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DISCRETE MODELS
ISING

−ℋ({𝑠𝑠𝑖𝑖}) = ∑
𝑖𝑖
∑
𝑟𝑟
⃗
𝐽𝐽(𝑟𝑟)𝑠𝑠𝑖𝑖𝑠𝑠𝑖𝑖+𝑟𝑟⃗ 𝜔𝜔↑↓

NCOP

𝜔𝜔↑↓

𝜔𝜔↓↑
= 𝑒𝑒−𝛽𝛽𝛽𝛽𝛽



DISCRETE MODELS
VOTER

−ℋ({𝑠𝑠𝑖𝑖}) = ∑
𝑖𝑖
∑
𝑟𝑟
⃗
𝐽𝐽(𝑟𝑟)𝑠𝑠𝑖𝑖𝑠𝑠𝑖𝑖+𝑟𝑟⃗ 𝜔𝜔↑↓

T=0

Add Temperature

𝜔𝜔↑↓

𝜔𝜔↓↑
= 𝑒𝑒−𝛽𝛽𝛽𝛽𝛽

𝑃𝑃(𝑟𝑟) ∼ 𝐽𝐽(𝑟𝑟)In D=1 with n.n. maps onto Ising

𝑤𝑤(𝑆𝑆𝑖𝑖) =
1
2𝑁𝑁

∑
𝑟𝑟
𝑃𝑃(𝑟𝑟) ∑

𝑘𝑘=𝑖𝑖±𝑟𝑟
(1 − 𝑆𝑆𝑖𝑖𝑆𝑆𝑘𝑘)



ABSORBING STATES (VOTER)

Fully ordered, consensus (up or down)

But, in some cases, there are stationary states without consensus, 
with lifetime diverging with size



NEXT NEAREST NEIGHBOUR
ISING D=2

𝐿𝐿(𝑡𝑡) ∼ 𝑡𝑡 ⁄1 2

Time of
order 
𝑁𝑁𝑧𝑧

to
equilibrate



BEYOND NEAREST 
NEIGHBOURS (NEW RESULTS)

ℋ({𝑠𝑠𝑖𝑖}) = ∑
𝑖𝑖
∑
𝑟𝑟
⃗
𝐽𝐽(𝑟𝑟)𝑠𝑠𝑖𝑖𝑠𝑠𝑖𝑖+𝑟𝑟⃗ 𝐽𝐽(𝑟𝑟) ={

𝐽𝐽0𝑒𝑒−𝑟𝑟/𝑅𝑅

1
𝑍𝑍
𝑟𝑟−𝛼𝛼 ,𝑍𝑍 = ∑

𝑟𝑟
𝑟𝑟−𝛼𝛼
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𝛼𝛼 = 0, Mean field (MF)
𝛼𝛼 = ∞,Nearest neighbourghs (NN)



BEYOND NEAREST 
NEIGHBOURS (NEW RESULTS, 

VOTER      )

𝑤𝑤(𝑆𝑆𝑖𝑖) =
1

2𝑁𝑁
∑
𝑟𝑟
𝑃𝑃(𝑟𝑟) ∑

𝑘𝑘=𝑖𝑖±𝑟𝑟
(1 − 𝑆𝑆𝑖𝑖𝑆𝑆𝑘𝑘)

𝑑𝑑
𝑑𝑑𝑑𝑑
⟨𝑆𝑆𝑖𝑖𝑆𝑆𝑗𝑗⟩ = −2⟨𝑆𝑆𝑖𝑖𝑆𝑆𝑗𝑗[𝑤𝑤(𝑆𝑆𝑖𝑖) + 𝑤𝑤(𝑆𝑆𝑗𝑗)]⟩

𝑑𝑑
𝑑𝑑𝑑𝑑
𝐶𝐶(𝑟𝑟, 𝑡𝑡) = −2𝐶𝐶(𝑟𝑟, 𝑡𝑡) + 2∑

ℓ
𝑃𝑃(ℓ)[𝐶𝐶(|𝑟𝑟 − ℓ|, 𝑡𝑡) + 𝐶𝐶(𝑟𝑟 + ℓ, 𝑡𝑡)]

Solvable also for any D
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F. C., S. dello Russo e Luca Smaldone, arxiv.org/abs/240  

1𝐷𝐷



GENERAL COARSENING 
PROPERTIES

𝛼𝛼0 (MF) ∞(NN)𝛼𝛼𝐿𝐿𝐿𝐿=D 𝛼𝛼𝑆𝑆𝑆𝑆

D+1
(Ising)

D+2
(Voter)

Universality
class of NN

Different 
Univ. class 

(𝛼𝛼-dep. exps)

No coarsening
(MF)

Only for voter: Highly correlated disordered stationary state
(non-integrable C, lifetime diverges with N)

D=1D=2D>2

𝛼𝛼∗



VOTER
𝑑𝑑
𝑑𝑑𝑑𝑑
𝐶𝐶(𝑟𝑟, 𝑡𝑡) = −2𝐶𝐶(𝑟𝑟, 𝑡𝑡) + 2∑

ℓ
𝑃𝑃(ℓ)[𝐶𝐶(|𝑟𝑟 − ℓ|, 𝑡𝑡) + 𝐶𝐶(𝑟𝑟 + ℓ, 𝑡𝑡)]

ℓ𝑟𝑟

𝛼𝛼 > 𝛼𝛼𝑆𝑆𝑆𝑆𝛼𝛼 ≤ 𝛼𝛼𝑆𝑆𝑆𝑆



VOTER

r

C(r,t)

L(t)



VOTER 𝐷𝐷 = 1

SUMMARY OF GROWTH-LAW

𝛼𝛼

⁄1 𝑧𝑧 (growth exponent)

21

1

⁄1 2

Universality
class of NN

No 
coarsening

3

𝛼𝛼𝐿𝐿𝐿𝐿 𝛼𝛼𝑆𝑆𝑆𝑆𝛼𝛼∗



VOTER
(RELATION 𝐿𝐿(𝑡𝑡) ↔ 𝜌𝜌−1(𝑡𝑡))𝐿𝐿

t

𝜌𝜌−1 𝛼𝛼 > 𝛼𝛼𝑆𝑆𝑆𝑆

∝ 𝑡𝑡 ⁄1 2

∝ 𝑡𝑡1/(𝛼𝛼−1)

t

2 < 𝛼𝛼 ≤ 𝛼𝛼𝑆𝑆𝑆𝑆
∝ 𝑡𝑡(𝛼𝛼−2)/(𝛼𝛼−1)

∝ 𝑡𝑡

t

𝛼𝛼 < 𝛼𝛼∗ = 2∝ 𝑡𝑡0

holes number vanishes

holes remain



VOTER
(STATIONARY STATES)

𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑟𝑟 ∝ 𝑟𝑟− 𝐷𝐷−2 , for 𝛼𝛼 > 𝛼𝛼𝑆𝑆𝑆𝑆(for 𝐷𝐷 ≥ 3)

𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑟𝑟) ∝ 𝑟𝑟−(2𝐷𝐷−𝛼𝛼), for 𝛼𝛼𝐿𝐿𝐿𝐿 < 𝛼𝛼 ≤ 𝑚𝑚𝑚𝑚𝑚𝑚(𝛼𝛼𝑆𝑆𝑆𝑆 ,𝛼𝛼∗)

𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑟𝑟 ∝ 𝑟𝑟−𝛼𝛼 , for 𝛼𝛼 ≤ 𝛼𝛼𝐿𝐿𝐿𝐿

𝑙𝑙𝑙𝑙𝑙𝑙
𝑁𝑁→∞

∫ 𝑑𝑑𝐷𝐷𝑟𝑟 𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑟𝑟) = ∞ Strongly correlated

𝑙𝑙𝑙𝑙𝑙𝑙
𝑁𝑁→∞

∫ 𝑑𝑑𝐷𝐷𝑟𝑟 𝑟𝑟𝐶𝐶𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑟𝑟) = ∞ reached by coarsening



INTERPOLATING BETWEEN
ISING AND VOTER

Isingvoterp-voter



INTERPOLATING BETWEEN
ISING AND VOTER

- 𝑝𝑝 = 1 is voter

- 𝑝𝑝 = 2 maps onto voter

- 𝑝𝑝 ≥ 3 Ising

Computational time ~ pN

∞𝑝𝑝
1 2

voter Ising



CONCLUSIONS

Space dependent interactions profoundly modify the 
coarsening process

Much more remains to be done beyond determination of L(t

Thank you
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