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 Scaling behavior in field theory

 4-point string amplitude: linear relation 

 5-point string amplitude: stringy scaling
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Bjorken Scaling
• (1968 Bjorken) scaling behavior of DIS 

structure functions:  𝑊 𝑄 → ∞, 𝜈 ∼ 𝐹
𝑄2

2𝑀𝜈

• A property of hadrons is determined not by 
the absolute energy but by dimensionless 
kinematic quantities, e.g. scattering angle

• Hadrons behave as collections of point-like 
constituents

• Bjorken Scaling and parton model leads to 
asymptotic freedom in QCD

• Stringy scaling?



4-Point String Amplitude

| ۧ0, 𝑘4 | ۧ0, 𝑘3

| ۧ0, 𝑘1
ෑ

𝜇,𝑛

𝛼−𝑛
𝜇 𝑟𝑛

𝜇

| ۧ0, 𝑘2

𝐴 =

 Gross’ conjecture: linear relation in hard limit

 3 tachyons + a massive string state 



Kinematics in CM Frame: 4-Point
Scattering Plane: 𝑒𝐿 , 𝑒𝑃, 𝑒𝑇

෍𝑘𝑖 = 0, 𝑘3+ 𝑘4 = 0

𝑒𝑇

𝑘1𝑘2

𝑘3

𝑘4

𝜙

𝑒𝑃

DOF:
𝑝, 𝑞3, 𝑞4, 𝜙3, 𝜙4 → 𝐸,𝜙

𝑘1 = + 𝑝2 +𝑀1
2, −𝑝, 0

𝑘2 = + 𝑝2 +𝑀2
2, +𝑝, 0 ∼

𝑒𝑃

𝑀2

𝑘3 = − 𝑞3
2 +𝑀3

2, −𝑞3 cos𝜙3 , −𝑞3 sin𝜙3

𝑘4 = − 𝑞4
2 +𝑀4

2, +𝑞4 cos 𝜙4 , +𝑞4 sin𝜙4



𝐴 𝑝,2𝑚,𝑞 = නෑ

𝑖=1

4

𝑑𝑥𝑖 𝑒
𝑖𝑘1𝑋1 𝜕𝑋2

𝑇 𝑁+𝑝 𝜕𝑋2
𝐿 2𝑚 𝜕2𝑋2

𝐿 𝑞𝑒𝑖𝑘2𝑋2𝑒𝑖𝑘3𝑋3𝑒𝑖𝑘4𝑋4

= න
0

1

𝑑𝑥2 𝑢 𝑥2 𝑒−Λ𝑓 𝑥2

Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞

Hard Limit
• High energy, fixed angle limit: 𝐸 → ∞,𝜙 = constant, 𝑒𝐿 ≃ 𝑒𝑃

• Relevant states: 𝛼−1
𝑇 𝑁+𝑝 𝛼−1

𝐿 2𝑚 𝛼−2
𝐿 𝑞| ۧ0, 𝑘

𝑥1 𝑥2 𝑥4𝑥3

0 1 ∞

𝑝 + 2𝑚 + 2𝑞 = 0

𝑋𝑖
𝜇
𝑋𝑗
𝜈 = −𝜂𝜇𝜈 ln 𝑥𝑖 − 𝑥𝑗

fix 𝑆𝐿(2, 𝑅)



4-Point String Amplitude

𝑓 𝑥2 = ln 𝑥2 − 𝜏 ln 1 − 𝑥2 , 𝜏 = −
𝑘3 ⋅ 𝑘2
𝑘1 ⋅ 𝑘2

∼ −sin2
𝜙

2

𝑢 𝑥2 = 𝐾𝑇 𝑁+𝑝 𝐾𝐿 2𝑚 𝐾′𝐿
𝑞
, 𝐾 𝑥2 ≡

𝑘1
𝑥2

−
𝑘3

1 − 𝑥2

𝐾𝐿 = 𝐾 ⋅ 𝑒𝐿 =
1

𝑀2

𝑘1 ⋅ 𝑘2
𝑥2

−
𝑘3 ⋅ 𝑘2
1 − 𝑥2

= −
Λ

𝑀2
𝜕2𝑓 𝑥2

𝐴 𝑝,2𝑚,𝑞 = න
0

1

𝑑𝑥2 𝑢 𝑥2 𝑒−Λ𝑓 𝑥2 , Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞



Saddle Point Approximation

𝑓 𝑥2 = ln 𝑥2 − 𝜏 ln 1 − 𝑥2 , 𝜕2𝑓 𝑥2 = 0 ⇒ ෤𝑥2 =
1

1 − 𝜏

෤𝑢 = 𝑢 ෤𝑥2 = ෩𝐾𝑇 𝑁+𝑝 ෩𝐾𝐿 2𝑚 ෩𝐾′𝐿
𝑞
, ෩𝐾𝐿 = −

Λ

𝑀2
𝜕2𝑓 ෤𝑥2 = 0

෤𝑢 = 𝜕2 ෤𝑢 = ⋯ = 𝜕2
2𝑚−1 ෤𝑢 = 0, 𝜕2

2𝑚 ෤𝑢 = 2𝑚 ! ෩𝐾𝑇 𝑁+𝑝 ෩𝐾′𝐿
2𝑚+𝑞

𝐴 𝑝,2𝑚,𝑞 = න
0

1

𝑑𝑥2 𝑢 𝑥2 𝑒−Λ𝑓 𝑥2 , Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞



4-Point String Amplitude

෤𝑢 = 𝜕2 ෤𝑢 = ⋯ = 𝜕2
2𝑚−1 ෤𝑢 = 0, 𝜕2

2𝑚 ෤𝑢 = 2𝑚 ! ෩𝐾𝑇 𝑁+𝑝 ෩𝐾′𝐿
2𝑚+𝑞

𝐴 𝑝,2𝑚,𝑞 = න
0

1

𝑑𝑥2 𝑢 𝑥2 𝑒−Λ𝑓 𝑥2

= න
0

1

𝑑𝑥2
𝜕2
2𝑚 ෤𝑢

2𝑚 !
𝑥2 − ෤𝑥2

2𝑚𝑒
−Λ ሚ𝑓+

1
2
ሚ𝑓′′ 𝑥2− ෤𝑥2

2+⋯

≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇 𝑁+𝑝 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚



The Effective Momentum 𝐾

𝐴 𝑝,2𝑚,𝑞 ≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇 𝑁+𝑝 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚

, ෤𝑥2 =
1

1 − 𝜏

𝐾 𝑥2 ≡
𝑘1
𝑥2

−
𝑘3

1 − 𝑥2
= (𝐾𝐿, 𝐾𝑇)

෩𝐾𝐿 = −
Λ

𝑀2
𝜕2𝑓 ෤𝑥2 = 0 ⇒ ෩𝐾𝑇 = ෩𝐾

෩𝐾2 + 2𝑀2
෩𝐾′𝐿 = 0 ⇒ ෩𝐾′𝐿 = −

෩𝐾2

2𝑀2

𝑇

𝐾𝑇

𝐿
𝐾𝐿



Linear Relation

𝐴 𝑝,2𝑚,𝑞 = 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇 𝑁+𝑝 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚

,

= 2𝜋𝑒−Λ
ሚ𝑓 ෩𝐾

𝑁−1 2𝑚 !

𝑚!

−1

2𝑀2

2𝑚+𝑞

𝐴 𝑝,2𝑚,𝑞

𝐴 0,0,0
=

2𝑚 !

𝑚!

−1

2𝑀2

2𝑚+𝑞

, Independent of 𝜙! 

෩𝐾𝑇 = ෩𝐾 , ෩𝐾′𝐿 = −
෩𝐾2

2𝑀2



5-Point String Amplitude

| ۧ0, 𝑘5 | ۧ0, 𝑘3

| ۧ0, 𝑘1

𝐴 =

 4 tachyons + a massive string state 

| ۧ0, 𝑘4

ෑ

𝜇,𝑛

𝛼−𝑛
𝜇 𝑟𝑛

𝜇

| ۧ0, 𝑘2



𝑘1 = 𝑝2 +𝑀1
2, −𝑝, 0,0

𝑘2 = 𝑝2 +𝑀2
2, +𝑝, 0,0 ∼

𝑒𝑃

𝑀2

𝑘3 = − 𝑞3
2 +𝑀3

2, −𝑞3 cos𝜙3
1 , −𝑞3 sin𝜙3

1 , 0

𝑘4 = − 𝑞4
2 +𝑀4

2, −𝑞4 cos𝜙4
1 , −𝑞4 cos𝜙4

2 sin𝜙4
1 , −𝑞4 sin𝜙4

2 sin𝜙4
1

𝑘5 = − 𝑞5
2 +𝑀4

2, −𝑞5 cos𝜙5
1 , −𝑞5 cos𝜙5

2 sin𝜙5
1 , −𝑞5 sin𝜙5

2 sin𝜙5
1

Kinematics in CM Frame: 5-Point
 Polarization: 𝑒𝐿 , 𝑒𝑃, 𝑒𝑇1 , 𝑒𝑇2

෍𝑘𝑖 = 0

𝑘3 + 𝑘4 + 𝑘5 = 0

𝑒𝑇1

𝑘1𝑘2

𝑘3

𝑘4
𝑒𝑃

𝑘5

DOF:
𝑝, 𝑞3, 𝑞4, 𝑞5, 𝜙3

1, 𝜙4
1, 𝜙4

2, 𝜙5
1, 𝜙5

2 → 5

𝑒𝑇2



𝐴 𝑝1,𝑝2,2𝑚,𝑞

= නෑ

𝑖=1

5

𝑑𝑥𝑖 𝑒
𝑖𝑘1𝑋1 𝜕𝑋2

𝑇1
𝑁+𝑝1

𝜕𝑋2
𝑇2

𝑝2
𝜕𝑋2

𝐿 2𝑚 𝜕2𝑋2
𝐿 𝑞𝑒𝑖𝑘2𝑋2𝑒𝑖𝑘3𝑋3𝑒𝑖𝑘4𝑋4𝑒𝑖𝑘5𝑋5

= න
0

1

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥2, 𝑥3 𝑒−Λ𝑓 𝑥2,𝑥3

Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞

Hard Limit
• High energy, fixed angle limit: 𝑝, 𝑞𝑖 → ∞, 𝜙𝑖

𝑗
fixed, 𝑒𝐿 ≃ 𝑒𝑃

• Relevant states: | ۧ𝑝1, 𝑝2, 2𝑚, 𝑞 ∼ 𝛼−1
𝑇1

𝑁+𝑝1
𝛼−1
𝑇2

𝑝2
𝛼−1
𝐿 2𝑚 𝛼−2

𝐿 𝑞| ۧ0, 𝑘

𝑥1 𝑥2 𝑥4𝑥3

0 1 ∞

𝑥5

𝑝1 + 𝑝2 + 2𝑚 + 2𝑞 = 0



5-Point String Amplitude

𝑓 = ln 𝑥2 −
𝑘1 ⋅ 𝑘3
Λ

ln 𝑥3 −
𝑘2 ⋅ 𝑘3
Λ

ln 𝑥3 − 𝑥2 −
𝑘2 ⋅ 𝑘4
Λ

ln 1 − 𝑥2 −
𝑘3 ⋅ 𝑘4
Λ

ln 1 − 𝑥3

𝑢 = 𝐾𝑇1 𝑁+𝑝1 𝐾𝑇2 𝑝2 𝐾𝐿 2𝑚 𝐾′𝐿
𝑞

𝐾 𝑥2, 𝑥3 ≡
𝑘1
𝑥2

−
𝑘3

𝑥3 − 𝑥2
−

𝑘4
1 − 𝑥2

⇒ 𝐾𝐿 = 𝐾 ⋅ 𝑒𝐿 =
1

𝑀2

𝑘1 ⋅ 𝑘2
𝑥2

−
𝑘3 ⋅ 𝑘2
𝑥3 − 𝑥2

−
𝑘4 ⋅ 𝑘2
1 − 𝑥2

= −
Λ

𝑀2
𝜕2𝑓 𝑥2, 𝑥3

𝐴 𝑝1,𝑝2,2𝑚,𝑞 = න
0

1

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥2, 𝑥3 𝑒−Λ𝑓 𝑥2,𝑥3 , Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞



Saddle Point

𝑓 = ln 𝑥2 −
𝑘1 ⋅ 𝑘3
Λ

ln 𝑥3 −
𝑘2 ⋅ 𝑘3
Λ

ln 𝑥3 − 𝑥2 −
𝑘2 ⋅ 𝑘4
Λ

ln 1 − 𝑥2 −
𝑘3 ⋅ 𝑘4
Λ

ln 1 − 𝑥3

𝜕2𝑓 𝑥2, 𝑥3 =
1

𝑥2
+

𝑘2 ⋅ 𝑘3
Λ 𝑥3 − 𝑥2

+
𝑘2 ⋅ 𝑘4

Λ 1 − 𝑥2
= 0

𝜕3𝑓 𝑥2, 𝑥3 = −
𝑘1 ⋅ 𝑘3
Λ𝑥3

−
𝑘2 ⋅ 𝑘3

Λ 𝑥3 − 𝑥2
+

𝑘3 ⋅ 𝑘4
Λ 1 − 𝑥3

= 0

No analytic solutions for ෤𝑥2, ෤𝑥3!



Saddle Point Approximation

෤𝑢 = ෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2 ෩𝐾𝐿
2𝑚

෩𝐾′𝐿
𝑞
, ෩𝐾𝐿= −

Λ

𝑀2
𝜕2𝑓 ෤𝑥2, ෤𝑥3 = 0

෤𝑢 = 𝜕2 ෤𝑢 = ⋯ = 𝜕2
2𝑚−1 ෤𝑢 = 0

𝜕2
2𝑚 ෤𝑢 = 2𝑚 ! ෩𝐾𝑇1

𝑁+𝑝1 ෩𝐾𝑇2
𝑝2 ෩𝐾′𝐿

2𝑚+𝑞

𝐴 𝑝1,𝑝2,2𝑚,𝑞 = න
0

1

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥2, 𝑥3 𝑒−Λ𝑓 𝑥2,𝑥3 , Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞



5-Point String Amplitude
෤𝑢 = 𝜕2 ෤𝑢 = ⋯ = 𝜕2

2𝑚−1 ෤𝑢 = 0, 𝜕2
2𝑚 ෤𝑢 = 2𝑚 ! ෩𝐾𝑇1

𝑁+𝑝1 ෩𝐾𝑇2
𝑝2 ෩𝐾′𝐿

2𝑚+𝑞

𝐴 𝑝1,𝑝2,2𝑚,𝑞 = න
0

1

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥2, 𝑥3 𝑒−Λ𝑓 𝑥2,𝑥3

= න
0

1

𝑑𝑥3න
0

𝑥3

𝑑𝑥2
𝜕2
2𝑚 ෤𝑢

2𝑚 !
𝑥2 − ෤𝑥2

2𝑚 𝑒
−Λ ሚ𝑓+

1
2
ሚ𝑓′′ 𝑥2− ෤𝑥2

2+⋯

≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚



The Effective Momentum 𝐾

𝐴 𝑝1,𝑝2,2𝑚,𝑞 ≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚

𝐾 𝑥2, 𝑥3 ≡
𝑘1
𝑥2

−
𝑘3

𝑥3 − 𝑥2
−

𝑘4
1 − 𝑥2

= (𝐾𝐿, 𝐾𝑇)

෩𝐾𝐿 = −
Λ

𝑀2
𝜕2𝑓 ෤𝑥2, ෤𝑥3 = 0 ⇒ ൝

෩𝐾𝑇1 = ෩𝐾 sin 𝜃

෩𝐾𝑇2 = ෩𝐾 cos 𝜃

෩𝐾2 + 2𝑀2
෩𝐾′𝐿 = 0 ⇒ ෩𝐾′𝐿 = −

෩𝐾2

2𝑀2
,  (numerical proof)

𝑇1

𝑇2

𝐾𝑇

𝜃

𝐿

𝐾𝐿

𝐾𝑇2

𝐾𝑇1



Stringy Scaling

𝐴 𝑝1,𝑝2,2𝑚,𝑞 ≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚

,

෩𝐾′𝐿= −෩𝐾2/2𝑀2

෩𝐾𝑇1 = ෩𝐾 sin 𝜃

෩𝐾𝑇2 = ෩𝐾 cos 𝜃

= 2 𝜋𝑒−Λ
ሚ𝑓 ෩𝐾

𝑁−1 2𝑚 !

𝑚!

−1

2𝑀2

2𝑚+𝑞

(sin 𝜃)𝑁+𝑝1(cos 𝜃)𝑝2

𝐴 𝑝1,𝑝2,2𝑚,𝑞

𝐴 𝑁,0,0
=

2𝑚 !

𝑚!

−1

2𝑀2

2𝑚+𝑞

(sin 𝜃)𝑁+𝑝1(cos 𝜃)𝑝2

DOF:  𝑝, 𝑞3, 𝑞4, 𝑞5, 𝜙3
1, 𝜙4

1, 𝜙4
2, 𝜙5

1, 𝜙5
2 → 5 → 1



𝑛-Point String Amplitude

| ۧ0, 𝑘𝑛 | ۧ0, 𝑘3

| ۧ0, 𝑘1

𝐴 =

 𝑛 − 1 tachyons + a massive string state 

ෑ

𝜇,𝑛

𝛼−𝑛
𝜇 𝑟𝑛

𝜇

| ۧ0, 𝑘2

⋯⋯



𝑘1 = 𝑝2 +𝑀1
2, −𝑝, 0,⋯ , 0

𝑘2 = 𝑝2 +𝑀2
2, +𝑝, 0,⋯ , 0 ∼

𝑒𝑃

𝑀2

𝑘𝑗 = − 𝑞𝑗
2 +𝑀𝑗

2, −𝑞𝑗Ω𝑗
1, ⋯ ,−𝑞𝑗Ω𝑗

𝑟+1 , 𝑗 = 3,⋯ , 𝑛

Ω𝑗
𝑖’s are solid angles in the 𝑟 + 1

dimensional space.

Kinematics in CM Frame: 𝑛-Point
 Polarization: 𝑒𝐿 , 𝑒𝑃, 𝑒𝑇𝑖=1,⋯,𝑟

෍𝑘𝑖 = 0,෍

𝑗=3

𝑛

𝑘𝑗 = 0,෍

𝑖=1

𝑗−2

Ω𝑗
𝑖 2

= 1

DOF:

𝑝, 𝑞𝑗=3,⋯,𝑛, Ω𝑗=3,⋯,𝑛
𝑖=1,⋯,𝑟+1 →

𝑟 + 1 2𝑛 − 𝑟 − 4

2
− 1

𝑘1𝑘2



Hard Limit
• High energy, fixed angle limit: 𝑝, 𝑞𝑖 → ∞, 𝜙𝑖

𝑗
fixed, 𝑒𝐿 ≃ 𝑒𝑃

• Relevant states

| ۧ𝑝𝑖 , 2𝑚, 𝑞 ∼ 𝛼−1
𝑇1

𝑁+𝑝1
𝛼−1
𝑇2

𝑝2
⋯ 𝛼−1

𝑇𝑟
𝑝𝑟

𝛼−1
𝐿 2𝑚 𝛼−2

𝐿 𝑞| ۧ0, 𝑘

𝑥1 𝑥2 𝑥𝑛𝑥𝑛−1⋯⋯

0 1 ∞

𝑥𝑛−2

𝐴 𝑝𝑖 ,2𝑚,𝑞

= න
0

1

𝑑𝑥𝑛−2⋯න
0

𝑥4

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥𝑖 𝑒
−Λ𝑓 𝑥𝑖

Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞



𝑛-Point String Amplitude

𝐴 𝑝𝑖 ,2𝑚,𝑞 = න
0

1

𝑑𝑥𝑛−2⋯න
0

𝑥4

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥𝑖 𝑒
−Λ𝑓 𝑥𝑖 , Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞

𝑓 𝑥𝑖 = −෍

𝑖<𝑗

𝑘𝑖 ⋅ 𝑘𝑗

Λ
ln 𝑥𝑗 − 𝑥𝑖

𝑢 𝑥𝑖 = 𝐾𝑇1 𝑁+𝑝1 𝐾𝑇2 𝑝2⋯ 𝐾𝑇𝑟 𝑝𝑟 𝐾𝐿 2𝑚 𝐾′𝐿
𝑞

𝐾 𝑥𝑖 = ෍

𝑖≠2,𝑛

−𝑘𝑖
𝑥𝑖 − 𝑥2

⇒ 𝐾𝐿 = 𝐾 ⋅ 𝑒𝐿 =
1

𝑀
෍

𝑖=𝑗+2

𝑛−1
−𝑘𝑖 ⋅ 𝑘2
𝑥𝑖 − 𝑥2

= −
Λ

𝑀2
𝜕2𝑓 𝑥𝑖



Saddle Point

𝑓 𝑥𝑖 = −෍

𝑖<𝑗

𝑘𝑖 ⋅ 𝑘𝑗
Λ

ln 𝑥𝑗 − 𝑥𝑖 , 𝜕𝑘𝑓 ෥𝑥𝑖 = 0

෤𝑢 = ෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2
⋯ ෩𝐾𝑇𝑟

𝑝𝑟 ෩𝐾𝐿 2𝑚 ෩𝐾′𝐿
𝑞
, ෩𝐾𝐿 = −

Λ

𝑀2
𝜕2𝑓 ෤𝑥𝑖 = 0

෤𝑢 = 𝜕2 ෤𝑢 = ⋯ = 𝜕2
2𝑚−1 ෤𝑢 = 0

𝜕2
2𝑚 ෤𝑢 = 2𝑚 ! ෩𝐾𝑇1

𝑁+𝑝1 ෩𝐾𝑇2
𝑝2
⋯ ෩𝐾𝑇𝑟

𝑝𝑟 ෩𝐾′𝐿
2𝑚+𝑞

𝐴 𝑝𝑖 ,2𝑚,𝑞 = න
0

1

𝑑𝑥𝑛−2⋯න
0

𝑥4

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥𝑖 𝑒
−Λ𝑓 𝑥𝑖 , Λ = −𝑘1 ⋅ 𝑘2 ∼ 𝐸2 → ∞



𝑛-Point String Amplitude
෤𝑢 = 𝜕2 ෤𝑢 = ⋯ = 𝜕2

2𝑚−1 ෤𝑢 = 0, 𝜕2
2𝑚 ෤𝑢 = 2𝑚 ! ෩𝐾𝑇1

𝑁+𝑝1 ෩𝐾𝑇2
𝑝2
⋯ ෩𝐾𝑇𝑟

𝑝𝑟 ෩𝐾′𝐿
2𝑚+𝑞

𝐴 𝑝𝑖 ,2𝑚,𝑞 = න
0

1

𝑑𝑥𝑛−2⋯න
0

𝑥4

𝑑𝑥3න
0

𝑥3

𝑑𝑥2 𝑢 𝑥𝑖 𝑒
−Λ𝑓 𝑥𝑖

= න
0

1

𝑑𝑥𝑛−2⋯න
0

𝑥4

𝑑𝑥3න
0

𝑥3

𝑑𝑥2
𝜕2
2𝑚 ෤𝑢

2𝑚 !
𝑥2 − ෤𝑥2

2𝑚 𝑒
−Λ ሚ𝑓+

1
2
ሚ𝑓′′ 𝑥2− ෤𝑥2

2+⋯

≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2
⋯ ෩𝐾𝑇𝑟

𝑝𝑟 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚



The Effective Momentum 𝐾

𝐴 𝑝1,𝑝2,2𝑚,𝑞 ≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2
⋯ ෩𝐾𝑇𝑟

𝑝𝑟 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚

𝐾 𝑥𝑖 ≡ ෍

𝑖≠2,𝑛

−𝑘𝑖
𝑥𝑖 − 𝑥2

= (𝐾𝐿 , 𝐾𝑇)

෩𝐾𝐿 = −
Λ

𝑀2
𝜕2𝑓 ෤𝑥𝑖 = 0 ⇒ ෩𝐾𝑇𝑖 = ෩𝐾 𝜔𝑖 ,෍

𝑖=1

𝑟

𝜔𝑖
2 = 1

෩𝐾2 + 2𝑀2
෩𝐾′𝐿 = 0 ⇒ ෩𝐾′𝐿 = −

෩𝐾2

2𝑀2
,  (conjectured)

𝐾𝑇𝐿

𝐾𝐿



Stringy Scaling

𝐴 𝑝1,𝑝2,2𝑚,𝑞 ≃ 𝑒−Λ
ሚ𝑓

−2𝜋

𝑀2
෩𝐾′𝐿

෩𝐾𝑇1
𝑁+𝑝1 ෩𝐾𝑇2

𝑝2
⋯ ෩𝐾𝑇𝑟

𝑝𝑟 ෩𝐾′𝐿
𝑚+𝑞

2𝑚𝑚! −𝑀2
𝑚

, ൝
෩𝐾′𝐿= −෩𝐾2/2𝑀2

෩𝐾𝑇𝑖 = ෩𝐾 𝜔𝑖

= 2 𝜋𝑒−Λ
ሚ𝑓 ෩𝐾

𝑁−1 2𝑚 !

𝑚!

−1

2𝑀

2𝑚+𝑞

𝜔1
𝑝1𝜔2

𝑝2⋯𝜔𝑟
𝑝𝑟

𝐴 𝑝𝑖 ,2𝑚,𝑞

𝐴 𝑁,0,0
=

2𝑚 !

𝑚!

−1

2𝑀

2𝑚+𝑞

𝜔1
𝑝1𝜔2

𝑝2⋯𝜔𝑟
𝑝𝑟 , ෍

𝑖=1

𝑟

𝜔𝑖
2 = 1

DOF:  𝑝, 𝑞𝑗=3,⋯,𝑛, Ω𝑗=3,⋯,𝑛
𝑖=1,⋯,𝑟+1 →

𝑟+1 2𝑛−𝑟−4

2
− 1 → 𝑟 − 1



• Linear relations of 4-point string amplitudes in hard limit

• Stringy scaling of n-point string amplitudes in hard limit

• Saddle point method

• The effective momentum:  𝐾 = σ𝑖≠2,𝑛
−𝑘𝑖

𝑥𝑖−𝑥2
⇒ ෩𝐾𝐿 = 0

• The identity in hard limit:  ෩𝐾2 + 2𝑀෩𝐾′𝐿 = 0

Summary


