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PART 1

Suppose a spin system
a| ↑⟩s + b| ↓⟩s

with an environment of N identical spin states

⊗N
k=1(α| ↑⟩+ β| ↓⟩)k.

The system-environment interaction Hamiltonian is assumed to be

Ĥse = (| ↑⟩⟨↑ | − | ↓⟩⟨↓ |)s ⊗
N∑

k=1

gk(| ↑⟩⟨↑ | − | ↓⟩⟨↓ |)k ⊗(k′ ̸=k) 1k′ (1)

where gk is the coupling constant and 1j is the identity operator of the j’th
environmental spin system. The initial total state is simply

|ψ(0)⟩ = (a| ↑⟩+ b| ↓⟩)s ⊗N
k=1 (α| ↑⟩+ β| ↓⟩)k.

(1) Obtain the total state |ψ(t)⟩ at time t.

(2) Obtain the density operator ρs(t) of system s at time t by taking a partial
trace of the total state se.

(3) Obtain the absolute magnitude C(t) of the off-diagonal terms of the
density matrix ρs(t).

(4) Assuming reasonable conditions (e.g. sufficiently large size of the envi-
ronment), obtain the limiting value of C(t) for t→ ∞.

(4) Assuming reasonable conditions, show graphs of C(t) against time t.

(5) Discuss the results.

PART 2

The spin operator of an arbitrary direction in the spherical coordinate is

Ŝ(θ) =
h̄

2

( cos θ sin θe−iϕ

sin θeiϕ − cos θ

)
.

The Bell-CHSH inequality is

1



B(θ, ϕ, θ′, ϕ′) ≡ |E(θ, ϕ) + E(θ, ϕ′) + E(θ′, ϕ) + E(θ′, ϕ′)| ≤ 2

where E(θ, ϕ) =⟨Ψ|Ŝ(θ)⊗ Ŝ(ϕ)|Ψ⟩ for a bipartite state |Ψ⟩.

Consider an entangled bipartite state |Ψ⟩12 of two spin-1/2 particles 1 and
2:

|Ψ⟩12 =
1√
2
(| ↑⟩1| ↓⟩2 + | ↓⟩1| ↑⟩2).

(1) Find the angles for which the Bell-CHSH inequality is maximally vio-
lated.

(2) Suppose that both particles 1 and 2 undergo decoherence subject to the
Hamiltonian in Eq. (1). Plot the change of the maximum value of B(θ, ϕ, θ′, ϕ′)
against time t.

(3) Discuss the results.
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