt

= [H, p]

Figure 2

(a) Conventional quantum statistical mechanics assume that the system of interest is coupled to a reservoir
(or bath)withwhich it can exchange energy andparticles. (b)Here,we are interested in the statisticalmechanics
of a closed quantum system undergoing unitary time evolution. There is no external reservoir. (c) It can
be useful to partition the closed quantum system into a (A) subsystem and (B) everything else. If the system
quantum thermalizes, then the region (B) is able to act as a bath for the subsystem (A).
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Thermal Ensembles
• Microcanonical ensemble


• (Grand-) Canonical ensemble

I = [E − Δ, E + Δ], OMC(E) ≡
1
Ω ∑

Eα∈I

⟨α | Ô |α⟩

̂ρβ ≡
1
Z

exp(−βĤ), ⟨Ô⟩ = tr[ ̂ρβÔ]

In a thermal system, 
in the thermodynamic limit,

1
Ω ∑

Eα∈I

⟨α | Ô |α⟩ = tr[ ̂ρβÔ]



Observables
• Not all Hermitian operators are observables.


• "Physical" observables are something that can be measured.


- local spins, two-point correlator, etc.


- We consider mostly local observables.

Ĥ = ∑
α

Eα |α⟩⟨α |
[Ĥ, |α⟩⟨α | ] = 0

But, may not be measurable. |α⟩⟨α |



(dynamical) thermalization
• Infinite-time average (relaxation)


• Infinite-time average ?= ensemble average

Ā∞ ≡ lim
T→∞

1
T ∫

T

0
dt ⟨Ψ(t) | ̂A |Ψ(t)⟩

Ā∞ = AMC(E) = tr[ ̂ρβ
̂A]

What makes this hold true?

⟨ ̂A(t)⟩

t



• Start with an initial state for a targeted E.


• Time-evolution of an observable

Generic initial state

|Ψ(t)⟩ = e− i
ℏ Ĥt |Ψ(0)⟩ = ∑

α

cαe− i
ℏ Eαt |α⟩

|Ψ(0)⟩ = ∑
α

cα |α⟩

⟨Ψ(t) | ̂A |Ψ(t)⟩ = ∑
α,β

c*α cβe
i
ℏ (Eα−Eβ)t⟨α | ̂A |β⟩ ∑

α

|cα |2 Aαα
t → ∞

N → ∞

|cn |2

E − Δ E + Δ
nI

δE/E ≪ 1



Diagonal hypothesis
• Time-evolution of an observable

⟨Ψ(t) | ̂A |Ψ(t)⟩ = ∑
α,β

c*α cβe
i
ℏ (Eα−Eβ)tAαβ

Ā∞ → ∑
α

|cα |2 Aαα ≈
1
Ω ∑

Eα∈I

Aαα

t → ∞N → ∞

If only diagonal terms survive,

thermalization!

|cn |2

E − Δ E + Δ
nI



Random Matrix Theory
• Assumption (Deutsch 1991, extended Berry's conjecture): 

 
The eigenstates of ergodic Hamiltonian is essentially random vectors.


• Random level repulsion: Wigner-Dyson distribution

Omn ≈ Ōδmn +
O2

D
Rmn

P(ω) = Aβωβ exp(−Bβω2)  (GOE): w. time-reversal symmetryβ = 1

 (GUE): w.o. time-reversal symmetryβ = 2



Eigenstate Thermalization Hypothesis
• Jensen & Shankar (1985), Srednicki (1994), Deutsch (1991), ...


• "ALL eigenstates are thermal." (strong-ETH)

Aαβ = AMC(Ē)δαβ + e−S(Ē)/2 f(Ē, ω) Rα,β

 : a slowly varying functionf(Ē, ω)

 : a "pseudo"-random variableRαβ

Ē = (Eα + Eβ)/2

ω = Eβ − Eα

 : thermodynamic entropyS(Ē)



Entanglement of Eigenstates
• ETH implies the extensive entanglement of an eigenstate.

ρE = |E⟩⟨E | ρMC =
1
Ω ∑

Eα∈I

|α⟩⟨α |

Eigenstate density matrix Microcanonical density matrix

ETH

A A

B B

̂ρE,A ≈ ̂ρMC,A

̂ρA = trB[ ̂ρ]
Subsystem A:



Volume-law of entanglement entropy
• The von Neumann entropy


• "Bipartite" entanglement entropy for : 
The subsystem A thermalizes with the same energy density.


• Every eigenstate obeying ETH satisfies the volume-law of EE.

|A | ≪ |B |

SA = − tr[ ̂ρA ln ̂ρA] ∝ VÂρA ≈ ̂ρMC,A = ̂I/dVA

S = − tr[ ̂ρ ln ̂ρ] "0" (a pure state)
ρ = |E⟩⟨E |



ETH: off-diagonal terms
• Another implication of ETH: strong sensitivity to external perturbation


• Small perturbation -> exponentially large mixing in original eigenstates

Aαβ = AMC(Ē)δαβ + e−S(Ē)/2 f(Ē, ω) Rα,β

Δ/J ∼ e−S(E) ≪ e−S(E)/2

(typical level spacing << off-diagonal element)

"many-body resonances"



Growth of Entanglement Entropy
• Quantum quench from a non-entangled initial state


• Lieb-Robinson Bound: upper bound on information propagation

S(t) ∝ t

∥[A(t), B]∥ ≤ c∥A∥∥B∥eλ(t − r
vLR )

(nonintegrable, quantum Ising chain; H. Kim and D. Hose, PRL 2013)



• In the Heisenberg picture,


• A is an observable few-site operator, but it spreads over many more sites.

Operator Spreading

̂A(t) = Û(t)† ̂AÛ(t) [U, A] ≠ 0

e.g. a spin-1/2 system

̂A(0) = X̂100

1-site 2-site 3-site many-site

̂A(t) = ⋯ ̂Y80X̂97
̂Y101

̂Z110X̂121⋯ + ⋯



A measure of operator spreading
• Out-of-time-ordered correlation (OTOC) [Larkin & Ovchinnikov 1969, 

Kitaev 2014]


• How does it measure the operator spreading?

̂A(t) = Û†(t)X̂iÛ(t) = ∑̂
S

a ̂S(t) ̂S

Cij(t) = ⟨[ ̂Ai(t), B̂j]†[ ̂Ai(t), B̂j]⟩

B̂ = ̂Zj

Cij(t) = ∑̂
S

|a ̂S(t) |2 tr ([ ̂Sj, ̂Zj]†[ ̂Sj, ̂Zj]) = ∑
̂Sj={X̂j, ̂Yj}

|a ̂S(t) |2

e.g. T = ∞



linear light cone (LR bound)

Light cone
Cij(t) = ∑̂

S

|a ̂S(t) |2 tr[ ̂Sj, ̂Zj]†[ ̂Sj, ̂Zj] = ∑
̂Sj={X̂j, ̂Yj}

|a ̂S(t) |2

j

t

Xi t

Cij(t)



Semi-Classical Chaos

C(t) ∼ ⟨[ ̂x(t), ̂p]2⟩ ⟨{x(t), p}2
P.B.⟩classical

= ⟨( dx(t)
dx(0) )

2

⟩ ∼ exp(λLt)

Δx(0) Δx(t)

Why "squared" commutator?

 can be positive or negative.
dx(t)
dx(0)

Operator spreading cannot be captured by 
a two-point correlation function.

⟨[A(t), B]⟩



Many-Body Localization
• There are some systems that do not thermalize.


- Quantum many-body scar, "traditional" integrable systems, 


- Many-body localization  (MBL)


• Why is MBL special?


- It remains "permanently" and "robustly" out of equilibrium.


- Dephasing without dissipation



Many-Body Localization



Anderson Localization
• Non-interacting spinless fermions in a 1D chain

Ĥ0 = ∑
i

ϵi ̂ni + J ∑
⟨i,j⟩n.n.

( ̂c†
i ̂cj + ̂c†

j ̂ci)ϵi

J

J ≪ |ϵi − ϵi+1 |

"Strong" localization limit; no degeneracy

All single-particle eigenstates are localized.

|ψα(x) |2 ∼ e−r/ξ

x0
x



AL as an MBL
• All single-particle eigenstate are localized.


➡ Complete set of localized conserved operators.

Ĥ0 = ∑
i

ϵi ̂ni + J ∑
⟨i,j⟩n.n.

( ̂c†
i ̂cj + ̂c†

j ̂ci) = ∑
α

Eα ̂c†
α ̂cα

[Ĥ0, ̂nα] = 0 = [ ̂nα, ̂nβ] "A basic structure of MBL"

"Localization in Fock space"



MBL with an interaction
• Consider a spin-1/2 chain.


• Add a nearest-neighbor interaction.


• MBL is stable at small g!

Ĥ0 = ∑
i

hi
̂Zi [Ĥ0, ̂Zi] = 0 = [ ̂Zi, ̂Zj]

Ĥ = ∑
i

hi
̂Zi + g∑

i,j

̂Ji( ̂σi, ̂σi+1)

Basko, Aleiner, Altshuler 2006 

(perturbatively; any dimensions)

Imbrie 2016 

(non-perturbatively; MBL unstable at D>1)

"complete set of conserved operators"



Phenomenology of MBL
• Local observable: relaxation, but no thermalization


• Single-particle transport: completely frozen like AL


• "Area-law" of eigenstate entanglement. (cf. volume-law in ETH)


• "Logarithmic" spreading of quantum information

SA ∼ vol(∂A) (cf. ETH:  )SA ∼ VA

SA ∝ ln t 𝔼μ∥[OA(t), OB]∥ ≤ ct |∂A |e− x
2ξ



Unified picture of MBL
• Serbyn, Papic, Abanin 2013; Huse, Nandkishore, Oganesyan 2014


• (quasi-) Local Integral of Motion (LIOM) or "l-bit" 
: complete set of conserved operators
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D. A. Abanin and Z. Papíc: Recent progress in many-body localization

Figure 2 In the MBL phase at su!ciently strong disorder, there
emerges an extensive number of LIOMs, τ z

i . Each τ z
i is a Pauli op-

erator unitarily related to the original spins, τ z
i = Uσ z

i U†, with
support decaying exponentially away from the site i. Di"erent τ z

i
commutewith eachother, aswell aswith theHamiltonian H . Each
eigenstate of the system is completely speci#ed by the simultane-
ous quantum numbers of all {τ z

i }.

and the dots . . . denote higher order (N ≥ 3) spin terms.
Observe that certain terms in the expansion (12) may
vanish for symmetry reasons (e.g., there is no σ

y
i term,

etc.).
The spatial decay of τ z

i away from site i can be used to
define a “many-body localization length”, which we de-
noted by ξ above. Unlike the Anderson case, in MBL sys-
tems there could be several characteristic length scales
that determine various properties of the MBL phase
(moreover, these length scales will fluctuate depending
on the eigenstate). For example, in Section 6 we will en-
counter another length scale, ξ̃ , which is in principle dif-
ferent from ξ , and controls the dephasing dynamics in
the MBL phase. These various length scales may also
behave differently as the MBL phase is driven towards
the transition to the thermal phase. In particular, some
of the lengthscales, like ξ , might be expected to diverge
at the transition point, while others (e.g., ξ̃ ) could re-
main finite (see Ref. [13] for more details). Finally, in the
thermal phase, U is highly non-local, there is no expo-
nential hierarchy in the f coefficients in Eq. (12), and
consequently τ z

i are not very useful.
The operators τ z

i are usually referred to as LIOMs [12]
or l-bits [13]. They are Pauli operators with eigenvalues
±1, and form a complete set: specifying the values of
τ z

i = ±1 for all i uniquely specifies an eigenstate |α〉 =
|{τ z

i }〉. The emergence of such quasi-local conservation
laws provides an intuitive explanation for the ergodicity
breaking in the MBL phase: indeed, under unitary evo-
lution the expectation value of each τ z

i is conserved, and
therefore the system retains the local memory of the ini-
tial state at arbitrarily long times.

The relation (10) defines the operators τ z
i in terms of

the physical spin operators σα
i , α = x, y, z. In order to ex-

press an arbitrary physical operator in terms of τ -spins,
we introduce the operators τ

x(y)
i as σ

x(y)
i dressed by the

transformation U:

τ
x(y)
i = Uσ

x(y)
i U†. (14)

Operators τα
i , α = x, y, z and their products form a ba-

sis in the operator space, and any physical operator can
be expanded in this basis. It is worth noting that the re-
lation between physical operators and τα

i operators is
quasi-local. By analogy, one can further define τ±

i , the
raising/lowering operators for the effective spin i.

The above picture of the MBL eigenstates has been
supported by various studies which constructed LIOMs
explicitly [22–24, 26, 57, 58]. Ref. [25] established the
existence of LIOMs using the perturbative techniques of
Ref. [3]. Finally, Ref. [27] provides a mathematical proof
of the quasi-locality of the unitary U in a certain 1d MBL
system, under some natural assumptions regarding the
spectral properties (the absence of level attraction). As
we discuss in the following Sections, the theory based
on LIOMs allows one to understand the entanglement
properties and dynamics in the MBL phase, in particular
the spreading of entanglement in the quantum quench
setup, which was first observed in numerical simula-
tions [16, 17].

The local integrals of motion in the MBL phase are
discussed in depth in reviews [14, 15] in this Volume.

5 Entanglement and classical simulations of
many-body localized states

At strong disorder, all eigenstates in the MBL phase are
product states of LIOMs {τ z

i }. Each LIOM τ z
i is related to

the physical spin at the site i, up to spin-flip corrections
which are exponentially suppressed in the distance from
i, see Eq. (12). In this Section, we explain that such a form
of the eigenstates leads to strong constraints on their
entanglement properties, which in turn has implications
for their simulations on classical computers.

Assuming the existence of LIOMs, it is intuitively clear
that in a 1d MBL system, the entanglement entropy Sent

of the eigenstates is bounded by a constant. Consider
a finite chain of length L bipartitioned in the middle.
The only contributions to the entanglement entropy
come from the terms in the expansion of τ z

i , see Fig. 2
and Eq. (12), located near the bipartition, i.e., within the
length ξ introduced in Eq.(13). As we increase L to the
thermodynamic limit, we expect the entropy to saturate
to a constant Sent(A) ≈ C when L ! ξ . This was verified
in numerical simulations of several 1d models [12, 35,
55]. In higher dimensions, the entropy of the subsystem
A is proportional to the number of degrees of freedom at
the boundary of the region, ∂ A. Thus, MBL eigenstates

1700169 (6 of 13) C© 2017 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheimwww.ann-phys.org

̂τz
i = Z ̂σz

i +
∞

∑
n=1

V(n)
i Ô(0)

i



Construction of LIOM
̂τz
i = Z ̂σz

i +
∞

∑
n=1

V(n)
i Ô(n)

i
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"operator" localization length

V(n)
i ∼ exp(−n/ξop)

i

Ô(1)
i

Ô(2)
i

Ô(3)
i

Ô(4)
i

Ô(5)
i



Effective "l-bit" Hamiltonian
• "fully" many-body localization


• Important: effective interaction between two remote l-bits

Ĥ = ∑
i

hi ̂τz
i + ∑

i>j

Jij ̂τz
i ̂τz

j + ∑
i>j>k

Jijk ̂τz
i ̂τz

j ̂τz
k + ⋯

̂Jeff
ab = Jab + ∑

k

Jakb ̂τz
k + ∑

k<l

Jaklb ̂τz
k ̂τz

l + ⋯ ∼ J0 exp(−x/ξeff)

 decay lengthJeff

Jij ∼ J0e−|i−j|/κ Jijk ∼ J0e−|i−k|/κ



Note: length scales in MBL
• LIOM localization length  in   


• Interaction decay length  in 


• Effective interaction decay length  in  


• They are all different, and their relationship is nontrivial.


• Abanin, Altman, Bloch, Serbyn, RMP 2019

ξop V(n)
i ∼ exp(−n/ξop)

κ Jij ∼ J0e−|i−j|/κ

ξeff Jeff ∼ J0 exp(−x/ξeff)

κ−1 ≥ (ξ−1
op + ln 2)/2 ξ−1

eff ≤ κ−1 − (ln 2)/2 ξeff ≤ 2ξop



"dephasing" dynamics in MBL
• Key feature: exponential decay of 


• Logarithmic growth of entanglement entropy, when quenched from nonent.


• Equilibration of an local observable


• Logarithmic light cone measured by OTOC

Jeff(x) ∼ J0 exp(−x/ξeff)

S(t) ∼ ξeff ln(J0t)xent(t) ∼ ξeff ln(J0t)

|⟨ ̂τx
i ⟩ | ∼

1
(J0t)a



Entanglement spreading
̂τ1 ̂τ2
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Time-evolution subject to

|Ψ(t)⟩ =
1
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e−iJ12t ( | ⇑ ⇑ ⟩ + | ⇓ ⇓ ⟩) +
1
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̂ρA = trB ̂ρ =
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2 ( 1 cos(2J12t)

cos(2J12t) 1 )    when  SA = ln 2 J12t = π/4

Non-entangled initial state



Entanglement spreading
̂τa ̂τb

The effective interaction includes all the intervening spins in its structure. 
It is still the same two-spin problem even if they are separated over the distance.

These two spins at both ends get entangled when .Jeff t ∼ 1

During the time period , entanglement spreads over the distance .t xent(t) ∼ ξeff ln(J0t)

̂Jeff
ab = Jab + ∑

k

Jakb ̂τz
k + ∑

k<l

Jaklb ̂τz
k ̂τz

l + ⋯ ∼ J0 exp(−x/ξeff)



Entanglement spreading
xent(t) ∼ ξeff ln(J0t)

t

entanglement entropy

Entangled region of length 

+ non-entangled area outside 

xent(t)

S(t) ∝ xent = ξeff ln(J0t)

Logarithmic growth of EE
Logarithmic light cone

2xent(t)



Equilibration of a local spin
• The effective interaction is a "dephasing" interaction. 


• Effective "magnetic field operator" acting on an l-bit at site k

ĥ(eff)
k (l) ≡ ĥk(τz

k−l, τz
k−l+1, …, τz

k−1, τz
k+1, …, τz

k+l−1τ
z
k+l)

Jk−2,k−1,k,k+1,k+2

Jk−2,k−1,kJk,k+1,k+2 Jk−1,k,k+1

Jk−2,k−1,k,k+1 Jk−1,k,k+1,k+2

(example) l = 2



Equilibration of a local spin

|Ψ(t = 0)⟩ = ⊗i
1

2
( | ⇑i ⟩ + | ⇓i ⟩)

Initial state (non-entangled)

Reduced density matrix of l-bit at k (off-diagonal component)

ρ⇑⇓(t) =
1

22l ∑
{τ′￼}

exp [2iheff
k ({τ′￼})t]

ρ⇑⇓ ∼
1

22l

{τ′￼} ≡ {(τz
k−l, τz

k−l+1, …, τz
k−1, τz
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z
k+l)}

Q. What is the relevant value of  ?l



Equilibration of a local spin

|ρ⇑⇓ | ∼
1

22l
=

1
(J0t)a

ρ⇑⇓(t) =
1

22l ∑
{τ′￼}

exp [2iheff
k ({τ′￼})t]

{τ′￼} ≡ {(τz
k−l, τz

k−l+1, …, τz
k−1, τz

k+1, …, τz
k+l−1τ

z
k+l)}

Entangled area = 2xent(t) ∼ 2ξeff ln(J0t)

l ≈ xent(t)
Reduced density matrix

CLT
(a = ξeff ln 2)

|⟨ ̂τx
k⟩ | ∼

1
ta



Out-of-time-ordered correlator
OTOC (effective l-bit model; )β = 0

R. Fan et al., Sci. Bull. 62, 707 (2017)

F(t) = cos(4tJeff
ij )

Jeff
ij ∼ J0 exp( − | i − j | /ξ)

F(t) =
sin[4tJ exp( − | i − j |ξ)]

4tJ exp( − | i − j |ξ)

disorder average t0 =
π
4J

e−|i−j|/ξ

Logarithmic light cone

X. Chen et al., Ann. Phys. 1600332 (2016)

B. Swingle and D. Chowdhury, PRB 95, 060201(R) (2017)

exponentially decaying effective interaction

F(t) = tr[ ̂τx
i (t) ̂τx

j ̂τx
i (t) ̂τx

j ]

J0 ∈ [−J, J]



Phase diagram
• One dimension


• Higher dimensions

MBL ThermalPrethermal? Crossover?

ξcstrong disorder weak disorder

ThermalPrethermal? Crossover?

strong disorder weak disorder

No MBL transition in d > 1, but there are MBL signatures at strong disorders.

Stability of MBL is well accepted, but true transition point is hard to see.



Avalanche scenario
• De Roeck and Huveneers, PRB 95, 155129 (2017)


• Start with a thermal block in a chain, trying to expand by absorbing l-bits.

2

finite-size e↵ects, limiting their reliability to deep inside
the phases, where correlation lengths are short.

In light of these challenges, theoretical e↵orts have fo-
cused on phenomenological approaches that abandon a
microscopically faithful treatment in favor of a coarse-
grained description.29–35 These approaches were designed
to identify the physical mechanism that drives the tran-
sition and build an e↵ective model which could then be
solved numerically for large system sizes. Nonetheless,
both the choice of a consistent model and the interpreta-
tion of its results in the context of the MBL transition
have presented challenges. Despite being based on the
same philosophy of coarse graining many-body resonances
in a strong disorder approach, various proposed renor-
malization group (RG) approaches di↵er significantly in
their procedures and their link to the microscopic physics.
Thus, a consistent picture of the critical point is missing.

In this paper, we formulate a unifying scaling theory
for the MBL transition that has a Kosterlitz-Thouless
form. We show that the basic features of KT scaling
emerge from a phenomenological description of the pro-
liferation of ‘quantum avalanches’45 that drive the MBL
transition. As such, this picture is independent of any
specific microscopic model. Specifically, we show that the
avalanche process combined with a natural choice of scal-
ing variables immediately leads to KT critical behavior.
The KT picture implies that the MBL critical point is
the terminus of a line of RG fixed points characterized
by an exactly marginal scaling variable. We discuss how
this picture resolves many shortcomings of previous de-
scriptions. However, it also raises questions about the
physics beyond avalanches in the MBL phase away from
the transition. Thus, in Section III, we propose two dis-
tinct scenarios for the MBL phase distinguished by how
the KT scaling is linked to a Gri�ths description of the
fractal rare thermal regions.

Several numerically tractable e↵ective models have been
previously proposed as a route to accessing scaling proper-
ties of the MBL transition. These include models designed
to capture quantum avalanche processes,31,33 as well as
ones where avalanches were not an apparent feature.29

However, the transitions studied in those works were not
identified as KT-like; this is perhaps unsurprising in light
of the notorious di�culties in observing KT scaling even
in classical equilibrium models. In light of the KT pic-
ture, we now revisit two of these models, in both cases
dramatically increasing the available statistics or system
sizes compared to previous studies. In Section IV, we re-
consider the cluster RG of Ref. 31, referred to as ‘DVP’ in
what follows. By analysing thermal distributions that are
a direct output of this scheme we find an algebraic struc-
ture of thermal resonances in the MBL phase – strong
evidence for the KT flow. In Section V, we implement
the block RG of Ref. 29, referred to as ‘VHA’ in the
following, and also find results consistent with the KT
picture. We comment on how the results of Sections IV
and V may be accommodated within the two scenarios
proposed in Section III. Finally, we close in Section VI

with a summary of our main results and an overview of
new directions in the study of MBL transitions opened
by the present work.

II. PHENOMENOLOGICAL ARGUMENT FOR
KOSTERLITZ-THOULESS SCALING

A. Many-body delocalization via quantum
avalanches

Assuming a direct transition between the MBL and
delocalized phases, at the transition, eigenstates undergo
a complete rearrangement as the entanglement jumps
abruptly from area-law to volume-law.29–31,39,46 This is
quite unlike conventional critical points, which are driven
by fluctuations of a locally defined order parameter. Nu-
merical studies of the transition show strong asymmetry:
a strongly resonant thermal block can thermalize a local-
ized region far more e↵ectively than a localized region
can arrest the growth of the thermal block.47

The asymmetry between thermalization and localiza-
tion was formulated as an ‘avalanche’ process that we
briefly review following Ref. 45. Imagine a rare thermal
region of n0 spins (a ‘bubble’) in an otherwise localized
spin-1/2 chain. Such a rare thermal inclusion is unavoid-
able in a generic system, with uncorrelated disorder. It
will act as a small bath and will increase its size by ther-
malizing spins peripheral to it. Let us assume that the
bubble has absorbed a number n � 1 of l-bits to grow to
a new size n0 +n, but is still described by random matrix
theory and thus remains featureless. Further growth of
the bubble depends on the matrix element for flipping an
l-bit at distance n/2 from the new edge (see Fig. 1). This
is asymptotically given by � ⇠ e

�n/(2⇣)
/
p

2n0+n, where
2n0+n is the dimension of the bubble Hilbert space and
⇣ characterizes the exponential decay of typical matrix
elements with distance. This matrix element should be
compared to the level spacing of the bubble � ⇠ 2�(n0+n):

g =
�

�
⇠ exp

✓
�

n
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+

ln 2

2
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Figure 1. Quantum Avalanche.45 A thermal inclusion initially
consisting of n0 spins (red region) is in contact with a set of
l-bits (arrows). The inclusion thermalizes n l-bits (red arrows)
and thereby expands to a size n0 + n (yellow region) while
retaining its featureless ETH character. The e↵ective matrix
element to add the (n + 1)th l-bit decays exponentially from
the boundary of the original inclusion.

ETH holds here.

Figure from Dumitrescu et al., PRB 99, 094205 (2019)

Condition to stop avalanche: 
level spacing >> off-diagonal matrix element
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finite-size e↵ects, limiting their reliability to deep inside
the phases, where correlation lengths are short.

In light of these challenges, theoretical e↵orts have fo-
cused on phenomenological approaches that abandon a
microscopically faithful treatment in favor of a coarse-
grained description.29–35 These approaches were designed
to identify the physical mechanism that drives the tran-
sition and build an e↵ective model which could then be
solved numerically for large system sizes. Nonetheless,
both the choice of a consistent model and the interpreta-
tion of its results in the context of the MBL transition
have presented challenges. Despite being based on the
same philosophy of coarse graining many-body resonances
in a strong disorder approach, various proposed renor-
malization group (RG) approaches di↵er significantly in
their procedures and their link to the microscopic physics.
Thus, a consistent picture of the critical point is missing.

In this paper, we formulate a unifying scaling theory
for the MBL transition that has a Kosterlitz-Thouless
form. We show that the basic features of KT scaling
emerge from a phenomenological description of the pro-
liferation of ‘quantum avalanches’45 that drive the MBL
transition. As such, this picture is independent of any
specific microscopic model. Specifically, we show that the
avalanche process combined with a natural choice of scal-
ing variables immediately leads to KT critical behavior.
The KT picture implies that the MBL critical point is
the terminus of a line of RG fixed points characterized
by an exactly marginal scaling variable. We discuss how
this picture resolves many shortcomings of previous de-
scriptions. However, it also raises questions about the
physics beyond avalanches in the MBL phase away from
the transition. Thus, in Section III, we propose two dis-
tinct scenarios for the MBL phase distinguished by how
the KT scaling is linked to a Gri�ths description of the
fractal rare thermal regions.

Several numerically tractable e↵ective models have been
previously proposed as a route to accessing scaling proper-
ties of the MBL transition. These include models designed
to capture quantum avalanche processes,31,33 as well as
ones where avalanches were not an apparent feature.29

However, the transitions studied in those works were not
identified as KT-like; this is perhaps unsurprising in light
of the notorious di�culties in observing KT scaling even
in classical equilibrium models. In light of the KT pic-
ture, we now revisit two of these models, in both cases
dramatically increasing the available statistics or system
sizes compared to previous studies. In Section IV, we re-
consider the cluster RG of Ref. 31, referred to as ‘DVP’ in
what follows. By analysing thermal distributions that are
a direct output of this scheme we find an algebraic struc-
ture of thermal resonances in the MBL phase – strong
evidence for the KT flow. In Section V, we implement
the block RG of Ref. 29, referred to as ‘VHA’ in the
following, and also find results consistent with the KT
picture. We comment on how the results of Sections IV
and V may be accommodated within the two scenarios
proposed in Section III. Finally, we close in Section VI

with a summary of our main results and an overview of
new directions in the study of MBL transitions opened
by the present work.

II. PHENOMENOLOGICAL ARGUMENT FOR
KOSTERLITZ-THOULESS SCALING

A. Many-body delocalization via quantum
avalanches

Assuming a direct transition between the MBL and
delocalized phases, at the transition, eigenstates undergo
a complete rearrangement as the entanglement jumps
abruptly from area-law to volume-law.29–31,39,46 This is
quite unlike conventional critical points, which are driven
by fluctuations of a locally defined order parameter. Nu-
merical studies of the transition show strong asymmetry:
a strongly resonant thermal block can thermalize a local-
ized region far more e↵ectively than a localized region
can arrest the growth of the thermal block.47

The asymmetry between thermalization and localiza-
tion was formulated as an ‘avalanche’ process that we
briefly review following Ref. 45. Imagine a rare thermal
region of n0 spins (a ‘bubble’) in an otherwise localized
spin-1/2 chain. Such a rare thermal inclusion is unavoid-
able in a generic system, with uncorrelated disorder. It
will act as a small bath and will increase its size by ther-
malizing spins peripheral to it. Let us assume that the
bubble has absorbed a number n � 1 of l-bits to grow to
a new size n0 +n, but is still described by random matrix
theory and thus remains featureless. Further growth of
the bubble depends on the matrix element for flipping an
l-bit at distance n/2 from the new edge (see Fig. 1). This
is asymptotically given by � ⇠ e

�n/(2⇣)
/
p

2n0+n, where
2n0+n is the dimension of the bubble Hilbert space and
⇣ characterizes the exponential decay of typical matrix
elements with distance. This matrix element should be
compared to the level spacing of the bubble � ⇠ 2�(n0+n):
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Figure 1. Quantum Avalanche.45 A thermal inclusion initially
consisting of n0 spins (red region) is in contact with a set of
l-bits (arrows). The inclusion thermalizes n l-bits (red arrows)
and thereby expands to a size n0 + n (yellow region) while
retaining its featureless ETH character. The e↵ective matrix
element to add the (n + 1)th l-bit decays exponentially from
the boundary of the original inclusion.
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Avalanche scenario in d>1
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RG: KT-like transition
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If ⇣ > ⇣c = (ln 2)�1, the matrix element falls o↵ slower
than the level spacing and g � 1 for n � 1. This
leads to an “avalanche” process where the initial thermal
inclusion will be able to repeatably absorb l-bits and
grow until it thermalizes the whole system. We note
that this simple picture relies on the assumption that
the growing inclusion obeys ETH at all steps.45 This
avalanche process is supported by exact diagonalization
studies on toy models that incorporate ‘random-matrix-
type’ inclusions;47,48 however it remains to be tested for
fully microscopic lattice models.

We emphasize that the growth of ETH bubbles by ab-
sorbing spins is controlled by the e↵ective interaction
matrix elements of these resonances, which have to be
carefully considered. Tracking the evolution of the e↵ec-
tive coupling strengths and the degree of instability to
thermalization at long distances is the purview of RG
methods, to which we now turn.

B. Kosterlitz-Thouless scaling

We now argue that the basic ingredients of the
avalanche discussed above give rise to a Kosterlitz-
Thouless scaling at the MBL transition, with minimal
additional assumptions. Already implicit in the avalanche
discussion is a degree of coarse graining, due to the pres-
ence of fully thermal regions at intermediate scales that
arise out of microscopic configurations. We shall proceed
with this picture, which we emphasize is not tied to any
specific model, and will comment further on its validity
below.

Given the presence of thermal regions that grow to
drive the delocalization transition, it is natural to work
with variables that capture the distributions of individual
locally thermal blocks and their e↵ectiveness in thermal-
izing neighboring regions. First, we identify the average
density of thermal blocks ⇢(`) as a scaling variable. Here
⇤ = ⇤0e

�` is the RG scale at which we are probing the
system and ⇤0 ⇠ 1/a is the cuto↵ scale set by the lattice
spacing a. As the second scaling variable, we identify the
length scale ⇣(`) that governs the e↵ective matrix element
�(`) ⇠ e

�x/⇣(`) at a distance x from the boundary of a
thermal block. These scaling variables control the distri-
butions of physical observables, that are themselves broad
at criticality due to the strong randomness inherent to
the MBL transition.

It remains to deduce the RG equations that describe
how ⇢, ⇣, transform as the RG flows to longer length
scales. Following the avalanche scenario outlined above,
we first demand that at any scale, the density of thermal
regions ⇢ increases (decreases) under the RG if the typical
localization length ⇣ at that scale is larger (smaller) than
some critical value ⇣c, corresponding to the onset (ab-
sence) of avalanche processes. The simplest flow equation
consistent with this is

d⇢

d`
= b⇢ (⇣ � ⇣c) + . . . , (2)

Thermal
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Figure 2. Kosterlitz-Thouless RG flow obtained by integrat-
ing Eqs. (2) and (3). The MBL phase corresponds to a line
of fixed points with ⇢ = 0 for ⇣ < ⇣c. For ⇣ > ⇣c even an in-
finitesimally small bare density of resonances grows under RG,
driving the flow to the thermal phase. The dotted line denotes
a schematic line of microscopic parameters, tuned e.g. by de-
creasing disorder strength W . Note that many RG trajectories
initially approach the MBL fixed line even if they eventually
flow to the thermal phase; this non-monotonicity naturally
explains why numerical simulations often overestimate the
extent of the MBL phase.

where b ⇠ O(1) is a positive constant, and the ellipsis
denote higher order terms in ⇢ and (⇣ � ⇣c). In RG
language, Eq. (2) indicates that thermal resonances are
relevant if ⇣ > ⇣c; they proliferate even when they are
asymptotically rare. Accordingly, we set ⇣

�1
c = ln 2.32

Next, we consider the e↵ect of the resonant regions on
the matrix elements. Intuitively, ⇣ should be renormalized
by thermal spots, and must grow under coarse-graining.
Thermal inclusions can ‘shortcut’ the exponential decay of
matrix elements in the MBL phase, leading to an e↵ective
localization length ⇣ that is larger than the microscopic
one. To leading order, the simplest RG equation consis-
tent with this reads

d⇣
�1

d`
= �c⇢⇣

�1 + . . . , (3)

where c is a positive constant, and we assumed that ⇣

is not renormalized in the absence of thermal regions
(⇢ = 0). A similar equation can be derived from the ‘law
of halted decay’ of Ref. 32.

Equations (2) and (3) yield RG flows of the Kosterlitz-
Thouless form (Fig. 2), whose physical interpretation
we now discuss. For ⇣

�1
> ⇣

�1
c , these RG equations

admit a line of stable fixed points corresponding to the
MBL phase, where the e↵ective density of the thermal
regions vanishes at long wavelengths, i.e. ⇢1 ⌘ ⇢(` !

1) ! 0. Points along this line may be parameterized
by the fixed-point value of the typical localization length
⇣1 = ⇣(` ! 1). For ⇣

�1
< ⇣

�1
c , ⇢ is relevant and

flows to infinity, indicating the proliferation of thermal

Goremykina et al., PRL 122, 040601 (2019)
Dumitrescu et al., PRB 99, 094205 (2019)

Fixed points

ρ* = 0, ζ−1
* > ζ−1

c

ρ* = 1, ζ−1
* = 0

 : density of thermal block with size > ρ(l) l

(MBL)

(Thermal)

dρ
dl

≈ bρ(ζ − ζc)
dζ−1

dl
≈ − cρζ−1

Flow equation (phenomenological)



KT-like transition
KT MBL

low-T critical phase MBL

vortex fugacity density of thermal blocks

stiffness 1/𝛇

BUT, dynamical scaling exponent 

z → ∞

Vosk, Huse, Altman, PRX 2015

τth ∼ Lz

(thermalization time)
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