Chapter 13
Quantum Fields in Brief

If we begin to turn our attention to the matter part of the universe, these simpler
types of fields need to be investigated. In this introductory chapter, we will start
with classical field theories, understand dynamics of free fields, explore the symmetry
principles and the consequence thereof, and finally justify the Wick rotation to the

Euclidean time on which much of the following study in the volume depend on.

We have explored a little bit of quantum field theory in the last chapter of the
first volume, just barely enough to talk about the Hawking effect. It is in fact quite
amazing that such an important quantum phenomenon can be described with so
little of quantum field theory. In this second volume, we will explore many more
aspect of quantum field theories, with a view toward how quantum fields interact

with curvatures, both gauge and space-time.

Although we have introduced and used the action principle repeatedly, we have
not elaborated why such a principle should exist for classical dynamics beyond the
mathematical fact that it actually works. A better way to motivate it physically
would involve the quantum physics. If we elevate the classical theory to quantum

level, the action is supposed to enter the path integral as,

/ (D] SO/ (13.0.1)

A classical solution with a definite ¢ etc becomes feasible out of such summation of
quantum waves only if the nearby paths interfere constructively. The extremization

of S, which implies a stationary phase condition, is a necessary condition for such
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constructive interference. In this rough sense, the action principle of classical physics
had signaled the underlying quantum nature of the dynamics all along. In this pre-
liminary chapter on quantum physics, we will make a lightening review of how one

might handle such functional integrations.

13.1 Path Integral for Quantum Mechanics

Before we get to quantum field theory, it is instructive to browse how the Schrodinger
quantum mechanics can be replaced by a path integral. Once this step becomes
familiar, elevating them to field theory should be a quantitative extension, at least
at a naive level. For this we will start with a standard mechanics Lagrangian, with a

single degrees of freedom.
L=-m¢*—-V(q) . (13.1.1)

With the conjugate momentum,

oL
= 13.1.2
the Hamiltonian is
p2
H =2 1V 13.1.
(m,q) o+ (q) (13.1.3)

for the canonical version of the dynamics.

The Schrodinger quantum mechanics starts from this by replacing the Poisson

bracket by a commutator,

{g,p}pe. =1 — [q,p| =1h . (13.1.4)

elevating ¢ and p to operators q and p, with the standard representations, either

0
— — _ih— 13.1.
a=gq, p = —ihg (13.1.5)
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on the so-called coordinate basis, |q), or

q= ﬁha—p , p=p (13.1.6)

on the momentum basis counterpart, |p). The two sets of basis have the natural
pairing (g|p) ~ €*%/". With ¢ living on a real line, in particular, we have the canonical

normalization,

(dlg) =06 —q) & W|p)=0(p'—p) — i/l (13.1.7)

{qlp) = m

as can be inferred from the standard Fourier analysis.

The Hamiltonian is thus elevated to an operator,
H=H(p,q), (13.1.8)

with some carefully chosen ordering of the operators, as needed. The Schrodinger

equation dictates the evolution of the wave function as

., 0
i fv) = HlY) | (13.1.9)
or equivalently,
[O(T + to)) = e M)y, (13.1.10)

in the integrated form. The right hand side is in the so-called Heisenberg picture

where the time-dependence is entirely encoded in the evolution operator.

The transition to the path integral starts from dividing the time interval 7" to N

small ones, each of span T'/N, and eventually taking N — oo, we may write

<Q|¢(T+t0)> — <q|§—ﬂHT/Nh, . e—ﬁHT/Nﬁ |1/)(t0)> 7 (13111>

~
N times

for arbitrary natural number N > 0. Inserting a pair of identity operators, say,

dpy. d .
1= /dpk|pk><pk|/d%|%><qk| = % e P p) (g (13.1.12)

between each adjacent pairs as well as in front of |¢)(ty)), for k =1,..., N. We will
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also refer to ¢ of (g| above as gy, for a notational convenience.

This gives,

(¢ = aqn1|Y(T +to))
N

dpy, dqy,

/kl;[l \V2mh

As we take N very large the evolution operator for the short time span of 7'/N may

N
[ T{axsale ™ N e o™ (qufip(to)) . (13.1.13)
k=1

be approximated as

o~ tHT/Nh =iV (a)T/Nh —i(p?/2m)T/Nh (13.1.14)

to the leading order in 7'/N, resulting in

1

7ﬂHT/Nh’pk>efﬁpqu/h ~
21

etPk(ak+1=ak) /o —=1H (pr.ak+1)T/NI (13. 1.15)

<Qk+1 ‘6

St

This statement becomes exact as N — 0o so

N—o0

dpy. d : .
lim /H Pr 44k [ qk;+1‘B_HHT/Nh’pk>6_npqu/h
k=1

o APk Ak i 5N [pr(gh 1) N/ T—H (b )X T/NE
_ ]&gnoo/H ko (13.1.16)

The final step is to take the continuum limit by replacing g;’s to ¢(t), upon which we
also replace (qx+1—qr)N/T by ¢. Then, the summation over k becomes an integration

over dt, written schematically as
— / [DpDq] e®/™ ] dt (pd=H(p.0)) (13.1.17)
where [DpDgq| is a shorthand notation that covers all the subtle factors and limits of

this functional integration. Note how the integral in the exponent is nothing but the

action S

S(g) = / &g — S(pq) = / it (pi—Hp.g),  (13.118)

expressed in the canonical variables. To go back to the configuration space version,
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S(q), we merely need to extremize with respect to p.

Although one can stop here, we also have the option of integrating over the mo-
mentum. With our standard quadratic p?/2m, this will at most generate a numerical

factor while converting the exponent to the action in the configuration variables only,
— / [Dq] e®/M [ dtLia) (13.1.19)
If we did this before taking the infinite N limit, the integral would have become
dpy. dgy, / dgy,
= —_— 13.1.20
/ 27h /2mh/m ( )

modulo possible phase factors. At the end of the day, time evolution of the most

general wavefunctions can be constructed out of the following pairing

) q(t)=q )
(q: t]qo; to) = (gle ™E0)/h g0y = / [Dq] ¢*5@/h (13.1.21)

q(to)=qo
between position eigenstates at two distinct times.

Among those trajectories that contribute to the path integral are the classical ones,
which are locally dominant saddle configurations that extremize the phase S/h. The
latter condition, nothing but the action principle, implies constructive interference
and thus pile-up of the amplitude along such extremal paths. This is not enough to
justify cleanly the transition to the classical physics, yet it does indicate clearly that

the action principle has a quantum origin.

In particular, one can see that the amplitudes for such extremal paths are pro-

portional to
etSus/h (13.1.22)

with the Hamilton-Jacobi function we have introduced in Chapter 8. If we take this
literally as the wavefunction and call it 1y, the Schrodinger equation for gy results

in
., 0
iy = H(p,q) ¢¥mu; — —0,Suy = H(0,Sus,q) + O(h') (13.1.23)

The zero-th order in h of the latter is exactly the Hamilton-Jacobi equation for
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the classical physics, once again assuring us that classical physics should eventually

emerge from quantum physics.

Coming back to the path integral, note how we became increasingly sloppy with
the overall numerical factors toward the end of the process. A big part of this can be
blamed on technical difficulties in handling an infinite product of common numerical
factor such as 27, as we take the continuum limit of 7/N — 0. While the path integral
offers many qualitative insights and sometime simpler route to overall structure of
the quantum theory, the usual Schrodinger deescription has the advantage when it
comes to specific wavefunction and specific numbers. Often, the most effective way
to fix the overall numerical factor, if physical, is to resort back to the operator side

of the story.

For many purposes, on the other hand, this overall normalization of the path inte-
gral become irrelevant. For instance, we often compute quantities called correlators,
which are the same path integral as above except “local operators” say, functions of

q(t) in the above example, inserted. Typical expressions are

[[Dq] eSO [q(t)]™ [q(t)]™ - --
JDa] @0 ’

(13.1.24)

which are, as seen above, “normalized” by the pure path integral as the denominator.
For such, the numerical factor that goes into the definition of [Dg] is of course not

important.

13.2 Green’s Functions in the Minkowskii

The oldest prototype of the field theory is the Maxwell theory. In fact, the concept
of the field itself came from Faraday’s proposal to think about the field lines, i.e.,
F

iz
enter the Newton’s equation for the charged particle motion. Because of the Bianchi

themselves as physical entity, rather than as mathematical intermediary that

identity dF' = 0, one realizes at some point that F' is not fundamental either, and

instead we should think about the vector potential A,, such that

F=dA, dxdA=J, (13.2.1)

320



for some 3-form electric current J, as the source. So for this oldest example, A is the
field upon which the rest of the Maxwell theory hinges. One of the earliest exercise
one performs in graduate classes in Maxwell theory is to solve the field equation,

given arbitrary source on the right hand side.

Let us first recall these, but in a simpler context of the scalar theory,
(=V2+m?) o(z) = p(x) (13.2.2)

where we added a mass term for the generality. The action from which this equation

comes from is

/ddx NG (——(V¢) 3" 2 +p¢) (13.2.3)

In the flat Minkowskii space-time, this can be solved quite explicitly, and we will learn
a few important lesson about relativistic fields along the way. The most economical

way to solve such an equation is the Fourier analysis [

o(z) = / (‘”j SRy G(p) = / dhy Sy e (13.25)

whereby the above equation reduces to algebraic one, with k? = n**k,k, = —w? + k>
and kg = —
(K +m®) o(k) = p(k) (13.2.6)
so that
p(r) = /ddl‘/ G(x —2")p(a') , (13.2.7)
where

d 1 )
G(z) = /(dk ek

27)d k2 + m2

*The integration measures are

de = dtANda* Ao NdT
Ak = dwAdky A ANdkg (13.2.4)

despite the sign between k° and w. This follows from how the Fourier analysis works.
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dw [ d*k 1 .
_ —iwt-tikex 13.2.8
/C 27 / (2m)d=1 —w? + k2 + m? c ( )

is a Green’s function. Green’s function remains ambiguous until we specify the con-
tour C' in the w-plane since the integrand has poles at w = wy = +vk? + m? along

the real axis of w.

One has four different contour choices. For instance, suppose we move the contour
slightly above the real axis. The contour can be closed to a null result along the lower
half infinity w — 100 if ¢ < 0, upon which G¢ vanishes. With this choice, therefore,
the Green’s function is such that p affects ¢ along the future direction only, resulting
in the retarded Green’s function, G,.;. The opposite choice gives the advanced Green’s
function, G.qy. The Green’s function relevant for the quantization, G, is known as
the Causal Greens function would be yet another combination, to which we will come

back in the last part of this chapter.

It is convenient to define the basic building blocks,

d1k 1 - :
A — —itwst+ik-x
+(7) H/ (2m)d=1 2wy (k, m) ¢

K42dK dQy 1 e
— 43 d—2 e Tl K2+m? t+1Kr cos ) (1329>
Gr K e

with K = vk?2, corresponding to C small clock-wise circular contours around w =

w4, respectively, so that
Gret = V() (AL +A) Gaadv = —0(—=t) (AL + AL) (13.2.10)

for example, with the step function ¥(z) = 1 for z > 1 and 9(z) = 0 for z < 0.

More explicit forms can be found for d = 4, as dQ2y = d(— cos0)d¢,

— * KdK e . .
A(d—4) T — :i:/ ein\/K +m2t 6+HK7“ - e*ﬂKT 13211
£ () ) ST R ( ) (13.2.11)

As such, the computation boils down to that of a single function

_ 1 © idK W, e 1
A=Y = _87«/ e VT = bt )
* drr " J_ oo 27V K2 + m? ‘ dmr (t.7)
_ 1 © idK VT 1
A= _ &/ MR WERRRIHKT g (s ) (13.2.12
- Ar  J_ 27 K2+m26 dmr () )
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where, with K = msinh ¢,

h(t,r)

21/ df eﬁtcosh£+fwsinh£ (13213)
T J -

h can be written via integral representations of the Henkel functions, and thus even-

tually the Bessel functions J, and Neuman functions Nj.

The end result depends on the sign of 72 = ¢ — 72 and on the sign of t. We quote

the results from a classic text by Bogoliubov and Shirkov,

( L(=Jo(m7) —iNo(m7)) 72>0 t>0

h(t,r) = LKo(mv—r?) 72 <0 (13.2.14)

\ 1 (Jo(mT) — iNy(m7)) >0 t<0

where we see discontinuity at 7% = 0.

The discontinuity induces a delta function at the light-cone on A, such thatlﬂ

A=Y ﬁ(f}(t) —0(-1) (82 - l9‘(72)%Jl<“””)>
—1—;1—];19(72)]\71 (m7’) + #%19(_7'2)}(1 (m —7'2)
A= AS:l:‘“)* (13.2.15)

from which we read off

G = 000 (506 <) = 01 T (o)
G = (1) (%5(t2—x2) —ﬁ(TQ);n—le(mr)> (13.2.16)

which manifestly vanish outside the future and the past light-cone, respectively.

The second terms drop out in the massless limit m — 0, with J;(2) = 2z + O(z?),

tThe complex conjugation leaves 7 = v/72 and v/—72 intact; the arguments of the square roots
here are always nonnegative by construction.

323



leaving us with

§(t? — x?)

or ’

(13.2.17)

ret,adv

lim G = Ly(+t)
m—

which one encounters while solving classical electromagnetic fields. For instance, we

have
—0%A, = ju (13.2.18)

in the covariant gauge 0*A, = 0, solved by

Au(t,X)ret _ /d4$, 5((t — t,)2 _ (X _ X,)2) ju(t/,X,)

2
. o I
_ /d?’x/ j“(t4 ‘|X X/||’X) (13.2.19)
TIX —X

as expected.

13.3 Path Integral and Causal Green’s Function

Now let us come back to the path integral of a real scalar field, for which we have
computed the retarded and the advanced Green’s function earlier. One way to quan-
tize such a theory is via the canonical quantization, which we made a brief overview

in the last chapter of the Volume I.

In this volume, we will instead proceed with the path integral viewpoint, recall-
ing the canonical counterpart at places. The path integral in the flat Minkwoskii

spacetime is,

/ (D) eitree/M (13.3.1)
with
_ d 1 2 1 o9
Sfree = d%x —5(3gb) — Em Qb (1332)
Exactly how one might perform such an integration and what are physical quantities

to be extracted constitute the bulk of the quantum field theory framework.
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We hope to address such questions at least partially as we develop later in the
volume, although the effort would come nowhere near the comprehensive. We will
be content to offer more of conceptual frameworks in this volume, enough to impart
the essential features of quantum field theory such as the renormalization and the
symmetry principles. In this preliminary chapter, in particular, we will assume a
sensible formulation of such a path integral exists and explore the most rudimentary

consequences.

In the quantum field theory, the basic building block is the two-point function via
the path integral,

~ /[ng} ¢(x)¢(x/>eﬂsfm(¢)/h 7 (13.3.3)

modulo a normalizing factor. When we express this from the Hamiltonian side, it

should be related to the expectation value of type

(0] p(z)p(2") |0) (13.3.4)

in the Schodinger picture, with the two vacuum states on the left and the right,
respectively, at the future and the past infinity. Coming back to the Heisenberg

picture, this should be written as
(| o i/h [ dtH é() o i/ [jdtH H(z) o i/n[l dtH 10) (13.3.5)

Recall how the path integral came from sandwiching the time-evolution operator

e "Ht/h hetween the initial and the final state. The only difference here is the insertion

of ¢(z) and ¢(z').

Although it looks as if the two insertions of ¢ in the path integral ((13.3.3]) do not
care about time-ordering, the equivalent operator picture tells us that this two-point

function actually computes a time-ordered quantity in the Hamiltonian side

(T(p(x)p(2"))) = (0] I(t — 1) p(x) p(a') + I(t' —t) () P(2) [0)  (13.3.6)
This time-ordered 2-point function is computed by the causal Green’s function

Go(z) = 9 AL (x — 2') — D) A_(z) (13.3.7)
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modulo an overall factor of 1A and also other normalizing factor to be discussed in
next section. In next section, it should become clearer why one of the Green’s function
is the right answer.

The causal Green’s function has a simple momentum space interpretation. From
the definition of AL, we can see that the contour would be mostly along the real line
of w, except it pass above w = w, and below w_. Equivalently, the same is achieved
by giving a slightly negative imaginary part to w, and a slightly positive imaginary

part to w_, which can be instituted by deforming the momentum space propagator

as
1 1
- - 13.3.8
k% +m? k2 +m? —1e ( )
for an infinitesimal real positive number . In other words,
dk 1 -
G — ity 13.3.9
c(@) / (2m)d k2 +m? —1ic ‘ ( )

with w integral now strictly along the real line.

Again quoting the results from Bogoliubov and Shirkov, the causal Green’s func-

tion in d = 4 has the form in the Minkowskii spacetime has the form,

GEa) = b(r) = i) () = i )
M () Ky (/=) (13.3.10)

PR

Note how the step functions with £¢ as the argument disappeared altogether. Oddly
enough this “causal” Green’s function does not vanish outside the light-cones, as can

be seen from the last part. The same can be seen more clearly from its massless limit

1 1

. d=4 1
lim G(C (z) = _6(72)+47r21'1§

m—0 47

(13.3.11)

whose second term is actually something one is very familiar with once we make an
analytical continuation to an imaginary time and change the problem to that on the

Euclidean space R*, as we will see below.
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13.3.1 Generating Functional and the Feynman Propagator

This causal Green’s function is one of the main building block for field theory path
integrals in the perturbative approximation. We will not attempt to derive the full
arsenal of the Feynman diagram techniques here, in favor of their Euclidean cousins
in a later chapter, but still one can see easily why the causal Green’s function play

the pivotal role here and how it is trivially connected to the Feynman propagator.

We again start from the path integral,
Z[j] = /[ng] 5@/ htie (13.3.12)
where j is an external field with a short-hand notation,
jo= /dd:rj(x)gb(x) (13.3.13)
If S is free, we may perform the Gaussian integral, at least formally,

Zieeli] = / (D] &3 Iy SRIBU4m) [HG0)+ [ HR)(8) (13.3.14)

in the momentum space with [, = [ d%/(27)?, which gives

Zfree[Jj] - Zfree[.]j = O] X e%fkj(_k)[ﬁ(k2+m2)/h,}—lj(k)
Zfree[j — ()] % e%fz S 3(@)[=1h Ge(z—a')] j(z') (13'3'15)

again with [ = [d%.

The appearance of the causal, rather than the retarded or the advanced, Green’s

function is justified by

(52
————10g Zpeo|]] = —1 —7 13.3.1
@) 8% (1] ihGeo(z — 1) (13.3.16)
which gives

[1D¢] ¢(z) p(a') elSiec(@)/h
[[D¢)] eiSivec(@)/

—1hGe(z —2') = (13.3.17)
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In the momentum space, the same may be written as

—if ih
. - : (13.3.18)

k2 4+m? — ¢ w?2 —k?2 —m?2+ie

which is the well-known Feynman propagator.

What do we do when the action is not free? Suppose we have the following simple
for

S(¢) = Stree(@) — / V(o) (13.3.19)

where V' (¢) is a polynomial in ¢. If we can treat this additional term in the exponent

by a Taylor expansion,

Zj] = /[dgb] Z% (—ﬁ/V(qg)/h)n i Stree(0)/h+ [ §¢
= /[dqﬁ] ;% (—ﬁ/V((S/(SJ])/h)n iSiwec(9) /1t [ i

_ e—ﬁfv(é/éj)/hzfree[j] (13.3.20)

at least formally. Once this computation makes sense, one would find

2

L) log Z[] (13.3.21)

a quantum corrected version of the propagator, for instance. Actual computation
for such would proceed via a triple perturbation, order by order in powers of j, of

derivatives, and of h.

An extensive discussion is needed for details of such a perturbation scheme where
we compute a formal series expansion via the above Feynman propagators and the
monomials in V', commonly called the interaction vertices. There do exist many
superb texts that deal with this perturbation scheme, which is very much necessary
if one is interested in high order estimate of scattering amplitudes and such. We
will not attempt to repeat this here in its full glory although we do cover the most
essential ingredients in a later chapter, for a Wick-rotated scalar theory as well as for

a simpler prototype of the matrix integral toy model.

Instead, for the bulk of the presentation, we choose to stay as close as possible
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to the Gaussian path integral by performing the path integrals in multiple steps.
Effectively this would treat part of the fields on equal footing as j above, although
in a far more complicated coupling to the analog of ¢’s. Part of the fields would
be treated as classical background, like j above, while some others would be treated

quantum and path integrated over, like ¢ above.

The distinction may come naturally by treating gauge fields or gravity as classical
while treating matter fields at quantum level. More generally, we would also separate
a single field into two parts, with the quantum part built from modes with high
momentum or large eigenvalues, while the rest, relatively slowly varying part, would
be treated as the background, yet to be integrated. This is known as the background
field method and offers a clean picture of the phenomenon of runnning couplings,

hence the renormalization.

Our choice here is in part motivated by the desire to separate the heavy machinery
of the perturbation expansion from the qualitative discussion of the renormalization
and running coupling. When we start with the heavy machinery of the Feynman di-
agrams first and encounter the apparently divergent Feynman integrals term by term
in Z at a time, one can easily start with the false impression that the renormalization
is a “trick” that “miraculously” allows us to bypass “the disease.” Nothing would be
further from the truth.

Instead, the latter type of phenomena tell us that the framework of the quantum
field theories must not be what one naively thought it would be, namely an infi-
nite number of harmonic oscillators, interacting among themselves, that collectively
describe fields in continuous space-time. The latter is, although very much under-
standable, by and large a wishful thinking by the pioneers of the subject. Models
that achieve the continuum limit do exist and in fact play the crucial roles for the
fundamental forces of nature, as we will see later, but such special corners among the
vast landscape of quantum field theories do not mean that a generic quantum field

theory should have such a well-defined continuum limit.

13.3.2 Wick Rotation (I)

The deformation of the momentum space propagator by —ic that results in G and
equivalently in the Feynman propagator suggests a different way of performing many

of the field theory computations down the road. Note that if no contribution arises
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from the asymptotic arcs on the complex w-plane, we may deform w contour further

counter-clock-wise from the real line to the imaginary line,
w = iwp = k% (13.3.22)

as this avoids both of the poles w4 after —ie shifts.

This same analytic continuation of the frequency is also achieved by rotating the

time coordinate itself as
t = ity = —iaf (13.3.23)
whereby we also have the Minkowskii metric become
N = O (13.3.24)

The Green’s function in this Euclidean regime is unique,

Gp(r) = ke 1 ugers, (13.3.25)
E\T = (27T)d k%+m26 LO.

and solves

(0% +m*) ¢(zp) = plrs) (13.3.26)

GF is an analytic continuation of G¢ modulo a factor of —i
t— —ﬂtE

but this —1i is unnecessary as the mutually canceling such factors enter in the Fourier

analysis when converting to kg and to zg.

For instance, we see that, with the d = 4 massless limit above, the first term
§(12) — 0(—2%) piece drops out as it does not contribute upon the xp-integration
for d > 3, while the other gives

_ 1 1
o (d=4) _ ‘
Tlﬂlgﬂ() Gp (zg) = o % (13.3.28)

which is the well-known solution to —9% ¢ = 0™ (zp).
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This analytic continuation to the Euclidean time is called the Wick rotation and
for many computation brings about enormous simplifications. In principle there can
be obstruction to the analytic continuations that hinder this shortcut but, happily,
for computations we present in this volume do not suffer from such problems. We will
resort to the Wick rotation beginning with the next chapter quite freely, and hence-
forth, we may often skip the subscript £ that stand for the “Euclidean signature”

whenever the confusion is unlikely.

13.4 Dirac Spinors and Dirac Brackets

One of more profound fact of life with the quantum mechanics is the dichotomy
of bosons and fermions, or the spin-statistics relation and the notion of identical
particles. Recall that in building up atoms, we must consider all electrons as indis-
tinguishable from one another and impose the Fermi statistics on their wavefunctions.
Even though Fermi and Bose statistics can be consistently imposed at this level, its
true origin cannot be found in quantum mechanics itself, where we follow existing
particles individually and solve for their wavefunctions. The latter determines the
probability distribution of the particles but does not recognize that individual par-
ticles are themselves wavepackets from the more fundamental quantum fields. For

fermions, this eventually leads to the spinor fields.

Although we will eventually get to quantum field theories of spinors down the
road, first we need to learn a quantum mechanics prototype for such quantum fields
that generate fermions. By this, we do not mean how we usually compute the electron
wavefunction with a half-integer spin attached as a tensor product. Rather, the quan-
tum fields for spinors must be built up from different kind of numbers called Grass-
man number whose product is anti-commuting instead of commuting. A Fermionic
field would be composed of multi-component wavefunctions based on regular complex
numbers, often called c-numbers, multiplied by such Grassman coefficients. The for-
mer carries the spin representation under the Lorentz group while the latter ensures

the necessary Fermi statistics built-in.
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13.4.1 Fermionic Quantum Mechanics

Let us start with a quantum mechanics with Grassman numbers. The simplest pos-

sible Lagrangian with real y = x' has only one time-derivative,

P i,
Lreal = §kabXaXb - §m bXaXb (1341)

with symmetric £ and anti-symmetric m, which follows from

XaXb = —XbXa (13.4.2)

and an integration by part. The reality is another matter. A convention of the
complex conjugation on product of multiple Grassman numbers comes with a sign
ambiguity, due to the choice of the ordering after the conjugation. Here we choose to

use

(€QOF = ¢t (13.4.3)

whereby real k£ and real m lead to real L,c,.

A more familiar complex form results when £ = K ® 1oy and m = M ® €g49. We

may then rotate xa5_1’s into yas’s and vice versa and define

1 :
Vs = E(Xa:QS—l + 1Xa=25) (13.4.4)

The Lagrangian is then
Leompiex = 1K T¢kbr — M5 9 pr (13.4.5)

where, for reality, K and M are now both Hermitian.

Since there is only one time derivative in the Lagrangian, we should expect second-
class constraints to emerge, reducing the number of degrees of freedom. We need to
decide first how to take variation with respect to the Grassman number, and will take

the derivative acting from the right so that,

& .
b= gb_p 0 = b lpery o 13.4.
© T 15Xb T i X 0 (13.4.6)
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Similarly

&7 = ITT — Leomplex = 117 iKYl ~ 0 (13.4.7)

whereas the conjugate of 1} is weakly zero (#1)5 = (IT1)% ~ 0 by itself.

Note how the canonical momentum I7t of 9!, is not complex conjugate of IT
despite the notation. This has something to do with how we did not write the kinetic
term democratically between 1 and 1f. The potential confusion from this is washed
out by the time we reach the Dirac bracket below, thankfully. Another oddity is
how the Poisson bracket becomes symmetric rather than anti-symmetric, which we
distinguish by using {, } in place of [, |, such that

{Xaaﬂ-b }P.B. = 5@1) )

{s, 1" }pp. = 65", {0, (TN }pp =0d5" (13.4.8)

Since { %, ¢’ }pp. and { (@)%, @7 }p 5. are both nonsingular, the Dirac bracket would

be a convenient starting point.

After some gymnastics, we arrive at

{ Xas Xb }Dirac — _ﬁ(k_1>ab s { wSJ w} }Dirao - _ﬁ(K_l)ST (]-349>

In the former, a naive factor 2, which one would have gotten for real fermions under
a preemptive application of the constraint followed by the Poisson bracket, is not
present. A well-practiced, if not recommendable, strategy for reaching the first is by
starting from the second, by decomposing each complex fermion into two real fermions
with the conventional 1/ v/2 normalizing factor. In turn, with the latter complex
fermions, the situation is quite analogous to the Chern-Simons theory; Depending on
how the kinetic term is written, the naive procedure based on premature application

of the constraints may or may not give the right answer.

Given the anti-commuting nature of the fundamental variables, there is a potential
sign ambiguity in defining the conjugate momenta, but our choice above can be seen

to be consistent with the equation of motion. With the standard canonical form of
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the evolution,

f = {/f,H }pirac (13.4.10)

and the Hamiltonians

1
Hreal - EmabXaXb ) Hcomplex = MAB¢L¢T (13411)

we see that the equation of motions
Xo=(k""m), s, ta=—1(K M), xr (13.4.12)

are reproduced. Finally, the quantization rule is to convert the Dirac bracket to the
canonical (anti-)commutator by multiplying i% on the right hand side, so we arrive
at

{(Xe:Xo} = B Dah,  {hah} = (K ) aph (13.4.13)

13.4.2 Fermionic Quantum Fields

For fermionic quantum fields, we need to understand the spinor representation under
the Lorentz group. The discussion starts with the Clifford algebra

70 4 by = 2p (13.4.14)
. AN 0\t — __ A0 . . .
with (7")T = 4" and (7")" = —4". The covariant derivative has the form,

1
D,=D,+ Z—lwﬂaw“b (13.4.15)

where D, parallel transport all tensor indices while the spinor part of the connection

displayed separately. We are using the notation,

1
f}/ala?'"ak — E Z <_1)‘U‘fya01 7“02 e fyaf’k (13416)

o: permutations

Because of how the Lorentz boost generator is hermitian instead of anti-hermitian,
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the naive inner product WTW of a Dirac spinor is not a scalar. Rather, with ¥ = W40

VA (13.4.17)
is a scalar quantity. The action for a single Dirac fermion is then, with real m,
S =— /d4:c (Tiy" D,V + im W) (13.4.18)
The reality of the action is ensured by
(U =TT (10) T = — 0T 0p (13.4.19)

for the mass term, and for the kinetic term the Clifford algebra will do the rest.

The Green’s function follows from the same procedure with the scalar field. The

analog of —9* + m? here is
1v*9, + im (13.4.20)
so the Green’s function in the momentums space
(=7%kq +im) ™' = —7ka — im (13.4.21)
“ k2% 4+ m? o
This results in the retarded and the advanced Green’s function for spinor

(]'17([1{]8(1 - ﬁmaf]) Gret,adv (.CE) (13422)

where Gletadv(2) are those of the scalar field we obtained in an earlier section.

For quantization, we concentrate on the time-derivative part of the action,
S = /d% (V) 00 + ) (13.4.23)

with the 4-component spinor index /. Comparing to the mechanics prototype, we see
that the Dirac bracket,

{ \Ijl($>v \IJT](y) }Dirac = —1 5[J5(d_1)(x - Y) (13424)
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and the canonical anti-commutator,
{W;(2), ®(y) } = ko0 D (x—y) (13.4.25)

at quantum level. The Feynman propagator also follows as

1h(y*ke + 1m)
k2 +m? —1e

(13.4.26)

As with the above scalar example, we will not foray into the dictionary of the Feynman
diagrams here either, and instead later focus on what we can compute with the

Euclidean path integrals at Gaussian level.

In the Appendix we catalog and classify spinors in arbitrary dimensions and
signatures, but here we confine ourselves to d = 4 space-time with the Lorentzian sig-
nature. See the next chapter for its Euclidean alalog. One well-known representation

starts with the Dirac matrices,

0 o 0 1
28— o 0= 13.4.27
gl ( o 0 ) v ( 1o ) ( )

The rotation generator for the 75 plane, for example, is

AN N LT 0
— == g , 13.4.28
2 2 < 0 i€tk oy, ( )
while the Lorentz boosts correspond to
0i
¥ 1({o; O
A 13.4.29
Si(n ). i

A special property of even dimensions is that one can build the so-called chirality

operator I' out of the Dirac matrices as

1 0
=_iy0...3 = PP (13.4.30)
0 _12><2

which anti-commute with all 7*’s and commute with the SO rotation generators
% /4’s. As such, the four-component Dirac spinor consists of two irreducible rep-

resentations of SO(1,3), which are called chiral or anti-chiral, depending on the £1
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eigenvalue under T,

U = ( ii ) : (13.4.31)

Each half W of the spinor is called the Weyl spinor as opposed to the Dirac spinor.
In the Dirac fermion action, we can see how the kinetic term pair up ¥4 with \Ill
while the mass term pair up ¥y with \I/iF instead. This means that with m = 0 one
can write down a theory of Weyl fermions as the smallest building block. Indeed,
this is how the Standard Model of particles physics is constructed where the chiral

and anti-chiral fermions come in different gauge representations.

13.5 Symmetries and Conserved Currents

Given a field theory with an action,

S@) = [ d% £(6.9,0 (13.5.1)
two immediate information we obtain are the usual Euler-Lagrange equation of mo-
tion,

oL oL
0 (—) = — 13.5.2
5@, ~ 5 1552

and the celebrated Noether current,

Ty

5L
%: 56.0) 8o (13.5.3)

where dy¢ is an infinitesimal and uniform symmetry transformation of ¢ that leaves

the action invariant. From 845 = 0, it is straightforward to show
9, Jl =0 (13.5.4)

with the equation of motion for ¢ imposed. With uniform @, the symmetry is said to
be global.

Let us make things a little more concrete. For the moment, let us consider the
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transformation that can be written as a left multiplication,
dgp = 169 (13.5.5)

where § = )", 9¢t¢ with hermitian t“’s and ¢ is a multi-component column vector.

Such an infinitesimal transformation would accumulate to a finite 6 as well,
6 — €% (13.5.6)

so sometimes we also use the same notation for infinitesimal 6.

Gauging such a symmetry means introducing a gauge connection A =), ACtC,
o — D,op=(0,—14,)¢ (13.5.7)

With the additional transformation

(0, —1A,) — €90, —1A,)e " (13.5.8)
the action
S(p,A) = /ddx L(¢,D,9) (13.5.9)
is now invariant
S(¢, A) = S(¢ + ded, A+ 5 A), (13.5.10)

under space-time dependent € as well. This is called the local gauge symmetry. The

equation of motion for ¢ becomes covariant,

5L(6,Dud)\  SL(6.D,0)
D"( 5(D, ) )_ 5

(13.5.11)

Whether or not we treat A as a dynamical field is left undecided for now. If we
choose to take A as dynamical, the matter action would be accompanied by some

gauge kinetic term, such as,

1

—— Y FCFpcw (13.5.12)
2 v
4g% 4
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for some coupling constant g, but more importantly the path integral would involve

integration over A as well. The equation of motion for A would be

1
gQDF = 5(2160 (13.5.13)

where the gauge field in D, acts on F = ), TCFC in the adjoint representation,
which is to say, via a commutator —i[A, F] if T are symmetry generators in the

defining representation.

The alternate definition of the current sitting on the right hand side here

oy — 0L
(J9)" = 547 (13.5.14)

is also conserved,
0=D,J'=0,J"—1(A,J"— J'A,) (13.5.15)

with J = >, T¢JC. With dynamical A, we can see this same fact differently from

the A equation of motion, since
1 .
D'D*F,, = 3|D*, D"|F,, = —%[FW, F)=0 (13.5.16)

as a mathematical identity, with F =, T“FC.

Note that

Zecjg: ZZ5M 95 ucb 2555 ¢ Do (13517)

¢

The right hand side is nothing but the covariantized version of the Noether current.
We should emphasize that this conservation law holds regardless of whether we treat

A as dynamical or external.

In most of what follows, we will often bypass the factor 1 by adopting the anti-

hermitian notation such that

TC=—it?, ©=-if=) 6979, A=-id=> AT (135.18)
C

C
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Apart from the notational simplicity, this convention aligns better with the case of
the gravitational connection where the natural rotational generators are written as
anti-symmetric d x d matrices for the orthonormal Lorentz indices or as anti-hermitian

~ 7% for spinors. In this anti-hermitian convention, the transformation rules are,

¢ — %
(d+A) — e ®d+ A)e® (13.5.19)
and, in particular,
doA, = 9,0+ A,0 —0A, (13.5.20)

for an infinitesimal ©. Also natural to define is, for a purely notational convenience,

oL

\755—“7»
17

(13.5.21)

obeying the same conservation law. Later when we discuss anomaly of continuous
symmetries, this is the form of the current we use, albeit in the Euclidean signature

after a Wick rotation.

13.5.1 Energy-Momentum Tensor

All of above elevate to curved space-time almost verbatim, with the covariantized

action,

S(6) = / a9z /G L6, V) = / Y £(6.V,0) (13.5.22)

where V is the volume form. This covariantizes d to V, but as long as § do not
transform the metric, nothing else changes. Alternatively, one can choose to treat
VL itself as the d-form Lagrangian density. In the latter option, the same Noether
procedure on VL would produce the (d — 1)-form current, or a contraction between
Y and the vectorial 7, with

0=ds(V2J) (13.5.23)
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as the conservaton law, where d4 is the covariantized exterior derivative. For sim-
plicity we will use the common notation J to denote either form of the current, from

now on.

With such a covariant coupling to the general metric, we know of another con-
served quantity, namely the energy-momentum tensor in a direct analogy with the
current defined from the variation of the gauge field as in Eq. (13.5.14]),

T, = -2 WIL) (13.5.24)

V9 ogH

This quantity would sit in the Einstein equation,
G, = 87GNT,, (13.5.25)

opposite to the Einstein tensor G, whose divergence vanishes identically as a math-

ematical identity. As such, T}, is also a conserved quantity,
VT, =0 (13.5.26)

regardless of £ as long as this matter Lagrangian obeys the general covariance.

We have seen and used examples of T}, in the first volume, so let us remind

ourselves of the simplest example of a real scalar
1 14
L(¢.Vupig) = 59" VudVip = V(9)  —

1
Tr = VubVu6 = 50u(V0) + gV (0) (13.5.27)

The conservation law holds,
VAT, = V2oV, 0+ V' ()V, 0 = (V2q§ + V’(¢))V,,¢ =0 (13.5.28)

again upon the equation of motion.

Noether Energy-Momentum

In the Minkowskii space-time, on the other hand, the time translation and the spa-

tial translations are isometries, so the Noether procedure would generate conserved
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current with two space-time indices, say, the Noether energy-momentum tensor. We
have seen how the Noether current of a global symmetry elevates to the gauge cur-
rent via a simple covariantization. Is the same true for the two energy-momentum

tensors?

The Noether procedure for space-time translations differ from that of the above
internal symmetry, as they affect the space-time coordinates which in turn affect £
as well. Let us consider how £(¢, 0,,¢) is nominally affected by ¢(x) = ¢(x +§),

5L . 5L 5L

Sl = TGt TS0 D) = COL a0 (0,E7)
oL
0 (550 - )
) 5L
— f (9M (—m@a¢ + 5,ua£) (13529)

upon integrations by part. This leads us to define the Noether energy-momentum,

oL
T, = —————=0,0+LL 13.5.30
50,0) 13530)
with its conservation law,
0,1, =0 (13.5.31)

For scalars, it is easy to see that 7},, is a covariantization of T,,.

For gauge field, however, the simplest implementation of the above famously gives

L= —iFWF‘“’ — T, = FM9,A, — }laﬂaFZ (13.5.32)
which not only differs from the flat limit of 7" but also is not gauge-invariant. There
are various known remedies for this discrepancy. Perhaps the oldest such is adding
—0\(F**A,) which is automatically conserved and then taking into account, if any,
the charged matter contributions to T. All these eventually bring us to the symmetric
energy-momentum tensor, 7T),,, however, so in this note, we will happily take 7" as the
one and only sensible definition of the energy-momentum tensor, referring readers to

literature for the above apparent tension and resolutions.
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13.5.2 Ward Identities and Anomalies

We come back to the statement of how the action is invariant under the gauge trans-
formation, and explore its consequences in the quantum regime. Note how the con-

servation of the Noether current,
dsJ =0 (13.5.33)

relies on the equation of motion, so it may appear that this useful fact would be lost
in the quantum regime. However, this is not so, as we can see from the path integral

representation of the quantum physics.

At quantum level, the most basic quantities to consider are correlators,

D.A] [D¢] O...0S@dA)/N
[[DA|[Dg] 5@/

(T(O---0")) = /1 (13.5.34)
where the left hand side is by definition time-ordered expectation, and here we are
yet to integrate over the gauge field. Now suppose we chose to integrate over ¢ first,
leaving A as a classical background,

[IDg] O--- O etS(@A)/h

(0.0, = T[Dg] @A (13.5.35)

where we also simplified the notation on the left side with the time ordering and

quantization of O’s taken for granted.

If the conservation law makes sense even at quantum level, we would expect
((daT)O---O" Y4 =0 (13.5.36)
for carefully chosen set of operators O’s and at least
(daT Ya=0 (13.5.37)
as a consequence of
S(p,A) = S(¢p+ ded, A+ doA) . (13.5.38)

The key question here is whether such a symmetry transformation leaves the integra-
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tion measure intact.

Let us suppose for now that the path integral measure is also inert under such a
change of variable, ¢ — ¢ + dg¢, modulo a field-independent Jacobian. If this is the

case, we should find

/[D(;S] PiS@ A/ _ /[D¢] (S (64800 A+b6.4) /1
- /[D(¢ + 8p0)] 5@ HdedAtood)/h
= /[D¢] e15(6,A+d0 A) /N (13.5.39)

modulo a field-independent Jacobian in the second step, while for the last step we

used the fact that ¢ is a dummy variable for the integration.

Expanding the last expression in small but otherwise arbitrary © and using dg.A =

d 40, this gives
(daT)a =0 (13.5.40)
One can see that the same works with insertions of O’s
((daT)O---0")a=0 (13.5.41)

as long as O’s are all gauge-invariant operators and constructed entirely out of ¢.

These quantum identities from the conserved current are called the Ward identities.

Let us come back to the question of how the conservation laws of the Noether
current elevate to quantum statements. We see that three key observations are re-
sponsible for this. One is that we are integrating over the field ¢, which then become
dummy variables. The second key is the assumed invariance of the path integral
measure, entirely separate from that of ¢ in the action. With these two combined,
the equation of motion for ¢ has no place for the proof of the Ward identity. The
last is that the divergence of the current in the Ward identity really results from the
gauge variation of A, rather than from the variation of ¢, inside the action. In a
sense, although we can of course eventually trace it to Noether’s conservation laws,

the Ward identity is more immediately the conservation law of the gauge current.

In reality, however, Ward identities can fail in the second step. One can for
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instance imagine highly nonlinear transformation rule, where dg¢ involves ¢*, ¢V .
Whether or not the change of the integration variable could induce a Jacobian needs

to be carefully considered first. A linear transformation such as our gauge rotations,
dod = —O¢ (13.5.42)

is seemingly safe enough for the measure since, often, both ¢ and its complex conju-

gate ¢* would enter the measure on equal footing,
[D¢* Do) (13.5.43)
However, one does encounter a nontrivial phase shift of the measure, linear in 9,
[D(e®¢")D(e¢)] = [Dg" D] ') (13.5.44)

which depends not on ¢ but on A.

This way, given nontrivial A background the naive invariance under the gauge
transformation can fail. Such a field-dependent phase throws a term on the right
hand side of the Ward identities, say,

(daTYa # 0 (13.5.45)

Quantity on the right hand side are called the anomaly. This happens when ¢’s
include some net number of so-called chiral fields; We have encountered an example
of chiral fields in the previous section while discussing spinors, which will indeed give

us the prototype example of anomalous Ward identities in a later chapter.

Gravitational Ward Identity

The same would apply for symmetries associated with the space-time. The local
Lorentz transformation, which rotates the orthonormal frame and transforms the spin
connection as a gauge field, is no different. For general coordinate transformations,
however, some of details differ as its infinitesimal transformation rules are not quite

the simple left-multiplication by a matrix. Rather we have

(5{@5 = £§¢ s 559;“, = Sgg,“, = v,uf,, + V,,fu (13546)
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Transformation rules on the spin/Christoffel connections can be derived in principle

from the metric transformation, as we have done in the previous volume.

Following the same line of logics as above, the would-be Ward identity is
(VFT,, - )g=0 (13.5.47)
for certain set of operators in the ellipsis, since the analog of dg AN J = d4O N T is
(Leg" )Ty /2 = (VHE +VYEM T, )2 = VI T, . (13.5.48)

Again in the presence of “chiral” ¢’s, this Ward identity is also known to fail. In

particular,
(VI ) #0 (13.5.49)

acquires a local expression via made from the metric data on the right hand side,

called the diffeomorphism anomaly.

For the diffeomorphism Ward identity, there is an additional issue we need to
keep in mind. Unlike gauge transformations, which acts within a particular gauge
sectors, the diffeomorphim is universal in that it shifts not only the metric but all
fields in the theory. If gauge fields are present, this induces additional variations of
the action in the path integral and brings down other gauge current, in addition to

the energy-momentum piece,
D AT (13.5.50)

where the sum refers to gauge fields, regardless of internal or external while - here
is used as a shorthand notation for space-time integration as well as the summation

over internal gauge indices.

This shows that the left hand side of the Ward identity acquires addition terms

as

& AV W)y = & AV T™)ga— > 8eAu - (T")g.a (13.5.51)
A
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Using
F = dA+ A%, 0cA = LA = E0dA+d(ESA) (13.5.52)

and performing another integration by part, the above translates to

= & AVUT" Ygu = > ((54 Flu ATy g — (E5A) - (Duj“)g,A> (13.5.53)

A

to be equated against the diffeomorphism anomaly.

The last expression inside the summation has a strange feature when 7 happens
to be anomalous itself. In such cases, there are three contributing pieces here that

are not covariant under the internal gauge transformations, namelyE]
Jgr, &A,  DJ* (13.5.54)

The middle one is obviously non-covarant, while the gauge current proves to be non-
covariant when its own Ward identity is anomalous. If the diffoemorphism anomaly is
absent, the above should be equal to zero, yet this would relate the energy-momentum,
manifestly inert under the internal gauge transformations, to the gauge currents that

transforms nontrivially and anomalously.

As such, even before we worry about the diffeomorphism anomaly that may appear
on the right hand side, the left hand side of the Ward identity appears as if it is
inconsistent by itself. The diffeomorphism anomaly is itself invariant under these
internal gauge transformations, as it will turn out, so the same question remains

regardless of whether the diffeomorphism Ward identity is anomalous or not.

This odd quandary has a satisfying resolution once we understand the general
structure of the gauge anomaly (D, J*). To make the long story short, the 2nd term
and the 3rd term combine together such that

&AV' W)y = & AV T"™Ygu— > (E0F), - (Th)ga  (13.5.55)
A

where J.ov is the so-called covariant current, J% = J* + ---, with the ellipsis being

a certain local expression of A called the Bardeen-Zumino current, constructed from

If the gauge anomaly cancels out, the last two drops out. Only (J ")4 4 survives and the naive
covariance of the current survives; the potential issue we note here removes itself.
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the gauge anomaly of 7. As the name suggests, J.o, transforms covariantly even in
the presence of the anomaly, telling us that the left hand side was secretly invariant
under internal gauge transformations, all along. This is one place where this so-called
covariant current makes appearance in physical quantities. We will get back to this in
a later chapter devoted to anomaly of continuous symmetries where we discuss both

internal gauge/flavor symmetries and general coordinate invariance comprehensively.
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Chapter 14
Euclidean Path Integrals

The fact that the path integral measure is pure phase adds difficulties. The path
integral side of quantum theory becomes often far easier to handle as we move away
from real time by analytic continuation whereby the integrand becomes more control-
lable. In fact, for the bulk of this note, we will deal with pure imaginary ¢ and often
confine our attention to the Gaussian functional integration thereof. Although the
analytic continuation back to real time is fraught with dangers, a lot can be gained
from considering quantum theory with such imaginary time. In this chapter, we will
outline how this so-called “Wick rotation” is performed at the level of path integrals,

serving as a cornerstone for many computations in the following chapters.

14.1 Wick-Rotation and Euclidean Metric

A path integral are ill-defined unless regularized and renormalized carefully; in par-
ticular most form of quantum field theories does not have a continuum limit, meaning
an ability to remove the so-called ultraviolet cut-off and maintain sensible theory in
the end. The gravity is a well-known such example, so even if we view the Einstein-

Hilbert action as a part of a path integral,

/ [Dg] eiSen@/h (14.1.1)

such a form of quantum gravity has no hope of being consistent for several well known

reasons. At best we should be view Sgu(g) as relevant saddle values of some unknown
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quantum gravity theory.

On the other hand, there are other quantum computations that can be performed

with g given. For instance, consider the following formal expression,
etomn(9)/h o /[D(b] ei5(¢39)/h , (14.1.2)

and imagine that one managed to perform ¢ path integral completely. The result

would be a functional of the metric g, say,

tSEr(0)/h o eiWerr(9) (14.1.3)
More generally, let us consider gauge fields as well
(St (0) +Smuse (Aig) /1 5, / (Do) eiSedal/n (14.1.4)
whereby we will find the action for the gravity and the gauge fields is shifted to

Sen(9) + Sgauge(A;9)  — Seu(9) + Sgauge(A; 9) + AWer(A;g) ,  (14.1.5)

due to “integrating out” the quantum field ¢. The content of next few chapters
would be mostly about Weg and its analog where the path integral pf ¢ is performed
incompletely and also where part of A is treated as quantum fluctuations on equal

footing as ¢.

Of course, computing Weg(A; g) precisely is all but impossible task in general.
However there are certain circumstances where part of its form is computable and
leads to well-defined and unambiguous physical effect. One well-known such is the
matter of anoamlies, failure of classical symmetry to elevate to the quantum level.
These prove to be important handles in exploring superstring theories and the space-
time effective theories thereof in diverse dimensions. Another such example is when
the space-time has d = 2, in which case the effective action due to quantum matter
can be computed exactly. This also leads to a new derivation of the above Hawking

radiance, as we will later demonstrate in this note.

More than anything else, the notion of the effective action proves to be quite
useful when we try to understand the quantum field theories themselves, in the sense

of the renormalization flow. Later in this part, we will rely on the effective action as
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part of data necessary to define what we mean by quantum field theory, although we

will limit our scope to Gaussian approximations in favor of the conceptual simplicity.

14.1.1 Wick Rotation (II)

Much of the path integral computations can be carried out in a simpler manner by
analytically continuing to the Euclidean signature. Since this inevitably replaces real
time by an imaginary one, we need to familiarize ourselves to the general idea and
how it works for geometry. Let us recall how the Wick rotation should be performed
for matter fields, say a single real scalar ¢. The process involves replacing a real time
coordinate t by an imaginary time tg, by identifying ¢ = —itg such that the metric

become of positive definite signature.

Let us concentrate on factorized form of the metric, for simplicity
gu(2)dt* + gij(x)dx'dx? | gy < 0. (14.1.6)

In the Lorentzian signature, the exponent of the path integral integrand is

Smatter = ﬁ/dtdd‘lx V/—detg (—%(w)? — V(gb)) : (14.1.7)

where the sign of the kinetic follows from the (—,+,--- ,+) signature. The Wick

rotation is then performed by t = —itg,

1
1Smatter  —  —SF e = — / dtpd®'x \/det gF (Q(V%P + V(¢)> (14.1.8)

which makes sense For the Lagrangian density, the replacement 0, — 19;, has the
same effect as 0, — 0, and g — G1t, = —gu. We denote this new metric of

Euclidean signature by ¢” and the resulting covariant derivative by V¥.

What happens to the Einstein-Hilbert action along this procedure? Not much,
actually. The curvature tensor would analytically continue under g;; — ¢ip1, = —9gu
naturally, so the curvature tensor remain the same expression constructed from g¥.
V/— det g becomes +/det gF as well, so the only explicit change in the action is it — tp.

This means the exponent of the path integral becomes

1
1Spy = /dtdd—lx V/—detg R

167TGN
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1
— S T— /th d¥'x \/det g¥ RY . (14.1.9)
167TGN

This means the Einstein-Hilbert action respond to the Wick rotation much like the

potential term in the matter action.

In fact, the same should work for any action so that

S =-8* : (14.1.10)

gE —g, tp—t

where we blindly replaced the metric and the time coordinate of the Euclidean side to
those of the Lorentzian side. This also means that the same happens for the effective

action, so once it is computed in Euclidean signature,
WE(g") (14.1.11)

its Lorentzian counterpart is determined as

Wer(g9) = ~Weg(9") : (14.1.12)

gE—g, tp—t
For most part of this chapter, we work with the Wick rotated theory; sometimes we
may drop the superscript E from the metric g%, occasionally, when the distinction is

clear from the context.

Now we need to be careful. Given the Lorentzian signature, the operator is
hyperbolic and does not really accept a conventional eigenvalue problem. Also the
exponent is 1.5/h, so the integrand is not suppressed at large values of S or at large
values of ¢. Many of these problems have a simple solution via the so-called Wick
rotation, which, in the simplest possible settings, takes ¢ — —itp and maps the

geometry to one with the Euclidean signature. This also shifts,

ﬁ/dt () — —/th (), (14.1.13)

so the Wick rotated action Sg appears in the path integral as

/ [Dg] e~ 5" (G (14.1.14)
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where g” is, as before, of the Euclidean signature.

Now the eigenvalue problem can be well-defined, modulo further subtleties coming
from the infinite volumes of the space-time. Denoting the result of such an integration

as
e W) | (14.1.15)
we now have a shift of the Einstein-Hilbert action,
Sen(9”) = Sgu(g”) + MWi(g®) (14.1.16)

Extension of the above discussion as well as what follows to scalars coupled to a gauge

field A is straightforward. All we need to do is to use the new covariant derivative,
vV, —- D,=V,+ A, (14.1.17)

and put ¢ in some representation under the gauge algebra. We would be computing
the shift of the action as

Sen(9”) + Sgauge(A:97) = SEn(9”) + Sgauge(Ai 97) + AW (A; g7 )14.1.18)
We will come back to this more general class of theories in the next chapter, ac-
companied by a little more detailed discussion of Yang-Mills gauge group and the

representations thereof. Henceforth, we may often drop the superscript E that stand

for the “Euclidean signature” whenever the confusion is unlikely.

At the end of this chapter, we will consider the simplest class of quantum me-
chanics and demonstrate how the Wick rotated path integral reproduces the more
familiar Schrodinger result precisely, including the overall normalization. The quan-
tity we compute there is the partition function, for which the imaginary time span is
nothing but the inverse temperature in unit of 7. We will also see how the question of
overall numerical factors are often effortless built-in on the canonical, or Schrodinger
side while obtaining the same on the path integral side often requires further work.
Nevertheless, this toy model would serve well in persuading readers how the two

viewpoints are equivalent.
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14.2 (Gaussian Functional Integral

The question is then how one might compute such one-loop effect under general
curved background. In this section, we will consider a single real scalar coupled
minimally to the external metric g. In principle we may resort to Feynman diagrams,
to be introduced later, but for this particular one-loop effect, there is a more coherent

method that can accommodate the geometrical properties cleanly and covariantly.

This method can be illustrated, again via a ordinary Gaussian integration as

~Whoy — —bT Mb/2 _ (27)N/2

for N x N Hermitian matrix M and a column vector b of rank N. The key formula

is
1 1
Wioy = 5 log (detM) = étr log (M) , (14.2.2)

which is then represented by an integral

* ds * ds
trlog (M) ~ —T — ™M — _ e, 14.2.3
rlog (M) =T [ e 37 [T (14.2.3

0 S
with
M0 0
M| O 0 (14.2.4)
0 0 X3 ---

In the formula above, >~ means that we drop a log divergence at the lower end of

integral which is independent of eigenvalue \’s.

To see this better, let us take a A derivative and then perform an indefinite

integration thereof,

o o 1
/d)\ O\ (—/ ée_s’\) = /d)\ / ds e = /d/\ — =log A\ (14.2.5)
o S 0 A
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which implies
1 [>d
Wioy = ——/ B M (14.2.6)
0

modulo a divergence independent of M.

When we elevate this to the functional integral, the basic concept remain the same
but of course the matrix M is replaced by an operator with an infinite number of
eigenvalues. If the column vector b is replaced by a massive field ¢(x), the natural

thing to do is to expand ¢ in an appropriate Fourier basis,
d(x) =) byfolz) | (14.2.7)
p

such that
SE(¢) — %bTMb (14.2.8)
for some infinite dimensional matrix M. With
SP(¢r9) = %/\/E o(—=V?+m?)o (14.2.9)
we have
My, = /\/Ef;‘(—v2 +m?) fy . (14.2.10)

This formal expression is valid for any operator with positive eigenvalues only. When
the operator admits a finite dimensional kernel, we can still extend the formulation

easily. For now, we will pretend that the kernel is null.

This leads to

> d
Wk = ——/ O Ty gs(=VHmY) (14.2.11)
0

where we used the capital Tr to emphasize that we are performing a functional trace.
Since eigenvalues are unbounded from above, the above formula does not really make

sense due to divergence associated with the lower end of ds integration. One can deal
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with this divergences by introducing an “ultraviolet cut-off” and defining instead

1 > ds 2 2
e B e 14.2.12
5 e (11212
For those who have studied quantum field theory, this € would be eventually related
to the momentum cut-off A as e = 1/A%. What this cut-off of the eigenvalues means

need further consideration, to be discussed in due time.

For now, we will simply say that the path integral does not make sense without
such a cut-off. In particular, one should NOT consider it a mathematical artefact to
be removed later. In fact, the cut-off should be considered a part of the definition of
the theory. More generally, we will need compute

1 [
——/ % Py s TPmY) (14.2.13)

2 1/A2 S
with another cut-off at the low energy side.

WE is a non-local functional of g and, in general, impossible to compute precisely.

A more feasible task is to expand the operator e=s(=Vm?) systematically in power

of s, which is is called the Heat Kernel expansion, or Schwinger-de Witt expansion.
More concretely, we may adopt the position basis in the usual quantum mechanical

sense,
|z (14.2.14)

with the target being the Euclidean space-time. The trace Tr may be understood as
the one over the quantum mechanics Hilbert space relevant for V2 as the Hamiltonian,

and can be evaluated as

Tr(--) :/ddx (x| |x) (14.2.15)

A key tool for this is the heat kernel

Gz y) = (z]e™*9)y) = ZG” (14.2.16)
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with Q@ = —V?2 + m? for the current example, which obeys
—0:Gs(z;y) = QGs(z,y) | (14.2.17)

where the hermitian Q can act either on x or on y.

To find a consistent expansion, we need to split the operator in the exponent into

two parts,

Q=0+69, (14.2.18)

which gives the recursion relation,
—0,GU ) (a3y) = QG (@, y) + 6Q G (. y) (14.2.19)
with
~0,G0(w3y) = QGP(wy) . ImGP(z,y) =8z —y) . (14.2.20)
s—
This recursion relation can be integrated into
Gwy) =~ [t [ G0, (512)50GI 6 (zsy) (14.2.21)
0 z
and can be in turn iterated into as
s t1 tn—1
G (zyy) = (—1)n/ dtl/ dtz'"/ dtn/ /
0 0 0 Z1 Zn
G, (@520) 6Q Gy a5 22) -+ 6Q G, (zniy) . (14.222)

which, in principle, gives a complete solution.
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