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Stabilizer sub-theory

Stabilizer state

» A pure N-qubit quantum state:

| y) = Z az’l...iN‘ il...iN): 2V — 1 real numbers

il" - .,iN:O,l

* A pure quantum state described by its stabilizer group:
» Stab(y) = {U € URY) : Uly) = |y)}

* |y) # | ) — Stab(y) # Stab(¢)
» Stab(y) too large!



Stabilizer sub-theory

Stabilizer state

| 0 1 0 —1 1 0
. Pauli group (1 O)’ (i O),Z (() _1)

e Py = (L, +il, £ X, +iX, £ Y, +iY,+Z +iZ)

* Pauli group elements either commute or anti-commute.

« (Pauli) Stabilizer group of a state |y): S(y) = Stab(y) N Py



Stabilizer sub-theory

Stabilizer state

1
. 10):8(0) =1{LZ} =(Z), |0){0] = 5(1+Z)
1
. | 1):S() =1L -2} =(-2), | 1){1]| = E(I_Z)

1
_ Bell state [®™) = 7( |00) + | 11)):
2
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Stabilizer sub-theory

Stabilizer state

e S(y) = <Ug1’ . UgN>’ where U, € Py

1 N
[y)(w| = ﬁH(Iq + U, )
g=1

» A stabilizer group S(v) is an abelian group.
» =1 # S(y)

» Phases of stabilizer group elements are only 1.
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Stabilizer sub-theory

Computation: Clifford gate

» Clifford group Cly; = normalizer of the Pauli group P,
. Cly={U, e U2"): U AU; € Py VA € Py}

. S = Uy, U,), Uy € Cly: Uyly) = U, (U, 1w) ) = (U0, U7 ) U 1),
U,U,U; € Py

. S(U,|lw)) =(U,U, Uy, ...,UU, U)

|
Clifford group can be generated by H = (} 11>, S = <(1) O) and CNOT gates.
o 2 — l



Stabilizer sub-theory

Measurement

» A stabilizer state |y) with its stabilizer group S(y) = (g, ..., &n)
« Measurement of g € P, (with phase + 1):
e Check if g commutes with g;foralli = 1,..., NV.

e If so, the outcome is 1 for g € S(y) or the outcome is -1 for —g € S(y).

* The state does not change.

* If not, choose a anti-commuting generator g, then update other anti-commuting generator by
multiplying g;: ({8, &1} = 1&, &} =0 - [g,£&] =0}

« Sample an outcome %1 with probability 1/2:

e If 1, replace g, to g. If —1, replace g, to —g.
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Stabilizer sub-theory

» A stabilizer state can be described by N matrices (M,x(C)).

. There are a finite number O (2N2) of stabilizer state: a tiny portion in the
whole Hilbert space

o Stabilizer states include typical (entangled) states such as Bell states, GHZ
states, cluster states.

o Stabilizer formalism is utilized in the quantum error correction.

o Stabilizer circuits can be efficiently simulated classically.



Gottesman-Knill theorem

« An N-qubit stabilizer circuit composed of
» all qubitsin | 0) state initially,
» Clifford gates: Cly = { U, : UgAUg € Py VA € Py}
* Paull measurements

e can be efficiently simulated by classical computers.
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Gottesman-Knill theorem

Stabilizer state

» Computing variable: C(n,m) = (—1)""Z" X" = TR X™m m,m=010=e"=—1)
« C0,0)=1C(1,0)=2C0,1)=X,C(1,1))==-iZX=Y
e C(ny,...,nN, My, ...,My) = ®2’=1 (—i)”meZ;quZl‘f = C(k),

e k€EK={(ny,....,00N, M, ..., My) : N

»m, €Zy Yq=1,..,N)

> C(l,l,0,0) — ZIZQ,’ C(0,0,l,l) — X1X2, C(l,O,l,O) — Y112’ C(l,l,l,()) — Y1Z2

1
. C(k)" = C(k), Tr C(k)C(k)) = ﬁék,k,: CVs consist of a basis of M(2", C)
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Gottesman-Knill theorem

Stabilizer state

» A stabilizer group element (—1)"C(k) is represented by 2N + 1 bits (k; r)
« A stabilizer group for an N-qubit state has N generators: S(y) = (g;, -..» &y)

« N(2N + 1) bits describe a stabilizer state (Tableau representation):

Ny o My My o myy N

Nyp o By My 0 Mgy |1y
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Gottesman-Knill theorem
Clifford gate

k _
. U,C()U; = 0?OC(y,(k)) for U, € Cly = (H, S, CNOT)
o W(k+ k') =y (k) + y (k') linear map
. ¢, 1 K — {0,1} nonlinear map

» Any Clifford gate can be decomposed into 11 layers of H, S, CNOT.

 For N qubits, m gates can be calculated in poly(N)m.
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Gottesman-Knill theorem

Measurement

- A stabilizer state |y) with its stabilizer group S(w) = (g, .-, &)

 Measurement of g € Py, (with phase + 1):

- . 0 Iy
. Compute ngk foralli = l,...,N, where Q = o ;
—iIN

« If the value is all 0, check whether g € S(y) for the outcome 1 or —g € S(y) for the outcome — 1: Gaussian
elimination

* The state does not change.

. If not, choose a generator g, such that ngkng # 0, then update anti-commuting generators (ngkgf # () by kg1 D kgj.

« Sample an outcome *1 with probability 1/2. If 1, replace kg1 to kg. If —1, replace kg1 to k_g.

A Pauli measurement can be simulated in poly(N).
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Gottesman-Knill theorem

o Stabilizer sub-theory

e S(w) = (g, ---,8N): N2N + 1) bits

Ny 0 My My o myy | n

Ayp = My My o Mgy [ Fy
 m Clifford gates: O(poly(N)m)
» Pauli measurement: O(poly(N))

* All the processes can be efficiently simulated with classical computers.
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Quasi-probability description

» Can we describe a stabilizer circuit classically?

®];=1‘O>QZ§Ug< 1‘O> )*pz(s)

L PAS) = ) L) 1”)( D T V)Wo(r)) s possible?



Quasi-probability description

. Ky = {(ny, ...,ny0,....0) i n, € Z, VYgq=1,..,N)

(- Cln,m) = (—iy™Z"X")

1 1
 Pe=UppUf = 55 ), UChkUj = 55 ), o™ Clyg k)
k €K, koK,
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Quasi-probability description

e C(n,m) = (—1)"Z"X" = 0~ TMZnXM corresponds to the Heisenberg-Weyl
displacement operator:

. D()C p) e esz —IxP
« Z|0) =10),Z|1) = — | 1),

+ X|0) =11), X]|1) =10),

IN quantum optics

» We construct a quasi-probability distribution for N qubits.
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Quasi-probability description

e Characteristic function of a matrix A:
e xa(k) =Tr {C(k)'A}

» Characteristic function of a stabilizer state p,:

=1, =T { CWp, } = ¥ 0¥,

» (Quantum optics: y(a) = Tr D (a)p )
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Quasi-probability description

- Quasi-probability distribution of p,:

|
_ @g(k) r-k
Wg(r\G)g) = oo E O REAL0) )(g(k)
kek

. — I 2 a)®g°l/fg(ko)+7” Wo(ko)+ (ko)

92N
koK,

- What choice of ®, makes Wg(r\ ®, > Oforalre K?

_ Proof technique: Z W™k = Z Z Ha)’?kf = H(l + w') > 0
J
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Quasi-probability description

Phase decomposition

. U,Clko)U] = o C(y, (k)

o Yok + k') =y (k) + (k')

¢(k+k’)=qb(k)+¢(k’)+l (T (k’)—lkTQk’ —— 0 Iy
o I"g 8 g z}ﬂé lﬂé H : -_LN 0

J J
b, [k = 2 k]] = 2 ¢(k) + 0,(k) — O(k)
i=1 i=1
J J J
Z ZkTQsz O, | k= ZkJ =0 Wg(k)zzwg(kj) °l//g_1
Jj=1 Jj=1 Jj=1

Jfﬂz
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Quasi-probability description

. Quasi-probability distribution:

W,(r|©,) = ﬁ Z 1O W o)+ (ko) + b, (ko)

koK,
k() — (nl, ...,nN,O,...,O)
= (n,0,...,0) + (0,n,,0,...,0) + --- + (0,..., ny,0,...,0)

N
— 2 1)
q=1 O
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Quasi-probability description

» Quasi-probability distribution of a N-qubit stabilizer state is non-negative with @, = (6, — 0) o l//g_l;
w,(0) = 0, b, (0) =

%4 (I”‘ ® ) = %N o O We(Ko)H 7y, (ko) +, (ko)
; koeKO

H T ok
~ 52N

g=1 k{?=0,1

' 22NH< +ob)

> 0
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Quasi-probability description

Transformation matrix
W10 = ) T (r' | )Wy(r| ©)

: — . = —1 / /
» Using O, = (6, — 0) oy, ", we can show I, (7 | r) > Oforallr,r.



Quasi-probability description

Measurement

L PAS) = ) ELs|IW(r]©,)

« £, (s|r) > 0is not assured.



Conclusion

» Stabilizer state |y): (Pauli) Stabilizer group S(y)
o Stabilizer circuit = stabilizer state + Clifford gates + Pauli measurement

* (G-K theorem: Stabilizer circuits can be efficiently simulated by classical
computers

» Classical probability description of /N-qubit stabilizer circuits is not successful
with the Heisenberg-Weyl displacement operator with additional phases.

» Classical probability description of /N-qudit stabilizer circuits with odd
dimension is possible.
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