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Brief Introduction to Probability
Theory



Sample space (B2 &Z7}), sample points, and events (AtZd)

@ sample space  : a set of all possible outcomes (Z1})
> tossacoin Q= {H, T}

> castadie Q = {wr,wz, - ,we}
> Maxwell velocity distribution Q = {(v1,v2,v3) : —co < V; < 0o}
> Wiener Process Q = {W(t) : W€ C°,W(0) =0,0 <t < T}

@ w € O : outcome, sample point, sample path

@ an event is a subset of the sample space.
» ():asure (or certain) event

> (): an event that never happens.
@ two events A and B are called mutually exclusive, if AN B = ).

@ if A, Ay, As, -+ are events, then we expect

o0 oo
|JAi and (A are events.
i=1 i=1



Probability (measure)

@ foran eventA, 0 <P(A) <1, PA°) =1—P(A).
e P(0)=0,P(Q) =1.
@ P(AUB) = P(A) + P(B) — P(AN B) (Bto] #2),

@ if A, Ay, ... are mutually exclusive,

P (UA;) = > _P(A;) (countable union).
i=1 i=

@ why countable?
consider Q = {x|]0 < x <1}, P{xjla<x<b})=b—a.
let Ac = {c}. P(Ac) = 0, but P(Up<ccqAc) = 1.

@ k71 : Banach-Tarski paradox (428t2 M|A|2t 22| M|A2| 2}0])



Random variable (2H& ¥ 4) and stochastic process (2t& 1}4)

@ Arandom variable (RV) is a function X : Q — R.

@ Unlike its name, RV is a function of outcomes, not a variable (in
a usual sense).

@ RV's are generally denoted by uppercase letters (X,Y,Z2).

@ Outcomes are generally denoted by lowercase letters (x,y,z).

@ X is not necessarily a one-to-one function.

@ for example,
> casta die X(wn) = n.
> casta die X(Even) =1, X(0dd) = —1.
> Maxwell velocity distribution X(w) = v
> Wiener Process X(w) = W(t) at “time” t

@ stochastic process : random variables indexed by “time.”



Probability distribution

@ (cumulative) distribution function
Fix) =P(X <x)
@ cadlag (or RCLL) function : right continous with left limits

LZ_;_; —

@ French: “continue a droite, limite a gauche”

@ Skorokhod space : a set of all cadlag functions



@ If Fis absolutely continuous, there is P such that
X
Fo = [ Puay.

@ P(x) is called a probability density function (math, physics) or a
probability distribution (physics).

@ For a discrete RV, it is convenient to set P(x) = >, pnd(X — Xp).



a continuous distribution function without a density

F
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But! d—F = 0 almost everywhere.
1/8 dx
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Characteristic function

@ average (f(X)) = [ _f dx

@ characteristic function (CF)

G(R) = <e”‘x> = / e P(x)dx

@ G(R) exists for all real k with G(0) = 1.

@ In general (when?), |G(R)| < 1for nonzero k.

— 5- [ Gk
2m

G(R) characterizes P(x).

@ inverse formula



Moments and moment-generating function

@ m-th Moment puy, = (X™)

@ If G(R) is analyticat k =0,

6 =1+ Y T = am = (1) 68
m=1 '

k=0
(Moment-)Generating Function (GF)

@ CF always exists, but GF may not. For example, G(R) = exp (—|R|).

@ In most cases in physics, CF is identical to GF.

@ If CF’s of Py and Py are identical, then Px = Py (almost
everywhere).



@ If X only assumes integral values, it is convenient to introduce

Y@= 3 7'y Po=-. @4,

— 2 Jige 27
@ In this case, we define the factorial moments
bm= XX =1 (X—m+1), go=1.

Sometimes (X™)s is used to denote ¢pm.



@ Gaussian

P(X) = —— exp <_W> — G(R) = exp (ikm - ;aw)

202

V2mo?

@ Lorentzian (Cauchy distribution)

T 1

R _ oIkl
a2 Gk =e

P(x) =

No moments exist. (even average does not exist.)

@ Poisson distribution

P = i\'—e’* —Z(@2)=e" VA g =AM

n



@ Can we conclude Px = Py if all moments are the same?

@ log-normal distribution : In X is normal-distributed.

P(x) = ©(X) —==exp {1(lnx) ] = um = exp(m?/2).

x\/
P.(x) := P(x) [1+ esin(27 Inx)]
Since, for any non-negative integer n (using Inx =y + n),
/ X"P(x) sin(27 Inx)dx = 0,
0
un = exp(m?/2) for any e with |g] < 1.

[RI"™ o~ (iR)"

@ NB: Since lim k—um_ ,Z :q' wm is ill-defined.
- !

12



Cumulant generating function

nG(k) = (ir';)!m Kmy = Kim = (f')ma% In G(R)

m=1 k=0

@ K1 = 1 Mean
® ry = — i = (X — (X))?) : variance, centered 2nd moment

@ k3 =3 — 3pap + 243 = ((X — (X))?) : centered 3rd moment

K3
@ skewness = =7

K
©® k4 = p4 — bpapn — 35+ 12pppf — 643 # (X = (X))*)
@ kurtosis = i;‘

K3

13



@ Gaussian

b2
InG(R) = ikuq + @02

K1 =, K2=0°% Kkm=0fFform>2.

@ Does P(x) exist whose In G(R) is a polynomial of order n > 2?
No! (Marcinkiewicz theorem)

@ Poisson distribution

G(R) = € (e*) = exp[( 1A}

lnG(k):<e’k ) iik)mAanmf/\forallm



Multivariate random variables or random vector

@ Let X be a random vector with components X;, --- , X;.

@ joint probability distribution (Z&=&&) of r variables
Pr(X) = Pr(X1,X2, - -+, Xr)
@ marginal probability distribution (FHES-E &)
Ps(Xq,--+ ,Xs) = /Ps(x1,--- s Xsy Xst1, =+ - Xr)OXsq -+ - Xy

@ conditional probability

PS(X17"' 7XI’)
PK’(XS+'|a T 7XS+f?)

P(X‘Ia"' ;XS‘XS+'|7"' 7XS+I?) =

Remove delta functions, if any, in the denominator.
15



@ Two sets of RV’s (Xq,--- ,Xs) and (Xsi1,- -+ ,Xs;x) are statistically
independent if

P5+k(x17' o aXS-H?) = PS(X'la e 7XS)Pk’(XS+'|7' o aXS-H?)'

Accordingly,

P(X'h"' 7XS|XS+'|7"' 7X5+k) = PS(X1>"' 7XS)‘

@ Random variables X, - - - , X, are called independent and
identically distributed (i.i.d.) if

> Pr(x, -, Xr) = Pa(x) - - P(xr),
> Pi(Xi = x) = P1(X; = x) for all pairs of i,j.



@ pairwise independence : For any pair i,j, P(X;, X;) = P(X;)P(x;).
@ Does pairwise independence imply statistical independence?

@ counterexample
» sample space @ = {(1,1,1),(1,0,0),(0,1,0), (0,0,1)}.
X=(X1,X2,X%), P3(X) =1/t
1
PiXi=1)=P1(X;=0) = 5

> [t is easy to prove pairwise independence.
Py (X1, X2) = P1(X1)P1(X2)

However,
Ps(Xi =1,X =1,X =1) #P1(X1 = 1)P1(Xo = 1)P1(X5 = 1).



@ If X; and X; are independent,

(X)f(%2)) = (H(X) {2(%))-

In particular, the characteristic function of Y = X; + X; is
G(k) = (") = (") — Gy, (k)G ().

@ covariance

X1, %) = (% = (1)) (X2 — (X2))) = XaXa) — (X)(Xa).

If X, and X, are independent, (X;,X;) = 0.



Law of large numbers

Markov’s inequality
If X is a positive RV, then P(X > a > 0) < % (trivial if 1 = 00).

Proof.
M= Zx<a XP(X> + nga XP<X) =>a nga P(X) = GP(X 2 G). O

Chebyshev’s inequality .
If X is a RV with finite mean yq, then P(|X — y4] > a > 0) < a%

Proof.

K
BX— | > ) = B((X— ) 2 @) < 2

by the Markov’s inequality. O

19



(weak) law of large numbers

Let Xq,...,X, be i.i.d. RV’s with a common probability density P(x). If
the mean pq and variance «; of P(x) exist, then for any e > 0

lim P < < 5) = 9o
n—oo
Proof.

Let Yo = (X1 + - -- + Xn)/n. Since (Yn) = w1 and ((Yn — u1)?) = K2/,
Chebyshev’s inequality gives

X1+ -+ X,

n —

K2
1*752§]P(|Ynfﬂ1|<5)§1-

Hence we get the desired limit. O

20



@ If a sequence of RV’s (V)52 satisfies
lim P(|Y, —al <e) =1
n—oo
for any ¢ > 0, we write Y, Pa (convergence in probability).
@ statistical probability (E4|2 =&)

1 if an event A happens, P(A X =1,
X — PP P(x) = (A)

0 otherwise, 1-P(A) x=0.

Since p1 = P(A) and k; < oo,

Xi+-+Xn p

21



Central limit theorem (CLT)

Let Xq,...,Xn,... be a sequence of independent RV’s. Assume
m; := (X;) and o2 := ((X; — m;)?) exist for all i. Let

1 <X —m;
Sp= — L' Then,
! ﬁ; o

nlgg@]P’(S,, < X) \/7 / exp < > dy

NB: the CLT implies the (weak) law of large numbers, because for
any e > 0,

ne
P (1%~ <) = (I5:] < X5
K2
1 > Y
oo L[ eVagy =1,
\/27r/_oo J

22



Taylor expansion of the cumulant generating function for a RV
k,2

(X; — m;)/o;is InG;(R) = —= F Ri(R), where R;(x)/x?> — 0 as x — 0.

Now consider the characteristic function for S,

(et HG ( ) = In(e*") = 7%2 +iRi <\5ﬁ) .

Since, for any k # 0,

)

we have the desired result.

§nmax{

()}

23



Stable distributions

i stable distribution |

Assume X, X5, X are i.i.d. RV’s with P(x). If aX; + bX; is identical
(in distribution) to cX + d with suitable c and d, then P(x) is
called a stable distribution.

@ Gaussian (assignment 1)
Let X;’s are i.i.d. Gaussian RV with mean 0 and variance 1. Let

Y= (Xi+---+Xn)/v/n. Then, Py(y) = \/% exp (;y2> :

2%



@ Lorentzian (cf: the law of large numbers)

G(k) = e~ A

Let Y = (X;+--- 4+ Xp)/n. Gy(R) = (&™) = <G ())n = G(k)

@ Lévy distribution (assignment 2)

<e"*x> —eV* (k>0

25



1. postulating probability: equal a priori probability, for instance
2. performing suitable mathematical and/or numerical analysis
3. comparing the a posteriori distribution with observation

26



Equal a priori probability : importance of ensemble

@ principle of insufficient reason (Laplace)

@ Bertrand’s circle with “random” chords.
If a chord is chosen “at random” in a circle of radius 1, what is
the probability that the length of the chord is larger than 1/3?

27



1 1

3 2

L~

| =
1
4

For a detail, see
en.wikipedia.org/wiki/Bertrand_paradox_(probability)

28



Markov Processes



Stochastic process

stochastic process X(t): a collection of RV’s indexed by t.

@ In physics, the index is usually interpreted as “time.”

@ The range (possible values) of random variables is called a
state space to be denoted in this lecture by X.

@ Elements of X can be “vectors.” (boldface X)

@ “Space” (state space) and “time” (index) can respectively be
either continuous or discrete.

@ sample path : a realization of X(t) in a probability experiment.
@ We can measure values xq, X,, - - - at times t4, t5, - - -.

@ Stochastic process is fully determined by P(xq, ty; -« ; Xp, tp;---)

29



a) complete independence
P(X'Ivt'l;Xthz; o ) = HP(Xiati)
i

b) Bernoulli (or binomial) process: complete independence and
time-independent success (=1) probability P(x;, t;) = P(x;)
(X ={0,1}). Discrete space, discrete time.

c) For a Bernoulli process X, set Sy = X7 + -+ - + X; (random walk).

d) martingales (fair games):

(X(t)|[x0,t0]) = / dxx P(x, t|xo,to) = Xo

We have defined conditional average

e) Markov processes: Present determines future.

30



Markov process

Markov assumption (t; >t > - >t, > 1T > 1> ---)

P(X1,t1;"' ;Xn,tn|Y1aT1§yZ77'2;"') - P(X‘|,t1;"‘ an>tn|y1,71)

@ Only in this section, t; > = (for all i,j) is assumed.

@ P(x,tly,7) is called the transition probability.

@ P(x,tly,7) completely defines the Markov process.

P(x1at1;X2at2;"' ;Xnatn)
= P(X1,t1|X2, to; - - - 5 Xn, tn) P(X2, to5 - - - 5 X, ty)

= P(X1, t1|X2, t)P(X2, t2|X3, t3) - - - P(Xn—1, tn—1|Xn, tn)P(Xn, tn),
provided t; > t; > -+ > ty.

31



@ Does the Markov assumption impose time direction?

Present determines past, too.

P(yy, 71|X1, t1; X2, t2) = P(Y;, Ta|Xa, 1) if &4 >t > 7.

P(x1, t1; X2, t2; Y1, T1)
P(x1, t1; X2, t2)
_ P(xq, ta|x2, to; v, ) P(X2, t2; Y, 71)
P(x1, t1; X2, t2)
P(x1, t1]x2, t2)

= ——— " "2 P(Xy, ty;
P(x1, tr: X2, £0) (X2, t23¥1,71)
———

P(Y177'1|X17t1§X27t2) -

:1/P(Xz,tz)

P(X2, ta; ¥1, m)
P(X27t2) (y‘laT'l‘ 25 2)

32



Provided t; > t; > --- > t,, we use P(A|B) = P(BJA)P(A)/P(B) to get

n—1

P(x1at1;x2at2; e ;Xnatn) = [H P(xl7tl|xl+17tl+1)] P(xnatn)
i=1
_ [r” P(x;,t)

P(X' 17t‘ 1|X',t')
E R IP(xi+1,ti+1)

1 P(xn,tn),

n—1
= [H P(Xi+17 ti-‘,—‘l |xia tl)] p(x17 t'l)?

i=1
P(y, |x, t) also determines the stochastic process to the past.

@ a question : for a Markov process

P(a; < X3 < bs|a; < X; < by;a1 < X; < by) ;P(Cb < X3 < bsla; <X, < by)

133



Chapman-Kolmogorov equation

@ two identities (vaild to all stochastic processes)
P(x1,t) = / dxy P(Xq, t1]X2, t2)P(X2, t2),
P(xy,t1|x3,t3) = / dx; P(Xq, th; X2, to|X3, t3)

= / dx; P(Xq, th]X2, ta; X3, t3) P(X2, t2]X3, t3)

@ Time ordering is not assumed.

@ Ift; > t, > t3 and the Markov assumption is introduced, we have

34



Chapman-Kolmogorov (CK) equation
P(xq,t1]x3, t3) = /dxz P(X1, t1]X2, t2) P(X2, T2]X3, t3).

@ consistency check
P(x1, 1) = / dxs P(X1, tr: X3, 15) = / dxs P(X1, 1 X3, t5)P(xs, t3)
= /dX3 dXz P(X1,t1|X2,tz)P(Xz,t2|X3,t3)P(X3,t3)

Z/dxz P(x1, t1]X2, t2)P(X2, t2) Z/dxz P(x1,t1; %2, 1)

35



Is a solution of the CK equation a Markov process?

0 ={(1,1,1),(1,0,0),(0,1,0),(0,0,1)}

P(131M) = % = P(13/02)P(02[11) + P(13]12)P(12[ 1),
P(0s3]11) = 5 = P(03]02)P(02|11) + P(03]12)P(12[11),

P(13]01) = 5 = P(13]02)P(02]01) + P(13]12)P(12/01),

SN 2N =

P(03]01) = 5 = P(03]02)P(02/01) + P(03[12)P(1z]01),

1
Hence, P(X3|X1) = Z P(X3|X2)P(X2|X1). But, P(13|12;11) =1# P(13|12)

xz:O

The CK equation is a necessary condition for the Markov property.

36



Continuity of stochastic processes

@ Lindberg condition
For a Markov process with continuous space-time, the sample
paths are continuous function of t with probability one, if, for
any e > 0,

lim — dx P(x,t+ Atly,t) = 0.
At—0+ At |X—y|>e
@ examples (assignment 3)
LI (7 (x—y)?
VarDAL 4DAL

> P(x,t+ Atly,t) = ) : continuous

> P(x,t+ Atly,t) = m : discontinuous

37



X(t) : Cauchy process (Lorentzian), W(t): Wiener Process (Gaussian).

38



Differential Chapman-Kolmogorov equation

X, t t
¢ B Z ax, X, tly, to)] continuous
(Fokker-Planck
+§ XI: m [Bij(x, DP(x, tly, to)] equation)

+ / dz[W(x|z,t)P(z,tly, to) — W(z|x, t)P(x, tly, to)],

discontinuous (master equation)
W(x|z,t) = Ahtr_r}o P(x,t+ At|z, t)/At,

1
Az, 1) = lim Jim /| Rl 2Pl o+ Atz

1
By(z.t) = lim tim - / . Oxxi = 205~ Z)p(xt+ Atz

39



Markovian versus non-Markovian

@ In mechanics, present always dictates future.

@ Then, is every physically relevant process a Markovian?
> Yes, if we can track down every degree of freedom in the universe!

> No, if we only look at small part of the universe and this part is
not independent of the other part of the universe.

@ However, we can come up with an effective Markovian theory,
which should be compared with experiments (for example,
Einstein, Langevin). This is what physicists have been doing
(square well potential in QM, for example).

40



@ Certain non-Markovian process can be cast into a Markovian by
extending the state space.

@ for example, persistent random walks in one dimension.
> probability p of continuing same direction. (p # )

> If Xo=(..,—2,-1,0,1,2,...), non-Markovian
> IfxX={(1,-1}®% =1{...,[(1,0),(-1,0)],...}, Markovian.

P((s,n),t) = pP((s,n —s),t) + (1= p)P((—s,n —s),1)

@ Likewise, a Markovian becomes non-Markovian if we limit
ourselves to a smaller state space (coarse-graining, if you like).

P(n,t) = > P((s,n),1).

S=EH

@ Question: Can you write an evolution equation for P(n, t) only
using P(n,t’)? (Don’t take it seriously)

41



Master Equation




Discrete space-time

@ Markov Process in discrete space-time : CK equation

P(ny, m +1n",0) = " P(n, m + 1|y, m)P(ny, m|n’, 0).
n
@ matrix representation
Let ¥(m) = (P(ny,m|n’,0),P(ny, m|n’,0),...)" and
T(M)pn, = P(n,m + 1|n,, m), then

U(m+1) =T(m)¥(m).

@ stochastic matrix
> [ts elements are all non-negative.

» Each column adds up to unity.

> (---11,1,---) is the left eigenstate of T with eigenvalue 1.
42



homogeneous Markov process: If we assume T(m) =T (time
independent), then ¥(m) = T"¥(0) and

P(ny, mny, m’) = (T""™ )p.n, = P(ny,m — m’|n, 0)

cf: stationary process P(x,t) = Ps(x)
Markov chains : discrete ‘space-time’ and (time) homogeneous
Existence of stationary state for finite system (by

Perron-Frobenius theorem)

lim ¥(m)= lim T"¥(0) = W,

m— oo m— oo

where s is the right eigenstate of T with eigenvalue 1.

cf: random walk in one dimension: no stationary state.

43



Galton-Watson branching process: an example

@ discrete ‘generation’ (time) model

@ p(R) : probability of each individual’s having k offspring

@ X, : number of individuals at m-th generation

@ X =1{0,1,2,...} : state space

@ What is the extinction probability P(limpy_, o Xm = 0), if Xo = 1?

@ i.i.d. RV nj’”“ : number of offspring of j-th individual at
generation m

Xm
_ m+1
Xmy1 = E n;
j=1

Tii = PXmi1 = RXm = 1) = [p(R)]" = > p(ki)---p(ky),
Ryt---Ri=k

i-fold convolution of p(k) with itself.

A



@ CK equation
Pk( )E Xm*k ZTkII

@ Generating function

? E ZZ PI?
@ Evolution equation for &,
Gni(2) = (@) = (ZZ 1) = (G (2P) = Gn(B(2)),

where &(z) = 3272, Zp(R).

45



@ Solution by iteration

Gn(2) = Gn1(¥(2) = Gn2(9(¥(2)
~B(Z(E(.) =¥ @) =% (T ()

~———
m—1

— G (s (2)),
where &(z) = &(z) (because Xo = 1).

@ Extinction probability, ¢
Since ém = P(Xm = 0) = Gn(z2=0), &m = G (Em_1). Thus, £ is the
smallest solution of

§=Y()0=<£<).

46



G'(z=1), Zz=1)=1
g(&) a
1 ............................. :
.
p(0) cg,@//
; b
w>1

47



@ mean

pn(m) = 3 RPy(m) = G (1) = %‘5 (Gna(2)
R z=1
0
= Cgl 1 7(—§m = U -1
) ( 55%n@| ) =mmm =1
Hence, u1(m) = p™.
@ variance (check it)
o2 mb £1
o(m) = Za) + Gy — [Gam]P =" " = KT
mo? w=1

@ assignment 4, 5

48



Markov chains in the continuous time limit

@ fixed t = mr with = — 0.

Tam, = [ 1= ) P(ns,t+ 7|02, t) | Opymy+P(M1, t+7|02, ) (1=, ;)

n3#m

dP(m,t|n’,0) P(n,,t+ 7|n’,0) — P(m, t|n’,0)

dt = Pg%) T
= > [Wan,P(n2,tin’,0) — Wp,n, P(ny, t}’, 0)],
ny#£n,

. .. P(nq,t n,,t
with transition rate Wp,n, = lir% M
T— T

master equation

dP(n,, 1)

dt = Z [thnzP(nth) - ann1P(n17t)]

ny#m

49



Imaginary-time Schrodinger equation

@ ‘ket’ state and the projection vector
()= _P(n,t)n), (|=> (n|, {In)}: orthonormal basis.
n

n

@ Normalization (:|¥); =1 (in QM (¥|¥) = 1)
@ ‘Hamiltonian’
<n'||l:”n2> W"1»"27 n1|H|n1 Z Wh, n, -

ny#n,

imaginary-time Schrodinger equation
0 0 —Ht
50/Y) = —HI®) = [T)e = 7| D)o.

@ Due to the normalization (-|H = 0.

@ Stationary state (if exists) is the right eigenstate of H with
eigenvalue 0.

50



Stationary state and detailed balance

@ stationary state Ps(n)

_ dPs(n)

0=t

= Z [anps(fh) - Wn1nP5(n)] = <n“:l|\:[/>s fOI’ al.l. n.
m#n

@ |W)s is the right eigenstate of H for eigenvalue 0.
@ In the long time limit, P(n, t|ng, 0) — Ps(n), irrespective of ny.

@ Detailed balance (characteristic of the equilibrium distribution)
anzps("z) - anm Ps(n1)

@ Can we know if the detailed balance is satisfied even though we
do not know what Ps(n) is? In principle, yes (assignment 6).

51



Increase of ‘entropy’

Assume that the stationary distribution Ps(n) exists with Ps(n) > 0.

Define
(O = 3 Pa(f (o) ) = 2 Patnifo)

where f’(x) > 0 for 0 < x < co. Then we get

— = = WanPs(m) Xenf (Xn) — Xenf (Xim)]
Note that, for any 4,

> WamPs(m)(vn — Z% Z WnmPs(m) — WmnPs(n)) = 0

52



Set v, = f(xn) — Xnf (Xn) and add the above two equations.

H'(t) = Z WamPs(m) [(Xm — Xn)f (Xn) + f(Xn) — f(Xm)] -

Since f’(x) > 0 (convex function), H'(t) < 0 and, therefore, H(t)
monotously decreases to f(1) with t.

Kullback-Leibler divergence

If we choose f(x) = xInx, we have H = > " P(n,t)In
n
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One dimensional random walks : example

@ For brevity, we do not write the initial condition.
@ P(n,t): prob. that a walker is located at x = n at time t.

@ CKequation
P(n,t+7) = pP(n—1,t) +gP(n +1,t) + (1—p — q)P(n, ).

@ (naive) continuum limit

P(n,t+7) = P(n,t) _ Poin—1,6)+ Ip(n+1,6) - E-9p(n 1),
T T 4 T
dPEﬁ? E =wiP(n=1,t) + w_P(n+1,t) — (Wy. +w_)P(n, 1),

where p/7 — w, and q/7 — w_.
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Time between jumps

Let Q(ny,t,ty) be the probability that we are “still” at point n; at t,
provided we start from n; at t,.

Q(m,t+dt to) = (1— Y Wnndt | Q(m,1, 1),

ny7#m

—Q (M, ttg) = — > Wi,n,Q(M, T, 1) = —AQ(M, t, to),

ny#n,

where A =3", . Wn,n,. Thus, Q(ny,t,to) = e—At—to)
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For any Ao > 0, we have

oot
e~ (A+Xo)(t—to) + Z

t
)\odt1e_(A+A°)(t1_t°) )\Odtze—(A+Ao)(tz—t1) >
n=1"% th

t t
/ )\Odtn71e—(>\+ko)(tn—1—tnfz)/ )\Odtne—()\-‘r)\o)(tn—tn—1)e_(>\+ko)(t—tn)

tn—2 th—1

(o) t t t
= e~ (A o) (t=t0) [ 9 1 Z g / dt, dty--- / dt,
n=1 to ty th_1

I A T g
=e O (”ZAS,,! = e M=) = Q(my, 1, 1o)

n=1

See “Merged Poisson processes” below.
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Properties of the exponential distribution

@ lack of memory or Markov property (U(t) = P(At > t))

P(At > s+ 1)

P(At > s+ tjAt > t) = PAL> 1)

= exp(—\s) = P(At > s),
Ut+s) = U(t)U(s).

@ unique solution of U(t + s) = U(t)U(s) for bounded U(t).
@ cf. Cauchy’s equation f(s +t) = f(s) + f(t)

@ Poisson process (assignment 7)
Let X4, ---, X, be i.i.d. RV with the exponential distribution. Let
Sp = X1+ -+ X, with Sy = 0. Let N(t) be the number of indices
k > 1such that S, <'t, then
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Merged Poisson processes

Procoss 1 I el Sl —eo—o

Sll S12 Sl3 S14 SlS

[Process 2| g—o o—o ® *—o—
S21 S22 S23 S24 S25 S26

Merged (l,—o—o—o—o—o—o—o—o—o—o—e

Consider n independent Poisson processes with transition rate );
each. By S;; we denote j-th occurrence in i-th process (with Sj = 0).
Then, X,'j = S,‘j — Si7i—1 is an i.i.d. RV for each i.

Let St = min{Sj : 1 <i<n}, Spiq = min{S,-,- : Sjj > Skt (R>1),

Yir = min{Sj; — Sk_4 : foralljwith S; >S4}, and A =3 \;.
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pi(t) := P(first event occurs in i-th process and $; > t)

pi(t) = P(Xj; > Xj; for all j # i, Xjy > t)

= e Midt; / e Mi\dt; = ’—“
| 11

i

P(Si>t) =Y, pi(t) =e M
P(first event occurs in i-th process) = p;(0) = =

Thus, two events {S; > t} and {first event occurs in i-th process}
are mutually independent.

By the Markov property, P(Y;, > t) = e~ for all i and k. And,
accordingly, P(k-th event occurs in i-th process) = % forall i, k.
Let Xgy 1 := Sgyq — Sk. Since X = min{Yj, : 1 < i < n},

P(Xr > t) = e~*t by the Markov property.
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@ one way to simulate the merged process
1. Choose At from the exponential distribution e=**. This can be
done by At = —In(1— Z;)/A, where Z; ~ U(0, 1).
2. iis chosen with probability \;/), which can be done by finding i
such that Q;_; < Z, < Q;, where Z, ~ U(0,1) and Q; = Zﬁ?ﬂ Ai/A
with Qo = 0.

@ Z ~ U(0,1) means that Z is a random number from the unifrom
distribution in (0, 7).

@ Even if the transition rates depend on kR in S, the above
formulae and the simulation method are intact once ); is
replaced by \;(R).
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Waiting time paradox

@ Buses arrive in accordance with a Poisson process with
expected time between consecutive buses to be A7, | arrive at
t. What is the expectation (W;) of my waiting time for the next
bus?
Solution 1 The lack of memory implies (W) = A7,
Solution 2 My arrival time is chosen “at random” between
two consecutive buses. So due to the symmetry,
(We) = 2712,

@ See assignment 7 for the resolution of the paradox.
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How to simulate a sample path of the master equation

@ Assume we are at n; at time t. Then,
1. calculate A =37, ., Wa, n,.
2. choose At from P(At > 1) = exp(—AT).
IfZ~ U(0,1), we set At = —1In(1—2)/\.
3. choose n; from P(n2) = Wh,n, /A. We are now at n; at t + At.

@ Since (—In(1—2)) = 1and simulation time is much larger than
1/ in practice, one usually sets At = 1/\ without generating a
random number Z. 9| : &4 Bt ANE FE= A2 OfL|C},

= T A

aP(n, 1)
ot

= P(n —1,t) — P(n, t).
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@ Sometimes, calculating A and Wp,,, /A can be time consuming.
In this case, we choose a convenient \q that normally depends
on n..

1. Replace X by \' := X\ + )\ at step 1. \o should be chosen such that
) is easy to calculate.

2. At step 2, choose At" with \'.

3. At step 3, allow n, to be ny with probability Xo/(A + Xo). Time
increases by At'. At this step, implementing Whn, », /A" should be
easy.

@ If you like, Ao can be regarded as ‘transition rate’ being at n,
()\0 = Wm,m)-
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Application : spin-flip dynamics of the 2D Ising model

T
SEaEaY |

‘ T i ‘ Py  Pio:Pu . P12
1 ¢ l T P13 P4 Pis Pis
pi = {lmE ii i 2 . BAE = 2Ks; zj:’s,-
£yt AL
AREREE I vl
v vrd
t+ it tdy it
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@ \=>pi. P(17—=17) = p7/ X\

@ Let \g =) ;(1— pj), which gives X' := X+ )Xo =N =16
> next jump’ occurs att + 1/N.
» probability of staying ns is >~;(1/N) x (1— p;).
» probability of the flip of the 7th spin is (1/N) x p;.

@ How to do

1. choose a site i at random with equal probability 1/N

2. flip the spin with probability p;. But with probability 1 — p;,
nothing happens.

3. Regardless of the result, time increases by 1/N. Note that we do
not need to calculate A" and Wa, n,/)\'.

@ For an ‘exact’ simulation, time increment should be
—In(1—2)/N with Z ~ U(0,1).
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@ In case certain p;’s are zero, set \g = >_:(1— p;) (sum over
nonzero p;). Then )\ is the number N’ of sites with nonzero p;.

1. Choose one site i among sites with nonzero p; with equal
probability 1/N'.

2. spin-flip dynamics as in step 2 above.

3. time increases by 1/N'.

@ example : contact process in one dimension

rate 1

A=3+2a o —
‘. . ‘O rate /2
Y=31+a) pi=— — 00

l+a O.
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@ method with
> Set At = —log(1—2)/)\ (or simply 1/)\")
» Choose one of particles with equal probability.
+ With probability p, this particle is removed.

+ With probability 1 — p, choose one of its nearest neighbor with equal
probability. If the chosen neighbor is empty, add a particle there.
Otherwise, nothing happens.

+ Time increases by At.

@ inefficient but right method
> Let \" = N(1+ «), where N is the number of sites.
> Set At = —log(1—2)/\".
» Choose one of sites with equal probability.
+ If the chosen site is empty, nothing happens.
+ If the chosen site is occupied, do the same with p as above.

+ Time increases by At.
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Some tips for simulations and numerical analysis

@ periodic boundary conditions (in 1 D)
» Assume the system size is L.
» Setsite index as i=0,1,2, -, L-1.
» In general (i+r)%L and (i+L-r)%L can be used (r > 0).
» In case L=(1<<n) (shift operator), define Lm1=L-1 and use
(i+r)&Lmi (bitwise AND) for any r, which is possible because
—k = 2% — kfor an int variable.
@ long time power-law behavior p(t) = At? (1 + Bt™X + o(t™X))
> A fitting gives a good guide for a, but can be error-prone because
of the (unknown) corrections-to-scaling Bt™x.

> For a systematic analysis, use an effective exponent (or
successive slope).
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effective exponent

Inp(t) —Inp(t/b) q bx —1

Gere(1; D) = Inb - Inb

Bt=X 4 o(t™X),

where b is a fixed constant.

my tip for measurement time (integer).
» Up to 50 measurements, set T; =1,2,--, 50.

> For another 30 measurements, set Ty 50 =(int) (50 X 10°'°"*)
» Up to maximum measurement time, set T; = 2T;_s,.
» with this choice, use b = 2,4,8,16,32, .. ..

my tip for measurement time (real).
» Set Ti _ 100.01><(i71)

» One can use b = 10%°" for any integer n.

Now plot a.f as a function of t=X. If x is correct, a.f approaches
the y-axis with a finite slope.
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@ How to find x?

» trial-and-error until aes looks straight (but too subjective).

» Analyse corrections-to-scaling function (Park 2013, 2014).

Q(t;b) = log ”(;)(‘t’ﬁ/)fz) ~ (bX — 1)?Bt™X + o(t ™)

» Find Q for various b (2,4,816,32,--)

> If x is correct, the asymptotic behavior of Q(t; b)/(bX — 1)® should
be the same for any b. (at this point, we cannot help using
trial-and-error).

> Since it is a second derivative, real data for Q can be very noisy
unless the number of independent runs is large enough.
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Birth-and-death (Jump, One-step) processes

@ transition rates (integer space)

@ L @ @ o—
n—2 n-—1 n n+1 n+2

@ master equation

0
apn(t) == dn+‘|Pn+‘|(t) + bn7‘|Pn71(t> - (dn + bn)Pn(t).
@ state space

> infinite: X ={...,-2,-1,0,1,2,...}.

> half-infinite : X = {0,1,2,...} (b_1 =do = 0).

> finite: X = {0,1,2,...,N} (b_1 =do=by = dN+‘| = 0)
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@ equation for the generating function € (z, t) Zz Pn(t

0g
ot Z[z dnt1Pny1 — 2"dnPy + 2"bp_1Py_1 — 2 bnpn]
—Z ") doPy + (211 — 2") byPy]
@ mean (n)

Glfn) &l (e
dt — dt\ oz |,

@ Poisson process b, = A, P(n,0) = dpo.

_1> = "(bn — dn)Pr = (bn) — (dn).

n

0" e

Po=—APn+APr1, Po=—MPy= Pot) = e
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@ linear birth-and-death process (d, = pn, b, = A\(n + b))

Ez n—1 n -+
—:E — P +(z”1fz”))\(n+b)Pn
: (z Z ) whn Py
n=0 death birth

=(1-2)(u— )\z)%—f +Ab(z—-1)Z,

with & (z,0) = >, 2"Pp(0) = 2" (Pp(0) = 6pm).

@ how to solve: the method of characteristics



The method of characteristics

To solve partial differential equations

o o
E+C(t x)a = f(t,x, ).

Assume x is a function of t (with unknown constant of integration
Co) satisfying

dx

— = C(t,X),

dt ( ) )/
whose solution is called a characteristic. Now we have an ODE

dy _ 0y  dxoy _
5 = o + e =[x, %)

P(x(t),t) = ¥(Co, 1o, t) with another constant of integration .
Determine 1 := ¥(s(0),0) = 1(Co) and put Co = Co(X, t).
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Solution of the birth-and-death process

. 0g oG
Equation : = +(z—1(u— )\Z)E =\b(z-1)%@.

@ method of characteristics
Assume z is a function of t [z = z(t)] with zo = z(t = 0).
Choose a characteristic curve such that

dz

1-2z
= @ Ne-2) = me“’“)t = Co (constant) ,

d¥ € t . [* XbdZ
& = Ab(z(t) - )G I (?0) - /\b/o (z— 1)t :/Z

4
—b
#g:?()(u_)\z> .

mw— AZg

w— Az
w— AZg

=-bln
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Since &y = €(2(0),0) = 27,

1-2z 1-2z 1= Z(pe — A
Co= —— 2 et — b — BU=Erape =4
w— N\ = AZg w—2e—X1-¢)z

s - (M0 ()

where ¢ = e(A—#)t,

@ b = 0: (continuous time) branching process (assignment 8)
@ )\ = 0: pure death process.

@ 1 = 0: pure birth process
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Fokker-Planck Equation




Brownian motion (R. Brown, 1827)

@ pollen grains (E7}2) in water : manifest of life?

L Fas il
| | y
i Da | T~ K
=du
AT | ]
AP
¢ ]
(U A HES Vi
\ Al
Y] her3 \ - o
VA 3l S
IN K] il
T X L RN

@ But, any fine particles exhibit such a motion.

@ For a nice introduction to the history of Brownian motion,
E. Nelson, Dynamical Theories of Brownian Motion (1967).
http://www.math.princeton.edu/~nelson/books.html
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Einstein’s contribution (1905)

5. Uber die von der molekularkinetischen Theorie
der Wirme geforderte Bewegung von in ruhenden
Fliussigkeiten suspendierten Teilchen;
von A. Einstein.

x| 50| QUi 2

=

rlo

YAtel 230

rr

A. Einstein, Annalen der Physik 17, 549 (1905)

beginning of stochastic modelling of natural phenomena
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Einstein’s prediction and experimental confirmation

@ Einstein’s prediction

RgT

OP(x, t) o dO?P(x, t) _
6mna

" o (x(t)*) =2Dt, D

a : radius of the suspended particle, 7 : viscosity,
T: temperature.

@ Smoluchowski’s independent work (1906).

@ Jean Baptiste Perrin’s experiment (Avogadro number)

d't% The Nobel Prize in Physics 1926
b Jean Baptiste Perrin

http://nobelprize.org/nobel_prizes/physics/laureates/1926
@ triumph of the atomic theory!
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Langevin’s contribution (1908)

PHYSIQUE. — Sur la théorie du mouvement brownien.
Note de M. P. Laxceviy, présentée par M. Mascart.

Hete 23 0|20 thstof

P. Langevin, C. R. Acad. Sci. (Paris) 146, 530 (1908).

English translation: D. S. Lemons and A. Gythiel, Am. J. Phys. 65,
1079 (1997).

“infinitely more simple”

foundation of the stochastic differential equation
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@ viscous friction and random force (fluctuation)

d?x dx
bl AR 2 X
mdtz 67T770dt +

@ multiply x on both sides of the equation

d
x> —mv? = —3mna—x® + xX.

md
2 dt

dt?

@ average and equipartition theorem

m d? d 5
5E< >+37rnadt< >_<mv>+@

=kgT =0
d 2 kBT na t— 00 kBT
&%) = 3ma tC ( t) 3ma’
(x*) = 2Dt = kT
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Fokker-Planck Equation

differential CK equation with W(x|y,t) =0

Fokker-Planck equation (FPE)

t|y7 tO o
—a Z 3 A DPOx ty o))
T3 ZU: m [Bij(x, t)P(x, tly, to)]

@ sample paths are almost surely continuous.
@ A(x) : drift vector
@ B(x) : diffusion matrix

@ Initial condition : hm P(x,tly, to) = d(x —y).

t—>t
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short time behavior

@ If Atis small, (cf: Langevin Equation)

P(x,t+ Atly, t) ~ {(2m)" det[B(y, t)AL]}

e {_1 x—y— Ay, )AL By, )] " X —y — A, )AY }
2

At

X(t 4 At) = x(t) + A(x(t), t) At + n(t) A2

where (n(t)) =0, (n(t)n(t)") = B(y,1).
@ Sample paths are continuous with probability one.

@ Sample paths are nowhere differentiable because of At'/2.
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The Wiener Process

FPE for the Wiener Process

0 1 0?

—P(w, tjwo, ty) = = =5 P(w, tjwp, t
at ( ) ‘ 0, 0) 28W2 ( ) | 05 O)a
lim P(w, tlwg,to) = d(w — wp)

t—tl

@ generating function
6(5,) = [ WP, thwo, to) expisw), (5, to) = exp(iswo).
¢ _ d .
i /dWaP(W,ﬂWo,to)exp(ISW)
1 0? : A
= /dWEWP(W,ﬂWO,tO)exp(ISW) = 0.
o(s,t) = exp <—;sz(t —to) + iswo> .
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@ Fourier transform
P(w, t|jwo, to) = /ds o(S,t) exp(—isw)
1 ( 1(w— W0)2>
= ————exp| ————— | .
27 (t — to) 2 t—to
@ mean and variance
(W(t)) = wo (martingale) , ((W(t) —wp)?) =t — to.
@ cf. cumulant generating funcion
In (s, ) = iswo — 2(t — to) = ISOW(E)) + (i) (W(E) — wo)?)

2
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Properties of the Wiener process

@ Irregularity of Sample Paths
(W(t)) remains constant, but the variance diverges : Sample

paths are variable and irregular.




@ continuous everywhere but nowhere differentiable
W(t+ h) — W(t) / _w2
P {‘ P >Ry =2 dw exp Sh

2/C><> ( XZ) 2% 1 forany k>0
= —exp | —= .
Vi \/ T P 2 y

Thus, % does not exist, as anticipated (dW ~ V/dt).

@ cf. Weierstrass function.

oy

F
» cardinality of continuous functions = c.

» cardinality of everywhere differentiable functions = c.

» cardinality of continuous nowhere differentiable functions = ¢

)

87



@ independence of increments

joint probability (due to the Markov property)

n—1
P(Wn, tn; Wn_1,tn_1; -+ 1Wo, to) = | [ PWits, tiia|wi, t))P(wo, to)
i=0

Let AW, = W(t,) — W(t,'_1) (neW I’.V.), At,' = (= lq,
P(Awp; Awy_q;- - - 3 Aws; Wo)
Aw?
= - P(Wo, to).
H { 27AL < 2At,->} (Wo, to)

rv.’s AW; are independent of each other and of W(ty).
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@ autocorrelation function (cf. covariance)
<W(t)W(S)|[W0,t0]> = /dW1 dW2 W1W2P(W17t; W2,S|Wo,t0)

Assuming t > s and using the independence of increment,

(W(t)W(s)|[wo, to]) = ([W(t) — W(s)] W(s)) + (W(s)*)

=S —1ty+ W%
In general,

(W(t)W(s)|[wo, to]) = min(t — to,s — to) + Wp,
(W(t), W(s)|[wo, to]) = min(t — to,s — to).
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@ If W(t) is a Wiener process, so are (a > 0,s > 0)
—W(t), W(t+s)—W(s), aW(t/a®).

@ Forany e > 0, a sample path of the Wiener process meets zero
infinitely many times in the open interval (0, ) with probability
one.

Donsker’s theorem or functional CLT
Let X/’s are i.i.d. RV’s with zero mean and unit variance. Let
S
Sp = X1+ + X, (random walk). Let W™ (t) = \L/"iJ (t € [0,1)).
Then, W(t) = lim W (t) is the Wiener process (in distribution).
— 00

90



The Ornstein-Ulhenbeck Process

FPE for the Ornstein-Ulhenbeck Process

2

1
(XP(x, txo, to)) + 2D P(x, tht, o)

0 0
fP(X,t|Xo,to) = 9 e

ot ax
@ generating function

(s, t) = /de(x,t|x0,to)exp(isx), o(s,to) = exp(isxo)

at(b(sv t) + I?S@s(b(s, t) = _%DSZ¢(S7 t)

9



@ the method of characteristics

ds iy
o = Rs — se

do _ 1 2 __1 2,2k
o2 = —2Ds(t)26(t) = —5 DAZEM ()

— ¢ = ¢ exp <—D:;: (eZkt _ 1)) = ¢o exp (—i‘;’: (1 _ e—zm)) ‘

When t = 0, pg = e5(=00% — g% Hence,

= A(constant of integration),

. D
_ —kty, 2 (4 p—2kt
o(s,t) = exp (lse Xo = 7S (1 e )) .

@ mean and variance

X(1)) = x0e ™, var(X(t)) = ~— (1 - e’z’“>
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@ stationary solution
Ds? [ R
@(5,00) = exp (_ld?) , Ps(x) = —p &XP (—
Note that Ps(x) is the solution of the stationary FPE
1
O [th S 2D&XP] =0
@ If P(xo) = Ps(Xo), then

A? Ds? _
$o = exp (‘2 <X%>> = exp <_4ke 2kt>

which gives ¢(s,t) = ¢(s, o) for all t.

e
D

b

)
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time correlation function at stationarity
(X(t)X(s)|[Xo, to]) = /dX1dX2X1X2P(X17t|X275)P(X2,5\Xo,to),
where t > s >ty is assumed. Take ty, — —oo, we get

(X(0) X(5))s = (X(OX(S))s = o exp (~kt — )

The Ornstein-Uhlenbeck process in its stationary state models
a realistic noise signal with correlation time 1/k = 7.

how to generate a sample path X(t)? Langevin equation

9%



Langevin Equation




White noise in the Langevin equation

@ Langevin equation

dx

g = a0 1) + b(x, D&(D),

where £(t) is the rapidly fluctuating random term called the
white noise.

@ (£(1)) =0, (£(t)E(t)) = o(t — t') (no correlation at different
times)

@ But, what is £(t), mathematically?
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Assume £(t) is well-defined. Let u(t fo &(t)dt’ (continuous
stochastic process).

@ u(t) is a Markov process.

u(t) = lim [ / dsf(s)] + ")

———
Ur=u(t) Uz

U, is independent of U,.
Thus, u(t) and u(t’) — u(t) are statistically independent.
Furthermore, u(t') — u(t) is independent of u(t”) for t” < t.



@ FPE for u(t).

t+At
(u(t+ At) — uo|[uo, t]) = </ §(s )d5>

t+At t+At
((u(t + At) — uo)?|[uo, / / dsds’ (£(s)€(s)))

t+ At pt+AL
= / / dsds'd(s —s') =
t t

Hence, A(ug,t) = 0, B(ug,t) = 1: the Wiener Process.

@ L(t)= dV(lj/Et) :ill-defined!
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Stochastic Integral

@ Mathematically speaking, the Langevin equation does not exist.

@ However, the integral equation can be interpreted consistently.
t t
x(t) — x(0) :/ a[x(s),s]ds+/ b[x(s), s]dW(s)
0 0
t t
= [ alx(s).slds + [ blx(s).sie(s)ds,
0 0

which is a kind of a (stochastic) Stieltjes integral w.rt. a sample
path W(t).
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@ (naive) definition

t

[ 6(t)aw(t) £ im {Z () [W(ty) - vv(t,-_m}

ESn
whereto <t <t,<--- <ty 1<t,—tandt_, <7 <t

@ But S, depends on the choice of 7’s. Take G(t) = W(t),

(Sn) = Z (W(m) W(t) — W(ti-r)])
= Z [min(r;, t}) — min(7;, ti_))] = D (7 — ti_s)

i=1

Choose 77 = at;j+ (1 — a)tj_1 (0 <« < 1), then (Sp) = a(t — to).
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Ito stochastic integral

the It0 stochastic integral (c« = 0 or 7; = t;_;)
t n
/ G(t')dW(t') = ms-lim {Z G (tiq) W(t) — W(ti1)]}
to < Ui
G(t) is assumed not to be affected by the “future” : causality.
Such a G(t) is called a nonanticipating function.

@ examples of nonanticipating functions

g &~ W N
—
=
<
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Example [ W(t)dW(t)

ZW: 1 (Wi = W) 22 ~ Wi — AW]
:%[W(t) —W(to)]—EZAW,?.

N
=U
o (U) = Y/ (AWR) = Yot — tiq) = t — to.
@ (U—(t—t))?) =2 (ti—ti_1)> > 0asn — oo (checkit!)

Hence (mean square limit: assignment 9),

t
1
W(t)dW(t') = ms-lim S, =

to n—oo 2

W02~ Wito)?] — 5 (t — to).
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° < tW(t’)dW(t’)> = <; W(t)> — W(to)*] — %(t— to)> =0.

to
@ AW?is not negligible [~ O(dt)].

@ the Stratonovich integral

t w ) ;
(S) [ W(t)dW(t') = ms-lim » %(Wi — Wi_y)

0 n—oo s

(W(t)? — W(to)?]

N =

> similar to the ordinary calculus.

» midpoint rule with o = 3 is equivalent.

1
2
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@ dW(t)? = dt and dW(t)>*N = dW(t)dt = 0 in the sense that

t
/ [aw))* ™ 6(t) = ms-lim G AW
to —00 :

t
G(tdt" forN =0,

= tO

0 for N > 0.

@ existence: [ G(t')dW(t') exists whenever G(t) is continuous and
nonanticipating
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@ integration of Polynomials:

Since
diW(t)]" = [W(t) + dW(t)]" — W(t)"
_ 2 (’r’) W) " dW(t) « dW(t)? = dt
:nMUWWWm+Q@§DW“wL
we get
/&) W dwe) :n%q W)™ — W(to)™]
n

t
—— [ w()"dt'.
2 tD
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@ general differentiation rule (keep terms up to dW?)

dfiw(t), t] = 8’:dt+ a{VdW( t) + ia—WZdW(t)z

of 1 of
(atJrzaMﬂ)dt WD)

0°f

@ mean value formula

</ G(t’)dW(t’)> ~0

@ correlation formula

</t:e(t’)dw(t’) /t:H(t’)dW(t’)> /t: (GEYH(E) dt.
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Stochastic differential equation (SDE)

@ |t0 SDE : definition
dx(t) = a[x(t),t] dt + b [x(t), t] dW(t),
if for all t and to,

t t
x(t) = Xx(to) +/ alx(t),t']dt’+ [ bx(t'),t']dw(t).
to tO
@ x(t) is a Markov process.

@ additive noise if b[x(t), t] does not depend on x.

@ multiplicative noise if bx(t), t] does depend on x.
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Ito’s Formula

dfIX(D)] = FIX(OIAX(E) + of'X(E)le(t)
= FIX(t)] {alx(t), tdt + bIx(), GdW(D)} + S [X(B]bIx(t), 2w ()’
— { ) 07 (0] + 5 (O 2 | di + FIx(O1blx(0). W)
where we have used,
dx(t) = a [x(t), t] dt + b [x(t), t] dW(t),

dW(t)? = dt, and dW(t)>*N = dw(t)dt = 0.

dm;itm - <a[X(t)7 tf [x(®)] + %f"[x(t)]b[x(t), t]2>
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Connection between the FPE and the SDE

/de X t‘Xo,to)
1
- /dx {a(x, tf (x) + fb(x, t)zf’(x)} P(x, t|xo, to)

/dxf {— xt))+;g(b(xt)P)}.

Since fis arbitrary,

FPE-SDE connection (assignment 10)

8P 0 1 9?

(b2P).
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Stratonovich SDE

@ Stratonovich integral : definition
t
) | Glx(e). t)awe)
to
= [1
— i 36 |5 ((8) + X(t-0) 1] (W(E) —~ WEE).
=
@ Stratonovich SDE
(S)dx(t) = a[x(t), t] dt + b [x(t), t] dW(t),
if for all t and to,

X(t) = x(to) + / “alx(E).t1dt + () [ bX(E),t]dW(E).
to

to
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@ change of variables (same as the ordinary calculus rule)

(S)dfix(t)] = fx(t)] {a [x(t), t] dt + b [x(t), ] dW(t)} .

@ From Stratonovich to It

Sk =x; 1y = 5 (555, 60 ) (WEE) — W)

— [800-0)+ 5 50-0) | AWi = _1)aWs + 55065 (1)
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Stratonovich vs. Ito

[Sldx = a(x, t)dt + ﬂ(x t)d

@dx( (x,t) + ﬂ(x t)

(B(x, t)dW) =

w
99
ox

t)——dt,

> dt + B(x, t)dw

Ito,

Stratonovich.
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Example | : Geometric Brownian Motion

@ dx = cxdW(t).

@ change of variable : y = Inx

dy = % _ &(dx)z — cdW(t) — %czdt
= Y(t) = Ylto) + € [W(t) ~ Wito)] — 3¢t~ o)

— X(t) = X(to) exp {c W(t) — W(to)] — %cz(t - to)}

@ mean and autocorrelation function (assignment 11)
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Exmaple 2: Ornstein-Uhlenbeck Process

@ dx = —kxdt + v/DdwW

@ change of variable : y = xeft

dy = (dx)e + xd(ekt) = [_kxdt + ﬁdw} ekt | kxeltdt
= vDeftdw

x(t) = x(0)e~* + VD / t e RE=gw(t).
0

@ mean and autocorrelation function
(x(t)) = (x(0))e™ ",
min(t,s) ,
(X(t)x(s)) = (x(0)2)e R+ 4 D/ p—k(t+s—2t') gy
0

<X(t),X(S)> = |:Var{X(0)} — 2Dk:| e_k(t‘f‘s) + %e—k\t—ﬂ'
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The white noise limit

@ In real physical systems, noise should be correlated.

@ We are interested in a limit of a differential equation

dx
¢ = 00 +bx)&, (1),

dt

where &, (t) is a stochastic source with nonzero correlation time.

@ If (¢,(t)) =0and

lim (&, (t)&, (t))s = 8(t — t),

y—00

the above differential equation becomes
The white noise limit (assignment 12)

(S)dx = a(x)dt + b(x)dW(t)
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Positive Poisson Representation

Theorem - _
For any Py, a positive f(«) exists such that

Py = / da (eﬂl%’) fla),

where oo = ay + iy and d*a = dayday,.

°01= P = / d’a <Z eaf;!) fla) = /dzaf(a).
n=0 n -
Hence, f(a) is a probability density.
@ If fla) = 6(av — p) forreal p, P, = e=*p" /nl.
@ (n) = (o) always.

@ (M= (n(n—-"1)---(n—m+1)) = (a™)
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SDE using Poisson representation

h1 k’z
X——=0, Xz——2X
kg kz,
da = [ks + (R — ki)or — kea?] dt + [2(kaa — Rea?)] " dW(t).

If R, = 0, the SDE is exactly solvable (linear birth-death).

If R, = kR, = 0, the dynamics is deterministic.

If R, = 0, @ should be complex.

cf. Path integral approach (Cardy, cond-mat/9607163)

@ assignment 14
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