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VS.

DOF not involved in interaction ~𝒪 𝐿3

DOF involved in interaction ~𝒪 𝐿2

Weakly coupled systems

Equilibrium state is independent of the specifics of interaction

Macroscopic system



No sign of strong-coupling effects 

no strong-coupling effects!

free Brownian motion

𝑚 ሶ𝑣 𝑡 = −𝛾𝑣 𝑡 + 2𝛾𝑇𝜉 𝑡

Langevin equation

𝑘𝐵 = 1

Microscopic systems

Interaction is comparable

Microscopic systems are expected to be a strongly-coupled systems



Derivations of Langevin equation

Caldeira-Leggett 
model

Kramers-Moyal
expansion

Nakajima–Zwanzig
projection

𝑚 ሶ𝑣 𝑡 = −𝛾𝑣 𝑡 + 2𝛾𝑇𝜉 𝑡



Setup

𝑚 ሶ𝑣𝑛 = 𝑓𝑛 𝒙, 𝒗, 𝑡 − 𝜕𝑥𝑛𝑉𝐼 𝒙, 𝒙

𝑚 ሶ𝑣 𝑛 = −𝜕 𝑥𝑛 𝑉𝐼 𝒙, 𝒙 + ෨𝑉 𝒙 − 𝛾 𝑣 𝑛 + 2𝛾𝑇 ሚ𝜉 𝑛

Microscopic description

fast relaxation limit of bath

𝜏rel
bath ≪ 𝜏rel

sys

𝑚 ሶ𝑣𝑛 = ?

−𝛾 𝑣 𝑛 + 2𝛾𝑇 ሚ𝜉 𝑛



Main result

𝑚𝑆 ሶ𝒗 = 𝒇 𝒙, 𝒗, 𝑡 − 𝛁Δ 𝒙 − 𝐆 𝒙 𝒗 + 2𝐆 𝒙 𝑇𝝃

Langevin equation for strongly-coupled system

𝐶𝑓,𝑔 𝑡 𝒙 = 𝛿𝑓 𝒙, 𝒙 𝑡 𝛿𝑔 𝒙, 𝒙 0
eq

correlation function in equilibrium bath dynamics 𝑝eq 𝒙 𝒙 ∝ 𝑒−𝛽 𝑉𝐼 𝒙,𝒙 +෩𝑉 𝒙

Δ 𝒙 ≡ −𝛽−1 lnන𝑑𝒙
1

𝒵𝐵
𝑒−𝛽 𝑉𝐼 𝒙,𝒙 +෩𝑉 𝒙

mean force potential

𝐺𝑛𝑚 𝒙 ≡
1

𝑇
න
0

∞

𝑑𝑡 𝐶𝜕𝑥𝑛𝑉𝐼,𝜕𝑥𝑚𝑉𝐼 𝑡 𝒙

effective damping coefficients



Conditions for vanishing strong-coupling effects

second conditionfirst condition



Conditions for vanishing strong-coupling effects

second conditionfirst condition

Translational invariance



Conditions for vanishing strong-coupling effects

second conditionfirst condition

Mutual independence



mutual independence
second condition

translational invariance
first condition

Conditions for vanishing strong-coupling effects

𝒂

𝐺𝑛𝑚 𝒙 + 𝒂 = 𝐺𝑛𝑚 𝒙

Δ 𝒙 + 𝒂 = Δ 𝒙

𝐺𝑛𝑚 𝒙 = 𝛾𝑛 𝑥𝑛 𝛿𝑛𝑚

Δ 𝒙 =
𝑛
Δ𝑛 𝑥𝑛

𝑚𝑆 ሶ𝒗 = 𝑓 𝒙, 𝒗, 𝑡 − 𝛁Δ 𝒙 − 𝐆 𝒙 𝒗 + 2𝐆 𝒙 𝑇𝝃 𝑡

restoration of the traditional Langevin equation

equation of motion

𝑚 ሶ𝑣𝑛 = 𝑓𝑛 𝒙, 𝒗, 𝑡 − 𝛾𝑛𝑣𝑛 + 2𝛾𝑛𝑇𝜉𝑛condition I & II

Δ 𝒙 = Δ, 𝐺𝑛𝑚 𝒙 = 𝛾𝑛𝛿𝑛𝑚condition I & II

𝛾𝑛𝛿𝑛𝑚 𝛾𝑛𝛿𝑛𝑚



Explicit form of the reduced damping constant

𝛾𝑛 ≡
1

𝑇


𝑛, 𝑚

න
0

∞

𝑑𝑡 𝛿 𝜕𝑥𝑛𝑉𝐼 𝑥𝑛, 𝑥 𝑛 𝑡 𝛿 𝜕𝑥𝑚𝑉𝐼 𝑥𝑛, 𝑥 𝑚 0
eq

𝒙𝑛 = 𝑥1, … , 𝑥 𝑛, … 𝑥 ෩𝑁

𝑥𝑛

𝛾𝑛 =
1

𝑇


𝑛, 𝑚

න
0

∞

𝑑𝑡 𝛿𝑓𝑛 𝑥𝑛, 𝑥 𝑛 𝑡 𝛿𝑓𝑚 𝑥𝑛, 𝑥 𝑚 0
eq Newton’s third law

𝛾𝑛 =
1

𝑇


𝑛, 𝑚

𝛾𝑇𝛿 𝑛, 𝑚 Green-Kubo relation

𝑚 ሶ𝑣𝑛 = 𝑓𝑛 𝒙, 𝒗, 𝑡 − 𝛾𝑛𝑣𝑛 + 2𝛾𝑛𝑇𝜉𝑛, 𝛾𝑛 = ෩𝑁𝑛 𝛾

෩𝑁𝑛: number of bath particles interacting with 𝑛-th system particle

condition I & II



Example I: broken translational invariance
: single system particle + ෩𝑁-identical bath particles

Δ 𝑥 =
1

2
𝑘𝑥 + 𝑐1, 𝑘 =

෩𝑁𝑘𝐼 ෨𝑘

𝑘𝐼 + ෨𝑘

mean force potential

𝛾 𝑥 = ෩𝑁𝛾
𝑘𝐼

𝑘𝐼 + ෨𝑘

2

effective damping coefficients

symmetry restoration limit ෨𝑘 → 0

−𝜕𝑥Δ 𝑥 = 0, 𝛾 𝑥 = ෩𝑁𝛾

weak-coupling limit 𝑘𝐼 → 0

−𝜕𝑥Δ 𝑥 = 𝒪 𝑘𝐼 , 𝛾 𝑥 = 𝒪 𝑘𝐼
2

෨𝑘

𝑘I



Example I: broken translational invariance
: single system particle + ෩𝑁-identical bath particles

Δ 𝑥 =
1

2
𝑘𝑥2 + 𝑐1, 𝑘 =

෩𝑁𝑘𝐼 ෨𝑘

𝑘𝐼 + ෨𝑘

mean force potential

𝑓ext = 0
෩𝑁 = 104

𝑚 = 10−4

𝛾 = 10−2

𝑚 = 1
𝑇 = 1

𝑘
/
෩ 𝑁
𝑘
𝐼

෨𝑘/𝑘𝐼

𝛾 𝑥 = ෩𝑁𝛾
𝑘𝐼

𝑘𝐼 + ෨𝑘

2
effective damping coefficients

𝛾
/
෩ 𝑁
𝛾

෨𝑘/𝑘𝐼



Example II: broken mutual independence
: two system particles + ෩𝑁-bath particles of two species

Δ 𝒙 =
1

2
𝑘 𝑥1 − 𝑥2

2 + 𝑐2, 𝑘 =
෩𝑁𝑘𝐼𝜅

𝑘𝐼 + 𝜅

mean force potential

𝐆 𝑥 =
෩𝑁𝛾

2 𝑘𝐼 + 𝜅 2

𝑘𝐼
2 + 𝜅2 2𝑘𝐼𝜅

2𝑘𝐼𝜅 𝑘𝐼
2 + 𝜅2

effective damping coefficients

independence restoration limit 𝜅 → 0

−𝛁Δ 𝑥 = 𝟎, 𝐺 𝑥 =
෩𝑁𝛾

2
1 0
0 1

𝜅
𝑘I



Example II: broken mutual independence
: two system particles + ෩𝑁-bath particles of two species

𝐆 𝑥 =
෩𝑁𝛾

2 𝑘𝐼 + 𝜅 2

𝑘𝐼
2 + 𝜅2 2𝑘𝐼𝜅

2𝑘𝐼𝜅 𝑘𝐼
2 + 𝜅2

effective damping coefficients

𝒇ext = −𝒙
෩𝑁 = 104

𝑚 = 10−4

𝛾 = 10−2

𝑚 = 1
𝑇 = 1

𝑘
/
෩ 𝑁
𝑘
𝐼

𝜅/𝑘𝐼

𝐺
𝑛
,𝑚
/
෩ 𝑁
𝛾

𝜅/𝑘𝐼

Δ 𝑥 =
1

2
𝑘 𝑥1 − 𝑥2

2 + 𝑐2, 𝑘 =
෩𝑁𝑘𝐼𝜅

𝑘𝐼 + 𝜅

mean force potential



Example III: short-range interaction

𝐿

𝑥1

𝑥2

𝑥 𝑛 for 𝑛 = 1,… , 1000

: short-range harmonic repulsion

Ideal condition Realistic case



Example III: short-range interaction
: short-range harmonic repulsion

෩𝑁 = 103

𝛾 = 10−2

𝑚 = 10−2

𝑇 = 10
𝐿 = 100
𝑟𝐼 = 1
𝑘𝐼 = 10

strong-coupling
effects

strong-coupling
effects



Summary

“We formulate a Langevin equation capturing strong coupling effects”

𝑚𝑆 ሶ𝒗 = 𝒇 𝒙, 𝒗, 𝑡 − 𝛁Δ 𝒙 − 𝐆 𝒙 𝒗 + 2𝐆 𝒙 𝑇𝝃 𝑡

“Strong-coupling effects can disappear even with a finite coupling strength”

𝒂

translational invariance mutual independence

Δ 𝒙mean force potential 𝐆 𝒙effective damping coefficients
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