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Infinite jet of exponential maps



Exponential maps arise naturally in the contexts of linearization
problems

Lie theory

smooth manifolds



PBW isomorphism in Lie theory

m g : finite dimensional Lie algebra

mexp:g— G

m exp : local diffeomorphism from nbd of 0 to nbd of 1

m Differential operators of g evaluated at 0 € g is D'(0) = Sg:

Sa=Ps*"/{xovy=yox}

n>0

called the symmetric algebra of g.
m Differential operators of G evaluated at 1 € G is D'(1) = Ug:

Ug=Pe®"/{xey—yox=I[xyl]}
n>0

called the universal enveloping algebra of g.



PBW isomorphism in Lie theory

m exp induces an isomorphism on differential operators evaluated
at0egandleG:

pbw:(exp)*:SgiUg
1
X1 00X, = — Xy X
1O O X Y Koy Ko(n)

m Both Sg and Ug have canonical coalgebra structure.

Fact: Poincaré—Birkhoff-Witt map is an isomorphism of coalgebras.
C is coalgebra < its dual A= C* is an algebra
eg. A:C— C® Cis a comultiplication

then p: C* ® C* — C* is a multiplication defined by

u(f,g) =(feg)ocA:C—-C®C—-RR=R



Exponential map on smooth manifolds

m an affine connection V on smooth manifold M

mexpY : Ty — M x M (bundle map)
defined by exp¥ (X)) = (m,y(1)) where 7 is the smooth path
in M satisfying 4(0) = X, and Vs4 = 0. (i.e. geodesic)

m [(S5(Tw)) seen as space of differential operators on Ty, all
derivatives in the direction of the fibers, evaluated along the
zero section of Ty

m D(M) seen as space of differential operators on M x M, all
derivatives in the direction of the fibers, evaluated along the
diagonal section M — M x M

m pbw" = expy : [(S(Twm)) = D(M) is an isomorphism of left
modules over C>°(M) called Poincaré-Birkhoff~Witt
isomorphism.



pbw" as infinite jet of exp

The Taylor series of the composition

v
TM —22 5 {m}xM—L 3R
at the point 0, € T,,M is

3 L(powV (@) ) (m) @y € S(TuM).
JeNg

® (X)je{1,...,n} are local coordinates on M

® (¥j)jeq1,...,ny induced local frame of Ty regarded as fiberwise
linear functions on Ty,

Hence pbwV is the fiberwise infinite jet of the bundle map
exp : Tpy — M x M along the zero section of Ty, — M.



Algebraic characterization of pbw"

Theorem (Laurent-Gengoux, Stiénon, Xu, 2014)

pbwV(f) = f, Vf e C®(M);
pbwV(X) = X, VX € X(M);
pbwV (X" 1) = X . pbwV (X") — pbw"¥ (VxX"), V¥neN.

Therefore, for all n € N and Xy, ..., X, € X(M),

pbwY (Xo®- - -©X,) *n+1Z{Xk pbw ¥ (X UM —pbw" (Vx, (X{k})>}
k=0

where XTK = X0 0+ © X421 © Xpy1 @ --- © X,



m G: Lie group, XF: Left invariant vector field
m Choose a connection V such that V X_L)<J-L = 0. Then,

1
Vi ylL e L L
pbw™ (X; © -0 X;) = — Es Xy Xo(n)
oESy

m (pbwV) "1 D(M) — T(S(Tw)) takes a differential operator
to its complete symbol

m The algebraic characterization of pbw"V does NOT involve any
points of M or any geodesic curves of V.

m The map pbwV is a sort of formal exponential map defined
inductively.



PBW isomorphism in differential geometry

Both I'(S(Twm)) and D(M) are left coalgebras over R := C*°(M).

Proposition

pbwV : T(S(Twm)) — D(M) is an isomorphism of coalgebras over
C= (M),

Note: pbw" does NOT preserve multiplication.



Atiyah class of a dg manifold



Atiyah class of holomorphic vector bundle

m X : complex manifold
m E : holomorphic vector bundle over X
m (smooth) connection V10 : [(E) — QY9(E) of type (1,0):

V(. s)=0(f)-s+f-VO(s), secT(E)fe CX)
m Choose R = V109 + 0V10: [(E) — QVY(E), then

R € QVY(End(E)).

Definition (Atiyah, 1957)

The Atiyah class ag of E is the cohomology class

ag = [R] € H'(X; Q% ® End(E))

— Atiyah class ag is an obstruction to the existence of holomorphic
connection on E.



Graded vector space

A graded vector space V is a space V = @, V; where V;
consists of degree / vectors.

SEE

Let QK(M) be the space of k-forms. We can declare w € QX(M) is
of degree k. Then space Q°*(M) of all forms on M is a graded
vector space (infinite dimensional).

Degrees here have no effect. However, for example, if you consider
the multiplication (i.e. graded algebra), then Q°*(M) is not
commutative, but is graded commutative:

£n= (=1 ¢

for £ € QM(M),n € Q"(M).



Duality between space and algebra

There is a certain (heuristic) duality between space and
commutative algebras.

m X: space = A = {f : X — R}: algebra of functions on X

m A: commutative algebra = X = {maximal ideals in A}: space

Idea:
use “algebra of smooth functions” to define a smooth manifold!

We will define graded manifold by a graded commutative algebras
of special type.



Differential graded manifolds

M: smooth manifold, Op;: (sheaf of) ring of smooth functions.

Definition
A Z-graded manifold M with base manifold M is a sheaf A of
Z-graded commutative Opy-algebras such that

A(U) =2 Opy(UD)&S(VY)

for sufficiently small open subsets U C M and some Z-graded
vector space V. In other words, smooth functions on M are locally
formal power series in V' with coefficients in Oy,.

C®(M) = A(M)

Definition

A dg manifold is a Z-graded manifold M endowed with a
(homological) vector field @ € X(M) = Derg(C>°(M)) of degree
+1 such that [Q,Q] =2 Qo Q =0.



ENES

Given a Lie algebra g, (g[1], Q = dcg) is a dg manifold.
m C>(g[1]) = A*g"
m Q= dce: NgY — A*T1gY — Chevalley—Eilenberg differential

Given a smooth manifold M, (Ty[1], dyr) is a dg manifold;
m C®(Tpm[1]) = Q*(M) — Space of differential forms on M
B Q=dyr:Q(M)— Q*+t1(M) — de Rham differential

Given a complex manifold X, (T)0<’1[1], ) is a dg manifold;
(] C°°(T§’1[1]) = Q9%*(X) — Space of anti-holomorphic forms
B Q=0:00(X) = Q%*(X) — Dolbeault operator




Given a regular foliation F of M and the associated (regular)
integrable distribution Tg C Ty, (Tg[1], dyr) is a dg manifold;
m C(TE[1]) = Q — Space of leatwise differential forms

mQ=dypr:Qr— Q;_-Jrl — de Rham differential

SEE
Given a vector bundle E — M and smooth section s, (E[—1],is) is
a dg manifold, called derived intersection of s with the zero section.
m C®(E[-1]) =T(A*EY)
B Q=is:M(A"EY) — [(A=**1EV) — interior product with s
For instance, if f € C*°(M), then (Ty[—1], iar) is a dg-manifold
called derived critical locus of f.



Connection on a graded manifold

An affine connection on a graded manifold M is a k-linear map

V:iX(M) x E(M) = X(M)
of degree 0 satisfying

VY = fVxY,
Vx(fY) = X()Y + (—1)Xflrvyy,

for all f € C*°(M) and all homogeneous X, Y € X(M).

m V is torsion-free if

VxY — (—D)XIYIwy X =X, Y].




Atiyah class of a differential graded manifold

m Choose a torsion-free connection V on a dg manifold (M, Q).
m Define a degree +1 section AtY € I'(Hom(S%(Tm), Tat))
AV (X, Y) = Lo(VxY) = Vigx Y — (=1)XIVx(LgY)
for homogeneous vector fields X, Y € X(M).

Note: AtY := LoV but V ¢ I'(Hom(S2(Ta), Tm))

Lemma

mlgolg=0 and LgAtY =0
m [AtY] € HY(T(Hom(S3(Ta), T:m)), Lo)
is independent of the connection V.




AtY € T(Hom(S?(Tum), Taq)) is an Atiyah cocycle of V.
The Atiyah class of the dg manifold (M, Q)

ap = [AtY] € HY(T(Hom(S*(Tm). Tam)), Lg)

is the obstruction to existence of a connection on M
compatible with the homological vector field Q.

A connection V on a dg manifold (M, Q) is said to be compatible
with the homological vector field if

Lo(VxY) =VigxY + (-1)XVx(LeY) forall X,Y € X(M).



Let g be a finite-dimensional Lie algebra

m (M, Q) = (g[1], dcg) is the corresponding dg manifold
m T = g[1] x g[1] implies

HY(M(SA(TX) ® Twm), Q) = HE:(g: A%g” ® g) = (A%gY ® g)°

m (1) < the Lie bracket of g



Let X be a complex manifold.
m (M, Q)= (T)(z’l[l], ) is a corresponding dg manifold;

m There exists a ‘good’ quasi-isomorphism

i

(F(Tan); Lo) = (2°(T"),0)
m There is an isomorphism
H(F(Hom(S*(Tm), Tm)), La)
> HH(Q0* (Hom(S(TE%), T°).). 9)
C HY(X, Q% ® End(Tx))

[ oY <> the classical Atiyah class of X

A



Tre T, Neo T Tye TS

Example
Let Tg be a regular integrable distribution of Ty, and
NEg := Tp/ TE be its normal bundle.
m (M, Q)= (Tg[1],d4r) is a corresponding dg manifold;

m There exists a ‘good” quasi-isomorphism
(F(Tam)s Lo) == (F(NE), dor)
m There is an isomorphism

HY(F(Hom(S*(Ta), Tm)) Lo)
=~ HY(Q% (Hom(S?(NE), NF)), dar)

m a1 <> the Atiyah-Molino class of the regular foliation F



Formal exponential maps on dg manifolds



Exponential map on graded manifolds

M graded manifold
Theorem (Liao, Stiénon, 2015)

The formal exponential map associated to an affine connection
V on M is the morphism of left C°°(M)-modules

pbw" : [(S(Tpq)) — D(M)

inductively defined by an algebraic formula.
Moreover,
pbw" : T(S(Tpn)) — D(M)

is an isomorphism of graded coalgebras over C*°(M).

pbwV(f)=f,  pbwV(X) =X

k=0



Exponential map on differential graded manifolds

Given a dg manifold (M, Q), there exists two differential graded
coalgebras:
(F(S(Tm)). La)

Question

When is
pbw" - (T(S(Tm)), L) = (D(M), L)

an isomorphism of differential graded coalgebras?

— If pbwV is an isomorphism of differential graded coalgebras, then
we can consider it as “a formal exponential map” of (M, Q).



Existence of formal exponential map of dg mfd

Theorem (S, Stiénon, Xu, 2022)

The Atiyah class .z vanishes if and only if there exists a
torsion-free connection V such that

pbw" : T(S(Tp)) = D(M)

is an isomorphism of differential graded coalgebras over C*°(M).

In general, the failure of pbw" to preserve dg structure is measured

by .
(pbwY) T o Loopbw¥ —Lg =) R
k=0
where Ry € T(Hom(S%(T), Ta)) are sections of degree +1.
Ro=R =0, Ry=-AtY



Kapranov L, [1] algebra on dg manifolds

Theorem (S, Stiénon, Xu, 2022)

The Ry € T(Hom (S%(Ta), Tm[1])) for k > 2 are completely
determined by Atiyah cocycle AtY, the curvature RV, and their
exterior derivatives.

In particular, if the curvature vanishes (i.e. RV =0 ), then

Ry=—AtY, Rp1=17d R, forn>2

Why do we care about Ry?

Theorem (S, Stiénon, Xu, 2022)

The Ry € Hom (S5 Tpq, Taq([1]) for k = 2,3,..., together with Lg
induce an L,[1] algebra on the space of vector fields X(M).



m g : finite-dimensional Lie algebra
m (M, Q) = (g[1], dce) is a dg manifold
B X(M)[-1] = Ag" ® g is an L, algebra equipped with

LQ:d?:E, R2:1®[,]g, R>3:0

— Chevalley-Eilenberg cohomology Hce(g, g) is a Lie algebra.

Here, g action on g is the adjoint action



Theorem (Kapranov, 1999)

Let X be a Kahler manifold. The Dolbeault complex Q°%*( T)1<’0)
admits an Ly[1] algebra structure (Ai)k>1 where i is the wedge
product

Q(T) © -+ @ QT = QU (SK(T?)
composed with
Ri: QO°(SK(T®)) — QO (T°)

where © is graded symmetric tensor (w.r.t to ji,j»,- - ) and
m R = d,
m R, =R =RV" is an Atiyah cocycle,

m Rop1=dV"°(Ry) forn>2



Theorem (S. Stiénon, Xu, 2022)

m X: Kahler manifold
m (M, Q)= (TY'[1],d) is a dg manifold
mX(M) = %(Tg’l[l]) admits an L[1] algebra structure

m There is an L[1] quasi-isomorphism
Loo[1] qi. o+l
(R(T [ {R}) == (@>*(Tx"), {A})

Moreover, our L[1] algebra structure on X( -,-2,1[1]) can be

transferred to Kapranov's Lo.[1] algebra structure on Q%*(T,°).



Thank you!
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