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1. Neutrino Chiral Oscillation
Equation of motion for a neutrino in free space

(i@ —m)yp =0, idpp—mpr=0, idr—mipp =0, W(t,x) = U(t)ah(0)ePx
=158y, Yr=EBy, Y=y +yr. U=e¢ ™t H=/%.p+my’=a p+mB
How left-handed and right-handed are entangeled in free space?
In chiral representation: Y’ = (? é) , ¥ = (—(Zfi %) , Y = (_OI ?)
U(t) = e~ Ht = cos(Bt) — i— pg M0 Gin(Et)
. . —_ . h
W03 = U 0P = g 0 e yho) = L (VELRP )

¥(0)T)(0) = 1. h = £1 - heliciuty, p-ou” = (h-p)u, p = (ps,py,p-) = p(cos ¢sin b, sin dsin , cos §).

o (e )= (o)

Oscilation probability from i to k for Dirac neutrinos:

P(i — ¢r) = | <P O)rlp(t)i > |° = IZ VijVige (FitmP2



Neutrion oscillations with 3 generations
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Weak interaction produced neutrinos

What neutrino state is produced in weak interaction? Let us use 7= — u~ + v as example

1— 1—
M(m™ H fy5d>ﬂ’)gu 2751/
. _ . 1+ 1—
~ i fa PE Y (1 — v5)v = i frfi(m, 275 +my 275)1/ :
The neutrino participating the weak interaction and produced is in a state of 1/(0)
+ L+ 1=
9(0) = (my,—2 +m,— )

1

B \2E(mZ +m2) (m"' (\/ﬁm 3 \/EJF—PU—) i

Relativistic case, E >>m, : 9(0) ~ | ) , Non-relativistic case, E ~ m,, : 1(0) ~ (u— +uy)/V2
0 0



Chiral oscillation probability extremely small for relativistic
neutrinos because the suppresion factor: m?/E2.

Numerically vailid to use Dirac neutrinos to describe neutrino
oscillations. Oscillation period can of order ps. Similar for
charged lepton, bu the oscillation period is Et = 2pi,

t <2pi.me = 1.3x102%s too short. Always time averaged effect.
However the effect can be large for non-relativistic

netrinos, such as background cosmic nutrinos where

p is small compared with m.
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Fig. 1. Evolution of the chiral density matrix elements (p_) (blue) or 1 — (p_) (red), and pg = ]R[clc%] (green) as functions of the redshift z for m = 1072 eV (solid) and
m=10"3 eV (dashed) with |pg| = 1 MeV. The redshift at neutrino decoupling is taken to be z4 ~ 6 x 10°.
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Survival probability P,_,.(¢) as a function of time. The black curves indicate the standard survival
probability formula (16) and the red curves depict the full formula including the fast chiral oscillations

(depicted in the insets). Parameters: sin” § = 0.306, m} = A3, + m?, with A}, /m? = 0.01

V Bittencourt, A. Bernardini & M. Blasone, EPJC81 (2021)411.



Neutrino Chiral Oscillation

In the SM neutrinos are produced by W and/or Z interactions.

At production ¢ = 0 point, they are left-handed and normalized, ¥%(0) = /=2 > L S1591(0).

%] 4(0).

050 = e R 0) = ) = 52 (P ) - ipsin(en) 5,1

Used U(t) = e "t = cos(Et) — i p];r mp sin(Et)
PPl (L) = (cos(Et) + z’% sin(Et)) ePL | phtyh(g) = (—z% sin(Et)) giPL
2 2
P(v = vp) = WL ()2 =1 - 5 sin®(BY) , P(v} — vi) = WL = 2 sin’(BY)
Left-handed neutrinos oscillated into right-handed ones!
h-p .
P(vi; = vix) = |ViVi;(cos(Ejt) + ZE—? sin(E;t))|*, P(vi; = vig) = | - Mang E, L sin(E;t) |2 o (t)?
J

S-F Ge & P Pasquini, PLB811(2020)135961; V Bittencourt, A. Bernardini & M. Blasone, EPJC81 (2021)411.



2. Neutrino Oscillation in Matter

When neutrinos travel in matter, due to interaction of neutrions with matter
mediated by W and Z, the Lagrangian is modified

L= — m)p — P, 2

j# is the matter current which neutrino can interact. )
In the rest frame of the homogeneous, isotropic, unpolarized electrical neutrality medium, j#* = (p, 0)

0 =V2Gr (Neéae — %Nn). N, N, number density of electron and neutron, 0,. are zero for v, and v,.

. 1 =15 1— _p- —h.
(#-mopn 52)0=0 mepaimos s R (T 1)< ()

The eigenvalues of H are: By = £+ E},, Ey =5 — Ey, Ej, = v/m?+ (h-p— p/2)?,

he o (VESERD W) o L (VEIER-R)
! V2FE, \/Eh—l—(h p—g)uh 12 V2E, _\/Eh—(h'p—g)uh



The evolution for a given wave function entering the media with momentum p at ¢t = 0 is

cos(Ept) + i sm(Eht) —ig sin(Eht) (uh)
—igr sm(Eht) cos(Ept) —i—=—2 h sm(Eht) ’

Pi(t) = Mt (0) = 4 (

Py} —9}) =1 - Brsin®(Bnt), Py} — ¢h) = B sin’(Ent).
Similar as that for free space, but dependent on matter density via Ep, = v/m2 + (h-p — p/2)2.

There is a resonant enhanced chiral oscillation at A -p — p/2 = 0!

From the above, one can easily recover the usual matter oscillation formalism with J} = (p,0) in the relativistic
case p > M > m > p. Keeping the leading effect in this limit, one obtains,

MTM
Heff—p%—T—h P - (13)

Then we can find that matter effect would influence the contribution from mixing angle and mass square. Note that
for h = —1 helicity, it is the usual leading order neutrino oscillation in matter effective Hamiltonian which can cause
matter induced MSW resonant effect. But for h = 41 or p < 0, the matter effects are different.



3. Majorana and Seesaw Neutrinos in Free Space

Pure left-handed neutrinos, having Majorana mass like in Type II seesaw model

. | . 1 - . .
L =vridvr — §m(yﬁyL + h.c.) — L/ng’yﬂl/jg — 51&"”’ (23 — m) P — P gty S 1= Pp™
(i@ = M)Y™ = j v 52 9™ + (1) Y Y™ =

o  pan . _(P—PO m
=H =a-p+pm—Bjpvu(l —s) ( m p-a—p)’

p in the Dirac neutrino case is replaced by 2p.

cos(E't) + ?,—9 sin(E7"t) — g Sin(Emt)
Ult) = ( —z— Sln(Emt) COS(E}‘:”t) — z—E%E Sln(Emt))

where E;" = \/m2 + (h - p — p)2. Resonant point shifted to: p — p = 0.

(h'p_p)2 .2 m) h hyc m2

P — v =cos®(E™t) + ()2 sin®(Ey"t
h

p_|_MTM

5 — h - p.

One also obtains the same H,¢s =

P(VL — (VL) ) — (E;;n,)z

, YY" =vp + vt .

sin’(E"t)



Seesaw Neutrino Oscillation

L =vridvr, + NridNg — % ((ag NRg) (ﬁg Aﬂﬁ) (J’(,;) + h.c.) = Yridyr — 5 (YiMyr +he.) ,

_ (VL _ (Mg Mg
() w38
VTMV — M: dia'g{mlam27m3aMlaM27M3} ) "%n' — VT/‘pL y me - wzl T (wzn)c

£ = gpidyy — 3 (@E) Myp +he.) = § (37 - M) |

- a-p+M}S 0
0 o-p+ My ’

E - dia'g{mlam2)m3} ’ Mh - dia'g{MlaMQaM3} y



The initial state would be

{

\

cos(Fp t)+1

—1

’ml

E’m,l

h-p .
By sin(Eqp t)

sin(Hypn, t)

h
( i (% )\ (Vﬂ (uoh)\
n=| e |y W)= -]
. (u
(%), e (),
U(t) = e H?
_iEn:le sin(Kq 1)
cos(Ey,  t)—1i Eh?,;fl sin(Fy,, t) )

Mg

E Mg

Emi iV, p2 + mgz ) EM»; — \/p2 + Mzz

( cos(E g t)+1 Efﬁ; sin(Ep,t)

—1

SiIl(EJM3 t)

0

Mg
EM3

—1

cos(Epryt)—1

SiIl(EM3 t)

h-p

EM3

sin(Eé\/‘ft)

)

)/




The oscillation probability

P — vl;) = [vhe | =

| 2

P(yr; = (¥1;)°) = |(Wi,) e r,

P((f)° = (W5;)) = |(w5,;)Te e, |* =

P((Wh)° = vE,) = |vhe g, =

Z Vi Vik (COS(Ekt) +i—2 sin
k ! El
( z—sm(Ekt))
Ey
h-p
Z Vik (cos Eyt) — zE—k
2
= ZVszﬂc (

-

h

sm(Ekt))

2

2

(Bt )

sin(Bt)




Majorana phase effects on chiral oscillation

a

—_— :L/’? .
One light and one heavy example: M = (m 0) , V= (Val Va?) = ( cosf e 811'19) :

0 M Vs1 Vio —sinf € cosf
. [u” 0 0 (uh
h Yai { o h Vi |y hye Var { yn hye il o ‘
Vp = h , Np= , (VL) = , (Ng)° = h : ¢
« (U v 0 v 0 . (U
a2 \ ( 82 ’U;h a2 ’LLh 2\
h h 9 . 9 2 o [cos?f | sin?6 . 2
P(vy — vp) = (cos® 0 cos(Ept) + sin” 6 cos(Enmt))” +p z sin(Ep,t) + 5 sin(Ept)
m M
. 92 . . 2
20 Et Ept
Pl — (NK)®) = 0 (cos(Emt) — cos(Eart))? + p? sin(Bmt) _ sin(Bart)
4 E,, En
h hyc m 40 2 .2 : : SV
P(vi — (vi)°) = B cos™ 0 sin“(E,,t) + 2B, By, S 26 cos 2n sin(E,,t) sin(Ept) + (Enr)? sin® 0 sin“(Epst)
.2 2 2
L hy  SIn“20 ( m* -, 2mM , , M=
P(v; — Ng) = 1 ((Em)2 sin“(E,t) — B En cos 2nsin( Ep,t) sin(Epst) + (B sin®(Ept) ) .

Majorana phase show up in the chiral oscillation explicitly!
This also applies to Type Il seesaw with two generations!
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FIG. 1: Neutrino chiral rotation in last two equation in Eq.(23) in non-relativistic regime. The initial state is an active left-

handed neutrino. The input parameters used are: p = 0.0leV, m = 0.01leV, M = 1eV, and sin€ = /m/M = 0.1, and the
Majorana phase takes two different values n = 0, /4.



4. Majorana and Seesaw Neutrinos in Matter

The general seesaw neutrino Lagrangian in matter propagation

= . = . 1 —c = ML Mg vy, _ \TC jL jRL vy,
L= VL?,&I/L -+ NR?,&NR — 5 ((VL NR) (MD MR) (NE) —|—hC) — (I/L NR) ('I—LT i Yu NE
= Yridpr — 3 (YS Mapr + hec.) — YL y,0L

For homogeneous, isotropic, unpolarized electrical neutrality matter medium at rest, only j¥ is non-zero

pe 0 0 V2GFr (N, — L1N,,) 0 0
jr=10 pu 0]= 0 ~ V5N 0
0 0 p;r 0 0 —7§Nn

In terms of the mass eigenstate ¥ = V7', the Lagrangian is

L= (6 - Mypm) — g Teq g, = w4 ), TE= VIV,

(i — M)p™ — Jhry, 1505 p™ 4 (JH)*y, L5 =



: 0 M 0 i ~ ”mi *
H— (aop .. ) 4 BM, +yt (JL JRL ) Ve %1 ~° (VT (JL JRLT) V) y ,m1+7
p 0 5Mh jRL _JR JRL _JR

Because the off-diagonal interaction, difficulty to get U(t). For just one light and one
heavy neutrinos, can get a closed analytic expression.

Let M; = m and Mj, = M, similar to Dirac case j* = (p,0) and Jpr =Jr =0,

~ p L in
ot _ (51 +cos26) Le*sin20
S = VIV = ( e~ sin 20 p(l — cos 20)

£(1+cos20) —p-o m L' sin 26 0
H = T p-o — 5(1+cos26) 0 — e~ sin 26
- £e~"" sin 20 0 £(1—cos20)—p-o M

0 —£e"sin 26 M p-o— 5(1—cos26)



Time averaged oscillation

The eigenvaluse of H are: [, — —VA1 _ AQIJ Esp :v\/A]L — Aé :
Esp = —vVAI + Ay, Egy=VAI+ Ay,

m? + M? N2 p?
A, = (h h— _) P~
: > 2) T3
A \/Z(mz—ﬂffz)erpg (2(m2+ﬂ«fz—2mﬂ«f COS 27}) sin? 9+8(h-p— %)2) —Sp(mg—ﬂig)(h-p—g) cos 26
2 — 3

U1 Uiz Uiz Uig
U1 Uszg Usz Usyg
Us1 Usz Uszz Usg
Ugr Usa Usz Uyg

U(t) — e—’th —



We illustrate this with the limit p > M > m > p. In this case we have

P(vp — (vp)) =

(m? — M?)? ( (m?cos* O + M?sin* ) p(4m? cos® @ — 4M? sin®  + mM cos 2n cos 26 sin” 26)

8A3 p? p(m? — M?)
N 2p?%(2m? cos? 0 + 2M? sin* O + mM cos 21 sin® 20)
(m2 — M2)2 ’
P! 5 Nt = (m? — M?)%sin® 20 [ m? + M? ~ 2p(m® + M? — 2mM cos 2n) cos 26 N 4p? (m? + M? — 2mM cos 27)
L R) = 3242 2 p(m2 — M?2) (m2 — M2)?
(25)
The probabilities for the other two oscillation modes are
1 cos® 204 . . sin® 204
P — o) =+ 2 p s ) P (V) = 2R pr Ny (2

where cos 20ex = ((M? —m?)cos20 +2p(h-p— £)) /(2A2). We do see the oscillation probabilities dependence one
n even taking the time average. Note that the effect vanishes if any of the m, M and 0 is zero.



1 4+ cos 20

sin 26

SlIl 260

1 — cos26|”

Pvp —vr)=|( L)T i ?, = ‘Un 5 + Uyze™ + Usq €™ + Uss >
Pt — (Nh)°) = ((NE)C)Te—thVH? _ ‘_Ullsiﬂz%’ Upge— 1— (:208 20  Uel 1+ CQOS 26 UL 8111226"2
P(V?, N (VE)C) _ ((VE)C)Te_thVHQ _|u,, 1+ (3208 20 Uy 8111220 U, i 8111226’ Uae 2ip 1 — (:205 20
P(yf — N} = (NR)T —iHt ?, _ ‘—Ugl 8111229 — Upe ??1 — (:208 20 U ??1 + 0208 20 b Uppe 20 s111229

n enters the chiral oscillation, even when time averaged!




Detailed Numerical calculations
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FIG. 3: The time averaged Majorana phase n effects on probabilities. The vertical axis is the difference between time averaged
probabilities and their minimum values. The oscillating probabilities depend on the mixing angle #. Other parameters are
chosen from a point in matter effect significant region in Fig. 2(a).
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FIG. 4: The time averaged Majorana phase n effects on probabilities in two active Majorana neutrinos case. The vertical axis is
the difference between time averaged probabilities and their minimum values. The red, green and blue lines are corresponding
to p = 0.002eV, 0.003eV and 0.004eV, respectively. The mixing angle § = 6,2 and mass square difference M? — m? = Am3,,
whose values are from [1]. pw = 0.0026eV and pz = —0.0013eV are corresponding the mass density a, = 3.4 x 10%g/cm® and
an = 3.4x10'"0g/ cm®, respectively, so the total mass density a ~ 6.8 x 10'%/ cm®, which could be found in neutron star cluster
[12].



Massive neutrinos can have chiral oscillation, supressed by m?/E? for relativistic
neutrinos, but the supression is lefted for non-relativisitc neutrions.

Majorana phases modify the oscillatin pattern. In principle Majorana phases can
be probed in chiral oscillation.

When matter effects are included, energies are splitted into two, there is a
resoant point for chiral oscillation. Also even the oscillation is time aeraged,
Majorana phase still affect oscillatin pattern.

Thank you for your attentions
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