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Open Quantum Systems and Dynamical Maps
Open Quantum Systems and Dynamical Maps

@ Total system composed of 'System’ and 'Bath’: Hg ® Hp
@ Reduced density operator

ps(tr) = Tep (U (t1, o) p(to) U (t1, to))

o Let Trgp(tg) = ps(to). This consitutes a dynamical map

ps(t1) = Ey t0) s (to)]
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[DECLITGLI  Open Quantum Systems and Dynamical Maps

Universal Dynamical Map

ps(t1) = Euy i) [ps(to)] = Y Ka(t1, t0)ps (to) KL (t1, o),

where
D Kt to) Kot to) = 1

o Completely Positive map (Kraus)
@ This is true if

p(to) = ps(to) ® pr(to)
o If not, in general, K, (t1,to; ps) depends on pg at tg
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Markovian Evolution

o Fortg > t1 > tg and if p(to) = ps(t()) ® pB(to)

Et1,40) + UDM, E(tate) » UDM
E(ty,t1) » not UDM in general

Markovian Evolution
If UDM €& satisfies
Etarto) = Eta,t1)E (ko)

@ Classical analogue: Chapman-Kolmogorov equation

p(333,t3|331,751)/d$2 p(xs, ts|ze, t2)p(x2, ta|z1, t1)

@ For the case of £, 1) = &, —+,, we have semigroup property: &y = &&
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Markovian and Non-Markovian QMEs

@ Markovian evolution in differential form if and only if it can be expressed as
(Gorini, Kossakowski, & Sudarshan; Lindblad)

0 — i), ps0) + 320 [V § {1 00,50

where H is self-adjoint and 7 (¢) > 0 for all kK and ¢

@ All these are mathematical. In general, QMEs derived from physical
Hamiltonian,

H = Hs+ Hp + H;

will be non-Markovian.

e To get Markovian QME, one needs to impose special assumptions (secular,
ULE, etc.)

@ In this lecture, we present a few general and formal methods to obtain QMEs
from Hamiltonian composed of system and bath
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NEUSTITLESVAVEL PAES BV Projection Operator Formalism

Nakajima-Zwanzig Equation

Projection Operator Formalism

e H = Hy + Hy, where Hy = Hs + Hp
@ Projection operators: for some fixed pp

Pp="Trg(p)®ps, Qp=(1-P)p
P?p = Trp[Trp(p) @ ps] ® ps = Pp
o Interaction picture: p(t) = UJ(t)p(t)Uo(t), Hy = Ug(t)HIUO(t), where
Up(t) = e~ iHot )
8uj(t) = —ilr, 5(1)] = L)A(1),
where L(t)e = —i[H|(t), o].
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Nakajima-Zwanzig Equation Projection Operator Formalism

@ Take the P-projection

OPp(t) = PLIAE) = PLI(P + Qp(t)

= PLYPH(t) + PLH)Q5() (1)
o Take the Q-projection
9, 2p(t) = QL()Pp(t) +QL(H)2p(t) (2)
inhom.

@ Solution to homogeneous eq. for Qp
Qi(t) = G(1,0)Qp(0),  G(t,0) = Telo )

@ Solution to full Eq. (2)

Q4(t) = G(t,0)Q5(0) / ds G(t, 5) QL(s)Pj(s)

inhom.
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Nakajima-Zwanzig Equation Projection Operator Formalism

@ Insert this into Eq. (1)

9 Pp(t) = PL@)P p(t) + PL()G(,0) Qp(0)
AR —— ——
® (i)
t
+ / ds PLI)G(t, $)QL(s)P(s)
0 U3
@ Two simplifications
Q (i) If [Hs, ps] = 0, one can always set
PLEH)P =0
(O (ii) For a product initial state p(0) = ps(0) @ pg,
Qp(0) =0

@ We have NZ-QME in a time convolution form

O PA(t) = /0 ds PL{)G(t,5) QL (s)Pj(s) = /0 ds K(t, s)Pp(s)
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NEUSTITLESVAVEL PAES BV Projection Operator Formalism

@ Derivation of (i)
d For any p

PL(t)Pp = — iTrp[Hi(t), P @ ps
= — iTrp[Hi(t), Tre(p) ® ps] ® pB

=~ | Tl ()pn). Ten(r)| 2 o

O Redefine H's such that Hs + H; = HS + H{

H{ = Hy — Trg (Hips) ® 1 = Hi — (HI)p ® 1
Hi = Hs+Trg (Hips) ® 1 = Hs + (H1)p ® 1

O Then if [Hg, ps] =0
Toa (1)) —Tra (€400 0
zeiHétTrB(ei”Bf'Hw*iHBth)efiHét

_ eiHétTrB (Hipg) eﬂ'Hét Trs (eiHBthe—iHBt)

=1
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Nakajima-Zwanzig Equation Projection Operator Formalism

@ Derivation of (ii)
4 For a product initial state

d We then have
Pp(0) = Tre(ps(0) ® pB) @ pB = ps(0) ® ps = p(0)

d Therefore
Q(0) =0
o NZ QME is exact, nonperturbative, non-Markovian and non-local in time
(with memory kernel (¢, s))
@ Can describe an initial state which is not a product state — inhomogeneous
term
@ May serve as a starting point of a perturbative study
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Weak Coupling Limit

Nakajima-Zwanzig Equation

NZ equation

Weak Coupling Limit

o Let Hi — eH;. Then L — €L
o Note that G(t,s) = Texple [ dt’ QL(t')] = 1 + O(e)

@ NZ equation becomes

O Pp(t) =2 /O ds PL(t)G(t,s)QL(s)Pp(s)

_? /0 ds PLIYOL(sIPH(s) + O()

= /t ds PL(t)L(s)Pp(s) + O(e°) . PLHP =0
0

——ep / ds [Ey(t), [Fi(s), Pa(s)]] + O(e)

o If we write Trp(p(t)) = ps(t), we get the same result as the Born

Approximation
Bips(t) = —Trg / ds [Fi(t), [Fi(s), 7s(s) © pi]] + O(€%)
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Time Convolutionless (TCL) ME

@ It is possible to obtain QME in a time local form without convolution
@ Recall (We don't assume factorized init. state)

OiPp(t) = ePL(EYPH(t) + ePL(H) Qp(t)

A~ ~ =

Q4(t) = G(t,0)Q5(0) + ¢ /O ds G(t, ) QL(s)P(s)

o We want p at ¢ not s. Using It_iouville eq. for total system+bath, can write
pt) = Uy (t,5)p(s) = TyeJs £ 5(s) and

As) = U (t, )p(t) = T_e 114 £ () = U_(t,5)(P + Q)p(t)
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@ Therefore

Qp(t) =Gi(t,0)Qp(0) + ¢ /0 ds G(t, $)QL(sYPU_(t, 5) Pp(t)

=3(t)

+e /t ds G(t,s)QL(s)PU_(t,s) Qp(t)
0

=X(t)
@ Solving this
Qi(t) = [1 - (1)) " G(1,0)Q4(0) + [1 - S(1)] " S(&)P(1)
@ Inserting this into eq. for Pp
Oy Pp(t) =ePL(t) Pp(t) + ePL() [1 — X(t)] " G(t,0)Q5(0)
+PLIOIL = 2O S0P

=ePL(t) [1 — X(t)] " G(t,0)24(0)
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Time Convolutionless ME BEIEIVEHEIL]

TCL ME

|9:PA() = Z(1)Q0(0) + K()PA(1)|

where

N
—
~+~
~—
|

ePLE)[1—2@)] ' G(t,0)0
K(t) = ePLE)[1 —S@t)] ' P

@ For a product initial state Z(¢)Qp(0) =0
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Time Convolutionless ME

Perturbative Expansion

o Consider the case of product init. state

o Write - -
-z =507 1) =3 ¢
n=0 k=1
o We have
K(t) =ePLE)[1 - S(t)] ' P
=ePL(t) Z (Z ekEk(t)> P
n=0 \k=1
= Z €K (t)
m=1
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Time Convolutionless ME Perturbative Expansion

@ Collecting coeffs. of €™

Ki(t) =PLHP =0

Ko(t) = PL(t)S(t)P

Ks(t) =PLE){Z1(t)* + Z2(t) } P

Ka(t) =PLEA) {Z1(1)° + S1(H)S2(t) + 2 ()T (t) + E3(t) } P

@ Recall 3(t) = efo ds G(t,s)QL(s)PU_(t,s)

G(t,s) = Ty e s di QLW

t 2 t t1
=1+e/ ar Q/S(t’)+%/ it / dts QL(11)QL(t2) + O(%)
U (t7 S) =T e ¢ Jhdt £(t')

_1—6/ dt’ Lt /dtl/ dts L(t2)L(11) + O()
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LN ECHIVCIEGISR V= Lowest order contribution

Lowest order contribution

From above expressions, we have
t
() = / ds OL(s)P
0

= Kalt) = PLO)S: (6P = /O "ds L) Q L(s)P

QL
~—~
1-P

-/ "ds PLOLEYP (- PLP —0)
0

Lowest order TCL ME: 9, Pj(t) = €2 Ko (t)Pp(t)

onps(t) =~ [ s Ty [0, [ o) 5101

o = Redfield equation (usually Hy(s) — Hi(t — s))
@ Non-CP; Obtained usually from Born-Markov approximation
o c. f. Lowest order NZ equation contains pg(s) at time s not ¢
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LUUENELICITEENIES RIS The Next Order: K3

The Next Order: K3
Note that . .
(1) = / ds / ds' QL(s)PQL(s')P = 0
0 0

and
t

@) = [ dn / "ty {QL(1)QL(12)P — QL(t2)PL(1)}
0

0
Therefore
0
Ks(t) =PL(1) { sur +zg<t>}7>
_ Otdtl /0 " it Pc(t){ L L) Q. E(Q)P—Qﬁ(tg)w
1-P 1-P

-/ o / " ity L)L) ()P

o
(e}
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LUUENELICITEENIES RIS The Next Order: K3

@ This vanishes as for odd number of £ we can set
PL(L1) -+ L(tag—1)P =0

@ As in proof of PLP = 0, this involves setting odd moments to zero

Trg(Hi(t1) - - Hi(tox—1)p) = Trg(Hy--- Hypg) = 0
——
2—1

@ First nonvanishing contribution beyond Born-Markov approximation is 4
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Time Convolutionless ME Leading order beyond Born-Markov

Leading order beyond Born-Markov approximation: 4

@ Recall

0
Ka(t) = PL() {M b ST 4 DR + 23(t>} P

J 1st term
t t t
S0 = [ ds [ as [ a4 0L(s)PQL(sPQL( )P 0
0 0 0

d 2nd term

(=}
(=}
[=}

X

0L (s)P{ QL(1)QL(t2)P — QL(12)PL(1) } =0
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Time Convolutionless ME Leading order beyond Born-Markov

@ We need
o (t) = %/Ot ds /t ity /t dt { QL(1)QL(12) QL()P + QL()PL(t2) £(11)
~ 20L(t1) QL(s)PL(t2)}
@ Using @ = 1 — P and invoking PLP = 0 repeatedly, we arrive at
Ka(t) = /O s /O "ty /O " dta [PLWOLE)LN)L ()P — PLE)L(SPL(1)L(t2)P

PLE)L(E)PL(s)L(t2)P — Pﬁ(t)ﬁ(tz)Pﬁ(s)ﬁ(h)P}
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Caldeira-Leggett Model for QBM of Harmonic Oscillator
Exact ME: Hu-Paz-Zhang Equation

Caldeira-Leggett Model for Quantum Brownian Motion of Harmonic Oscillator

[Hu, Paz and Zhang, Phys. Rev. D 45, 2843 (1992)]

@ System
»? 2 2
H — MQ
s = 2M+
e Bath
p
HB:Z<%{L + mjwqj> Zm bib; + )

» j

J
o Interaction: Hy = —q ), kjq; = —qB

Including the counterterm, total Hamiltonian is

2 w2 K
H R MQQ 2 J .
5 M + Z <2mj (4 — mjwjg q) )

o Effect of counter term is the renormalization of Q2 = Q2 + ;/M where
p= 32565/ (mjws)
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HPZ equation

Sketch of Derivation

@ Original derivation by HPZ: Using Influence funtional in path integral
formalism

@ Simpler and more intuitive derivation by Halliwell and Yu [Phys. Rev. D 53
2012 (1996)]

o Use Wigner function representations for ps(t) = Trpp(t)

dyn —1 —1i !
W((Lp;(hupn» :/27Th/H27Th ipy/h—i32,, Pnyn/h

Y Yn

y
X <q+ 27Qn+7|p( Na+ 5,qn+3>

dy Y
Ws(q,p;t) :/ﬁ <Q+5\ps(t)lq+ §>
:/qundpn W(q,P; Gn, Pnit)
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Exact ME: Hu-Paz-Zhang Equation [DGVEEIT

e Evolution equation for total density operator 0;p = —(i/h)[H, p] translates
into

B pOW ., OW
ZWq, p; @y prit) = —— — + MO2g—
5 (¢, D3 @n Pn3 1) M g + o

_Pn W 2, W _ oW oW
+Zn:( B Mt zﬂ:mn gy T G0

@ Linear system = Same as classical Liouville equation: ;W = {H, W }pp

@ Integrating over ¢;, p;,

p (9Ws ~2 3Wg
i) =— ——— + MQ*q——
aWs(g,p;t) =~ 17 ag Mg,
ow
_/];[d%'dpi (; Hn‘]n) 87])
@ How to express (+----- ) in terms of Wg?

PN N NN
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Key points in derivation

o Consider

é(k,k/) — /dqdp eikq-‘rik’p/quidpi (Z ann)W

=G(q,p)

o W satisfies classical Liouville equation

W (q(t), p(t); qn(t), pn(t);t) = W(q(0),p(0)

s 7qn( ) pn(O) O)
= Ws(q(0),p(0))

Wg (qn( ) pn(o))
—_—

canonical at

° Change the integration variables qudedqndpn to
J dq(0)dp(0) TT dq(0)dp(0)
° Express everythlng in terms of (¢(0),p(0), ¢»(0),pn(0)) (formally)

Y wntn(t) = f(£)a(0) + g(0)p(0) + D (fa(t)an(0) + gu()pa(0))
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Exact ME: Hu-Paz-Zhang Equation [DGVEEIT

@ Use the Gaussian property of Wg. We then find that é(k,k’) is a linear
combination of terms with &, k', 9/0k and 0/0k’ operating on Wg(k, k')

@ Therefore for some A(t), B(t), C(t), D(t),
G(q.p) = A(t)gWs + B(t)pWs + C(t)0Ws/dq + D(t)0Ws/dp

HPZ master equation

ot

In the operator form

cl_z'p2

%Ps(t) 7 | 2ar

. %o(mq, b, ps (1))

B
—Ws(g,p;t) =

4!1789‘4/5
M 9dq
(pWs)

dp

+ B(t)

2

}12

+ MQ?q

+C

(MO + A1) ps (1)

_ 2%3@) (g, {p, ps(t)}]

_ iD(t)[q, (g, ps(t)]]
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Exact ME: Hu-Paz-Zhang Equation [DGVEEIT

e A(t), B(t),C(t), D(t) are obtained by considering time derivatives of
averages (q), (p), (p?), (¢*), {qp + qp) using equtions for both W and W

@ They are given in terms solutions of differential equations describing classical
motion.

~ 1 [t
ii(t) + Q%u(t) + 7/ dsn(t—s)u(s) =0
M Jo
2 1 [t
% G(t,s) + Q2G(t,s) + M/o ds' n(t —s)G(s',s) = 6(t — s)
@ Two functions describing bath properties:
2

Ko .
n(t) = — Z p— sin(wpt)

2

v(t) = Z 2nl;nwn cos(wpt) coth <ﬂh;n>

@ Properties of these functions have been studied only recently [see Homa et al,
Phys. Rev. A 108, 012210 (2023)]
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Exact ME: Hu-Paz-Zhang Equation [ e g ki

Weak Coupling Limit

@ To the lowest order of coupling constant x2, we find

At) = /o ds n(s)cos(Qs),  B(t) = 7]\/}(2 /0 ds n(s) sin(Qs)
C(t) = ]\;Q /0 ds v(s)sin(Qs), D(t) = h/o ds v(s) cos(€2s)

o Note that for Hy = —¢ >, kg, = ¢ @ B, where B = —3"  k,g,, We can
show that

G(t) = Trp B(t) Bps] = hlw(t) + 5n(0)
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Exact ME: Hu-Paz-Zhang Equation [ e g ki

@ Note that for H; = ¢ ® B, Redfield equation can be written as

() =~ s.ps) = 35 [ s (GE)lav(=s)ps(0)

G (5)la. p(D)i(—5))

@ g is given by

G(—s) = qcos(Qs) — ]\5@ sin(Qs)

@ Then one can check that HPZ equation reduces to Redfield equation to this
order

Lps(t) == 1 [ L+ S(MB + A0, 5(0)| — 5=B(O)a, (7, ps(0)}]
+ e

OOl I ps (0] — 2 DOl g, ps(0)]
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Summary

Summary

@ Markovian and Non-Markovian QME

@ We have presented some formal methods to trace out the bath part for
quantum systems described by H = Hg + Hg + H;
([ Nakajima-Zwanzig equation

(d Time Convolutionless ME
(4 Hu-Paz-Zhang exact ME
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