Project: Many-body approach to superconductivity

In this project, we will derive the Bardeen-Cooper-Schrieffer (BCS) gap equation using the operator
method and the path-integral method, respectively. Additionally, we will obtain the effective action for
the superconducting order parameter and partially derive the Ginzburg-Landau free energy.

1. BCS mean-field theory
The effective Hamiltonian involving Cooper pairs with opposite momenta and spins is given by
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where &, = 5560) — p and Ugg = (k, —k| U |K', —k’) describing scattering of a pair of electrons from

states (k' T, —k’ ]) to states (k 1,—k ). Note that Ugr > 0 because of the attractive interaction
potential.

(a) In the presence of the pair interaction, operators such as é_g| ¢kt can have nonzero expectation
values for the ground state. Expressing ¢_g|épt = b + (é—gyCrt — bi) where by = (é_g)éxt) and
neglecting small fluctuation terms, show that
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where Wl = (éLmé—ki)' Find Ag, Eg and h(k).

(b) For a general two-component Hamiltonian H = ag + a - & where o are Pauli matrices, show
that H has eigenvalues €1 = ag = a and the corresponding eigenfunctions are given by (up to a

constant)
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where a = \/a? + a3 + a3, tanf = 7”21;%2 and tan ¢ = 22

* Note that the eigenfunctions are nothing but a rotated spin up and spin down states about the
y-axis by € and subsequently by angle ¢ about the z-axis.

(c) Note that the Hamiltonian in (a) is a quadratic form in the operators, thus can be diagonalized.
For simplicity, assume that Ay is real. By diagonalizing the matrix h(k), show that the mean-field
Hamiltonian can be rewritten as

Hpos = Ec + Y Ex(afén + BLAk).
k

with
Chot = Ul + Ukﬂi-, , Copy = ugfr — vrd,.

Find Eg, Eg, ug and vg. (Here, choose ug and vy as real.)

x Alternatively, we can use the canonical transformation. Note that ag and Sj satisfy the fermionic
commutation relations.

(d) Show that
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[] For any questions, comments or typos, please send an email to Hongki Min at hmin@snu.ac.kr



where f(FEg) = (eﬁE’e + 1)71 and § = kBLT Then show that the gap function Ag is given by
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(e) Assume that U = & (9 > 0) for &, [€x/| < hwp and zero otherwise, where wp is the Debye
frequency for phonons. Then, show that the gap function reduces to Ax = AG(hwp — |£k|) where
A is a (temperature-dependent) constant which satisfies
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and Ny is the density of states per spin per volume at the Fermi energy.
* Further reading: Tinkham, Ch. 3.5; Fetter and Walecka, §37 and §51.

. BCS gap equation
(a) Show that at T =0, A(T =0) = A is given by

~ sinh(1/gNo)"
(b) At T =T, A(T =T,) = 0. Then show that

kpT. ~ Ahwpe™ 76 |

Note that [ dz'2202 ~ In(2Az.) for large z., where A = 2¢° ~ 1.13 and v = 0.577.

(c) In the weak coupling limit g/Ny < 1, find the ratio kﬁ%c,

particular material.

which is universal independent of the

(d) Assuming the weak coupling limit, draw A(T")/A¢ numerically as a function of T'/T¢. for gNg =
0.1, 1, 10, respectively.

+ Express the gap equation in Prob. [[[(e) in terms of A(T)/A(0) and T/T, using the result of (a)
and (b).

« In the weak coupling limit gNy < 1, A(T)/A¢ as a function of T'/T, in the BCS theory exhibits
a universal curve. Note that T, relation in (b) is valid only for large z. or small T, i.e. for weak
coupling limit. In principle, for large gNp, you should find 7, numerically using the condition
A(T.) = 0 in the gap function.

* Further reading: Tinkham, Ch. 3.6; Fetter and Walecka, §37 and §51.

. Path integral method: Effective action for the bosonic field

Consider a coordinate representation of the BCS Hamiltonian ignoring vector and scalar potentials:

fincs = [ d'a [Z Gt (@) Ko (@), (@) - gﬂ(w)@(w)m(w)m(w)]

where Ky(x) = —%VQ — p. From now on, we will set & = 1 for simplicity.

(a) Using the coherent state path integral, show that the quantum partition function is given by
Z = [ Dy Dpe=5¥¥] where
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(b) Using a Hubbard-Stratonovich transformation, express
o9 [ dr [ dlapri

by introducing a bosonic field A to decouple the quartic interaction.



(c) Show that the partition function can be expressed as
Z = /DJJD@ZJDADAe*SW,w,A,A]

where
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(d) Since the action is quadratic in the fermion field ¢, we can carry out the Gaussian integral over
the fermionic field to obtain an effective action for A. Show that

Z = / DADAe%xAA]

where
Serr[A, A] = /dr/dda: (A!%) —InDet (—g7").

x Further reading: Altland and Simons, Ch. 6.4; Coleman, Ch. 14.6.

. Path integral method: Saddle-point or mean-field solution

A variation of the action with respect to A generates a mean-field equation for A. Assume that
configurations extremizing the action is homogeneous in space and time.

(a) Show that

Det (—g7") = [T [(wn)® - & — |1A]7]
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and thus, the effective action for A is given by

Sex[A, A] ~ BV (Af) =3 In [(iwn)? — € - AZ].
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(b) From the frequency summation ﬁ >, iwnl_wk = f(wg) where f(w) = (ef™ + 1)*1 for
fermions, prove that
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(¢) The saddle-point solution can be obtained from a% «t[A, A] = 0. Then, show that
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where Ej, = /&2 + |A[?, which gives the gap equation in Prob. d) or e).
* Further reading: Altland and Simons, Ch. 6.4; Coleman, Ch. 14.6.

. Path integral method: Gaussian fluctuation

In the vicinity of the phase transition, A is small in comparison with the temperature, thus we can
perturbatively expand the action in powers of A.

(a) Show that the effective action in Prob. [3(d) can be rewritten as

Ser[A, A] = /dT/ddx (M) ~Trln (-g™1).
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(b) Let us define g=' =g, ' + withgy! = g_l‘AZO and = ( A0 ), and expand Trln (—g~')

in powers of A. Then, show that
1
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(c) Explain that the first and second terms in (b) do not contribute to Seg[A, Al.
(d) Show that

%Tr (90 )* = =D A(=q)o(g)A(g),

where ¢ = (g, ivy,) with an even m and Ily(q, iv,,) is given by
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Here f (&) = (7% + 1)_1 is the Fermi distribution function.
(e) Show that the effective action Seg[A, A] becomes

A 1 ddq A . —1 . .
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where I'~1(q, ivy,) = % —To(q, iVm).

(f) Note that T'=1(0,0) — 0 corresponds to an instability of the A(0,0) mode with a sign change
in action, which occurs at T'= T.. Show that

1 i N hwp 1-— Zf(g)
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which gives the equation for the critical temperature in Prob. b).
(g) For r(T) =T71(0,0), show that
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which changes sign at T' = T¢.

« Note that f(&)|p— f(€)|y, =~ (BE — Bef) (865) _ (T;T) ¢ < gg) where 3 = 117 and . = .
(h) For T < T, justify that Seg[A, A] near T, can be expanded as
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with v > 0 and ¢ > 0, leading to the Ginzburg-Landau theory.
x Further reading: Altland and Simons, Ch. 6.4; Nagaosa, Ch. 5.1.

x Considering symmetries of the order parameter, we can construct the Ginzburg-Landau free
energy phenomenologically even without the corresponding microscopic theory. From it, we can
derive various physical properties, for example, the Meissner effect and fluxoid quantization in
superconductors. For further reading, refer to Coleman, Ch. 11.5, Tinkham, Ch. 4 and Annet, Ch.
4.3-11.
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