Appendix B

Differential Geometry 101

In the main text, we have gone through the elegant formulation of differential geome-
try based on the concept of bundles. A little more down-to-earth approach to the same
subject is often useful and heavily employed in General Relativity. In this appendix,
we will recall basic notions there such as manifolds, charts, covariant derivatives, and
curvatures with the emphasis on Riemannian geometry. Content of this Appendix is
borrowed from main text of a separate volume “Gravitation for Theorists” published
separately, which in some sense plays the role of a classical precursor for the current

volume.

B.1 Manifolds, Charts, and Tensors

Euclidean geometry, say, R? allows an intuitive notion of straight lines, a pair of
which parallel to each other never intersect with each other. Such a global property
cannot be expected to hold for more general curved space. On the other hand, even on
curved spaces, we can focus on an infinitesimal neighborhood of any given point where
locally, one can say that the deviation from such Euclidean geometry is arbitrarily
small. If a space can be patched up from such small neighborhoods, each of which
can be regarded as small open subset of R?, the result is called a manifold. We will
generally denote such objects as My where d is the dimension, meaning the manifold
looks like R locally.

Therefore, the actual content of the manifold starts with the collection of the

local regions each of which could be embedded into R¢ and how these patches glue
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together to form the entire space as My . Each such a patch is called the “chart” U,,.

As a set the manifold is union of such patches covered by local charts,
My =UU, (B.1.1)

with each U, equipped with coordinate systems x’(‘a). A simple example is a sphere
embedded into R? by 22 + y? + 22 = R2. Positions in the upper and the lower hemi-
spheres are respectively labeled by (z,y), and the vertical position is automatically
determined as z = i\/m. As with this example, one cannot cover the

entire manifold with a map to R¢.

A rule must be given how to identify things when a pair of chart overlap with
each other. For instance, a point p on My could be assigned values of coordinates
on any local chart that contain p, and the latter does not change simply because we

change the chart, so

plat) = platy) (B.1.2)

for any pair of charts and their coordinate systems xé‘a) and xé‘b). This gives relation

between the two charts, or a transition map,
Ty = T () (B.1.3)

for any pair that share a common region.

A manifold Mg is said to be continuous if x, are continuous functions of z(,), and
differentiable if z(;) are differentiable functions of x(,). One can further distinguish
by how many time these are differentiable, but for physics purpose here, we may as
well assume that these transition functions are smooth, meaning differentiable infinite
number of times. In reality, we will also encounter many examples of manifolds below
that admits exceptional places called curvature singularities, where this smoothness

breaks down, so we will proceed with this possibility in mind as well.

A function, which is a map from points on the manifold to numbers, should also

be glued between different charts such that

f@w®) = fze(p)) (B.1.4)

This demands, simply, that the function takes a well-defined value at a given position
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p € My, and does not rely on the choice of the coordinates, or the charts, when
multiple coordinate systems and/or charts can be used to define the same position.

For functions, the gluing rule between overlapping charts is simple enough.

As such, we will often drop the tilde in the latter f, even though the functional
form of f(x(q)), given x(,), and that of f (z@w)), given a different coordinate system,
T, are not the same. Perhaps more appropriately, we should consider a function

more abstractly as a map,
f: Mgy — Ror C, (B.1.5)

We will go back and forth between the point p and the coordinate values z* that

label p on M. As such, we will mix notations for value of functions,

fls flw  f@) (B.1.6)

P p(z)

etc., where p = p(x) is the point on M, represented by the coordinate value x.

The main question is what are the derivatives and the integrations one may use
on M. Given a local chart, an immediate object we can define is a partial derivative

of functions, namely

0f (z)

_hmf<x1’ ’x#+57 e ’xd)_f<x1’ ’x.u" “ e 7xd)

OxH 650 ) o (BLT)

where, as usual, the derivative is computed with all other z*7* held fixed. This means
that the partial derivative requires an entire coordinate system, collectively, near that

point; it cannot be defined if the other coordinates z¥7* are not properly specified.

B.1.1 Vectors as Directional Derivatives

In the Euclidean space, the Cartesian coordinate and the vectors often share the
common notation of d-tuple, leaving the impression that the two are interchangeable.
However, this was possible only because the Euclidean space is itself is a vector space,
where addition and subtraction between elements are well-defined. No such luck for
general manifolds, since two positions cannot be added together to yield a third
position, so coordinates do not extend the notation of vectors naturally, although we

label them by =1, --- ;d (or p =0,1, --- ,d — 1). If something is moving along
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a trajectory z*(s) on My, its velocity

dxt(s)
ds

(B.1.8)

can have a meaning as an arrow sitting at z#(s). But more generally, we need a
working model of tangent vectors on My, inherent to the manifold, rather than by

the presence of moving objects confined to the manifold.

On general manifolds, vectors make sense only as an infinitesimal deviation from
a given point, and the linear space built out of such objects is called a tangent space.
Indeed a velocity vector of an object at a point belong to such a tangent space sitting
at that point. One can visualize a tangent space at point x as Euclidean space, R,
sitting at x and grazing the manifold. On each such tangent space, we can add and
subtract its elements as in the Euclidean geometry of R?. The very definition of
the manifold is that, at any given point thereof, such a tangent space can be placed
and locally used to label points smoothly in the small neighborhood. This is a nice
visualization but does not immediately give us the computational power of the vector
notations in the Euclidean space. For general manifolds, however, this picture does

lead to a powerful tool called the calculus on manifold.

Given a natural map from the tangent space at x to its immediate neighborhood,
a vector V' at x can be phrased in terms of how one compute directional derivatives
of arbitrary function on M. Given coordinate charts, and arbitrary function f(x),

we define

0
Vifl=Vt— B.1.9
fl=veCog (B.1.9)
which, given completely arbitrary but differentiable f’s defined in an immediate
neighborhood of z, gives an unambiguous characterization of V. Since the func-
tion f is taken to be completely arbitrary, the object V-] has nothing to do with

particular functions, so this leads us to write abstractly,

B
=Vt — B.1.1
Vv (B.1.10)

where the partial derivatives, 0/0z", serves as convenient basis for vector fields. This
can be easily extended to all points on M, whereby a vector field, or collection of V

at all x’s, is determined by V| f | everywhere for arbitrary function f’s on M.
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Under coordinate transformations © — Z(x), transformation of V' follows from

the chain rule as

0 _ 0 0 9

p = =y B.1.11
v OxH Oz 0T v oze’ ( )
SO
- o0zr® ~ Ozt
Ve =VHF— Ve_—=V+. B.1.12
oz+ ’ ol ( )

What must be noted here is that even though the component transforms nontrivially
when we switch between different coordinate systems, the vector V itself does not. Al-
though we often say that vector fields transform under the coordinate transformation

as above, this actually refers to the components V#’s.

An alternative is to consider the vector as collection of components V# with the
accompanying transformation rules among them; Most of earlier physics text starts
out this way. On the other hand, if we introduce a vector as the directional derivative
as above, the object is entirely inert under coordinate transformations or any other
changes of basis. The transformation rules among components between coordinate
charts follow from the definition rather than being part of the definition. This way, a
vector and more generally tensors may be defined more intrinsically without having

to refer to coordinate systems.

B.1.2 Differential 1-Forms

On the other hand, given a specific coordinate system, the basis 0/0dx* are themselves
vectors in some restrictive sense. A vector, or a tensor more generally, is an object
we try to extend to the entire manifold. This would be the right definition for most
purpose. However, sometimes we need to also think about objects that are defined

on specific chart. Ignoring such global issues, 0/0z* has the defining property,

0

@[x’\} =0 (B.1.13)

The coordinates z* are defined on a local chart of the manifold covered by the coor-

dinate system in question, but this is no problem as long as the above operation is

performed within that chart.
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Given this, we may invent differential 1-forms, dz*, with natural bilinear pairing

against vectors as

’%> _ 9 (2] =6 . (B.1.14)

~ Qe #

(da?

Given the coordinate system, dz* and 9/0z* are said to be “dual” to each other. An

immediate generalization is differential 1-form df, given a differentiable function f,

af = 2

= < 2
= oo dat (B.1.15)

An 1-form of this type is said to be “exact” if f is defined globally on the manifold.

The pairing we have introduced above computes the directional derivative,
(df,V)=VI[f]=V"O.f (B.1.16)

for general vector V.

As with the vectors, which make use of 9/0z" as a basis, we can invent a more

general differential 1-form as
A=A, dz" (B.1.17)
The above natural pairing against vectors works as
(A, V)y=VHA, . (B.1.18)

inducing a contraction between these two types of indices. As with vectors, we want

this object to make sense independent of coordinate system choice,

A, da* = A, di® | (B.1.19)
which demands
-~ 01”

since di® = 922 dz#. Note how the pairing (A, V) is also invariant under such transfor-
mations. This is exactly the opposite chain rule relative to that for vectorial indices,

so the pairing (A, V) is inert under such coordinate transformation.
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Contravariant and Covariant Tensors

This leads to more general objects with multiple vector indices and 1-form indices.

The former leads to

0 0
R R

Wk pm )
oxH OxHm

(B.1.21)

known as the contravariant tensors in older literature. Also, this gives the transfor-

mation of W under z — Z(x),

0 o\ 0
o = ((%a) R (B.1.22)

W itself does not depend on coordinate choices, just as with V', so

ox™ oxem
m

ort  Oghm

e = am _ ppm s

(B.1.23)

component-wise.

Just as how the basis 0/0z* was used to build higher-rank contravariant tensors,

one can imagine higher-rank covariant tensor,
S =85, pdx"® - @dzt* (B.1.24)

as well, whose components transform similarly as

Sy i = Sy e giui . gzu: , (B.1.25)
so that S itself, with the basis 1-forms attached, remains inert.
Even more generally we may consider tensors of mixed type,
Sh et AN @ - @datt @ ® - ® o (B.1.26)
Oxt Qxtm

The transformation rule should be clear by now.
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B.2 Lie Derivative

Is there a way to take the directional derivative of such tensors along a vector V7
So far, we have learned only how to take a directional derivative of functions. To
extend the directional derivative to vectors and tensors, a useful first step is to take
directional derivatives on a function twice. That is, let us consider the antisymmetric

combination of two repeated directional derivatives,

a4 a v a I a v 0
VIVLL = WIVLL = vl (welr ) —wesl (veor)
= (VRO WY —=WHI,V")O,f, (B.2.1)

(.

Vv
Again a vector

where terms with two partial derivatives acting on f dropped out due to the universal

property of the partial derivatives,

o 9 9 0
Oxh Oxv  Oxv Oxr

(B.2.2)

Since the first vector used for the directional derivative is differentiated by the second

vector, we are in effect working with vector fields rather than isolated tangent vectors.
As such, the “commutator” of the two directional derivatives produces another
directional derivative, defining a new vector field,

V,W]” = VF9,W" — WH, VY . (B.2.3)

Of course, we need to make sure that this is a vector, i.e., it transforms correctly as

a vector would under coordinate changes. To see this, we start with

“ o~ 78 221
gog it = 92 (VMGMW”)+WW”( G ) , (B.2.4)

g dxkdx
which by itself does not transform correctly as a vector, due to the last double-
derivative term.
On the other hand, the above commutator does transform correctly as a vector,

ox?

(Vo ? — Wog,V7) = S5 (VEgW” = Wra, V) (B.2.5)
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since the problematic piece with a double derivative of £ by = cancels out. Using
this, we can define a directional derivative of a vector with respect to another vector

called the Lie derivative,
Ly[W]=-LwV =[V,IW], (B.2.6)

sometime written as a commutator like the last expression. With this, note that the

basis vectors obey

g 0
{%, w} - 0 . (B27)

Can we extend this Lie derivative to 1-form A? For this, we start with the
function (A, V'), on which the Lie derivative is nothing but the directional derivative

on a function,
Ly (A, W) = V(A W) = (VPsW®) Ay + (VPOsN,) WO . (B.2.8)
On the other hand, a derivative must obey the Leibniz rule, so
Sv(A W) = (A LyW) + (EvA, W)
= (VPOsW* = WFPOsV) Ay + W*(LyA), . (B.2.9)
Equating the two right hand sides, we find
W (LyA), = W* (VP9s0,) + W* (8.V") Ag (B.2.10)
which defines the Lie derivative of the 1-form as
(SvA)a = VP05A4 + (0.V7) Ag . (B.2.11)

Similarly with the Lie derivative of a vector, one can see that this Lie derivative of a

1-form is again a 1-form, transforming properly,

~ax TR oz

VB0sha + (0aVF) Ay = [(\/-a)Aﬁ(an*)AA et
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. (0w 0P\ 9
+ VHA, {au (%> + 4 <@> W} (B.2.12)

= 3.(40)-0.(35) 0

where we used

o0z¥ Oz Y
Oa (83:5 @) = 0a(6,) =0, (B.2.13)

and the chain rule.

Given how £y acts on vectors and 1-forms, generalizations to all tensors follow,

(SVE))\l)\Q ,,I_JA1M2 - VaaaZAI)Q .H‘lu&

(00 V80, ST 00 V8, T )

Ao -
— (0 VE, ,, T 4 0,VE, T 4 )(B.2.14)

The tensorial transformation of £y follows again by repeating the above compu-
tation index by index. Partial derivatives on a tensor do not give a new tensor,
generally, but we have identified how a directional derivative defined by a vector can

take a derivative on a tensor and map it to another tensor.

Pull-Back and Push-Forward

A useful concept to learn is a map between manifolds, which can be used in turn to
related tensors on the respective manifold. A pair of manifolds M and N may be

sometimes connected by a map,

oM — N (B.2.15)

With p € M and o(p) € N, the map pulls back any function h on N to a function
on M,

o' () = h(o(p)) (B.2.16)
When the dimension of the two manifolds are equal this pulls back local charts {y*}

on N to ones on M, say, Y* = o*(y*), which allows pull-back of differential forms
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and other covariant tensors via
dy® = o*(dy®) (B.2.17)

In particular, with M = N, such a map relates different points of the manifold.

Now we can understand the Lie derivative £y more geometrically. For this, take

M = N and consider an infinitesimal shift of position,
ot at — a2t 4 eVH (B.2.18)
or more precisely,
oy p(at) — p(zt + eVH) | (B.2.19)

where p(x) is a position on the manifold, represented by particular values of z* in the
given coordinate system. One should be mindful that this oy} is not a coordinate
transformation but a map from the manifold onto the same manifold. We will also

write this, in a slight abuse of notation, also as
p— p+ev, (B.2.20)

which makes sense in the infinitesimal limit of e.

Given a function f, this shift can be used to define a new function f, given f,

as

feV :f

p

=o' f (B.2.21)

D pteV

This is a special case of a more general operation called the pull-back. The Lie
derivative of a function f along V' is then

feVE_f :V“auf

p

! (B.2.22)

svf ’ = lim
p - p

as advertised.

The above infinitesimal pull-back is easily generalized to covariant tensors S,

S =8 rdr*@dr’ @ - ®dx" (B.2.23)
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as

(B.2.24)

For infinitesimal €, one can see that

S| = Saprlz+eV)dr+eV)*@dr+eV)P @ - @d(x+eV)
p
= S| +e(LvS),p.., dz* @ de’ @ - @da" + O(é%) (B.2.25)
p
which defines
yS = lim SEVE_ S (B.2.26)

similarly. Writing things out in terms of the components,

(E0S) s =V 0uSupn + Spg oo sOaV™ + -+ + Sag.. 0V (B.2.27)

ap -y
follows immediately, which confirms the earlier generalization of the Lie derivative to

all contravariant tensors.

For contravariant tensors, with the basis 8%, on the other hand, ¢ induces some-
thing different, called “push-forward” and denoted as o,. Consider a vector field W
on M and a function » on N. Using the pull-back above, we can bring h onto M

and then take the directional derivative,
Wlo*h] (B.2.28)

on M where o* denotes the pull-back we have used above on the functions and
covariant tensors above. This also means that, given W on M, one can define o, W
on N such that

(B.2.29)

Recall that the vectors are defined precisely by such directional derivatives. Hence
this defines ¢, unambiguously on N as long as we demand this to hold for all
differentiable f’s on N.
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Now let us consider again o., which merely shift position infinitesimally on M
along V direction with A/ = M. Unlike the covariant tensors, which can be pulled-
back from the forward position and compared, we must do things backward, comput-

ing a derivative as
W| —W_

lim —2 L Wy
e—0 €

=W

p

= (o), W

p

(B.2.30)

p—eV

Does this equal the Lie derivative defined above purely on the basis of the tensorial

property? One can see this rather easily from

0
W - WH(r — -z
76V(x> (.CIZ’ EV)a(I . EV)'LL
= WH*)0, —e[V*FOWV* —WHO, V] 0, . (B.2.31)
Therefore,
; W-W_v\ _ it a w9 _
i (M) = o wragE s e 2

as expected. The generalization to higher-rank contravariant tensors should be im-

mediate, which gives
(Ly W) 7 = VRGP W9, Ve — B g VY (B.2.33)

component-wise, again confirming the general formulae earlier for the case of con-

travariant tensors.

The Lie derivative £ is also a derivative; therefore, it must obey the Leibniz rule.

This means that when acting on a tensor product of two different types of tensors,
Lv(S@W)=Ly(S)W+ S Ly (W) . (B.2.34)

Since the partial derivative obeys the Leibniz rule, the rotating action of £y on

various types of indices occurs linearly and independently. All of this brings us back
to (B.2.14]) for general tensors.

By the way, the pull-back and the push-forward operations we used above is

available not only for infinitesimal shift on M but for any smooth map between a

656



pair of (differentiable) manifolds. Given such a map,
o:p — a(p) (B.2.35)

from M and N, a covariant tensor S on N can be used to define a pull-back ¢*S as

(B.2.36)

The push-forward o, can be similarly defined between contravariant tensors on M

and N.

Diffeomorphisms vs. Coordinate Transformations

Consider smooth bijective maps for M = N. One potential outfall of such a “dif-
feomorphism” is a coordinate change, although not strictly necessary. Given a chart
{y"} over N = M and a map p — o(p), the pull-back of the coordinates effectively
induces a new set of coordinates on M as

y'(p) > 2(p) ="y (p) = v"((c(p)) (B.2.37)

However, as noted earlier, although ¢* may be thus used to induce a coordinate
change, o* itself is not the same as the nominal coordinate transformation. Unlike

coordinate transformation, o* relate coordinates of two different points p and o(p).

On the other hand, recall that, given a local chart, we may perform a coordinate
transformation, say from {z*} to {Z*}, which has nothing to do with such diffeomor-

phisms. Functions (and tensors) do not change its value at a given point p, say,

f(x(p) = [(&(p)) (B.2.38)

where we revive the notation f for f (%) to emphasize that the different functional form
of f written as a function of #. What does change with the coordinate transformation
is the functional dependence f, for instance, on the coordinates simply because the
coordinate values for a given point p have changed. This should be contrasted against
how the pull-back/push-forward operations under the diffeomorphism do actually

change values of functions and tensors at a given point p.

On a real line M = R!, for instance, suppose we have f(x) = z3. Using a new
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3 we find the same function is represented by f () = Z. An even

coordinate T = x
simpler case of f(z) = z and & = x — 1, we fine f(Z) = & + 1. These are different

from what happens with the diffeomorphisms
o(x)=2x", olx)y=x—1 (B.2.39)

Yet, they are often said to be “equivalent”. Exactly what is the nature of the claimed

equivalence?

Consider an infinitesimal shift Z(z) = 2z — e{(x) with € < 1. Since the function
value itself should be the same in the end, we cannot use the same functional form
in the new coordinates and let us represent the necessary change as f = f + €def.
Then,

f@) = (f +edef)(@) = f(z) + €(=€"0uf +8cf)| +O(€?) (B.2.40)

T

so that we obtain

Ocf(2) = &"0uf | = Lef

T

(B.2.41)

T

as the “variation” of the function, bringing us back to the Lie derivative again. The
same works for more general tensors, and again we recover a Lie derivative dictating

the “variation”. We leave this as an exercise.

Since the function f as a map from M to R does not change at all under such
coordinate changes, d, f computes the difference of the same f at two different places
in the given chart; these two different points p and p’ on M are determined such
that the values of the coordinates x(p) happen to be equal to those of Z(p'). Note
how we again end up comparing the function in two nearby places, although for
a very different reason. In the end, on a local chart U, we are employing a local

diffeomorphism p’ — p, which is of course why we again end up with a Lie derivative.

This “variation” makes sense only locally, since the map relies on the coordinate
values. Even though it cannot be extended to a proper diffeomorphism, the infinites-
imal transformation rule under it is no different than those under globally defined
diffeomorphism, so the invariance of a theory under one implies the invariance under
the other. In the literature, these two types of transformations are called the active,

for the diffeomorphism, and the passive, for the coordinate transformation. The pas-
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sive one represents an ambiguity in the description and is a close analog to the gauge

ambiguity of Maxwell theory.

Be mindful that when we perform physics computations the explicit form of quan-
tities are expressed in concrete functional forms. For instance, V#0, is a perfectly
sensible invariant object, yet we often deal with the components V#(z)’s whose func-
tional form is also equally important. The choices we make for the sake of such
explicit form are redundant in view of the final fully invariant quantities, but often
we can perform more detailed manipulation by dealing with V#(x)’s. Of course,
along the way, we need to make much effort to be sure of whatever the final results
being independent of coordinate and basis choices. This is a sort of tautology but an
important one; the final sensible answers we extract should not depend on the redun-
dant choices, yet the redundant description is often more convenient than otherwise.
Such redundances associated with coordinate and basis choices here are part of much
bigger concept called the gauge principle which we will encounter many times over

as we develop General Relativity and other related theories.

B.3 Exterior Calculus

B.3.1 Differential Forms and the Exterior Derivative

Another interesting derivative is called the exterior derivative. For this, we need
to introduce differential forms, generalizing differential 1-forms, which are covariant
tensors whose components are totally antisymmetric. Namely, any exchange of a pair
of indices results in the sign flip of the components in question,

Qoaogon =g (B.3.1)

One can impose such constraints more simply by inventing the wedge product between
differential 1-forms, such that

df Ndg = —dg Ndf . (B.3.2)
which may be translated to ordinary tensor product as

df A dg = df @ dg — dg @ df . (B.3.3)
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With this, a differential k-form Q®) has the form,

1

(k) _ *
2 k!

Qo o0, dT N oo Adx®™ . B.3.4
k

1 -

Differential forms obey simple multiplicative rules,
QB A QP = (—1)kr @) A Q) (B.3.5)

derived from the basic relation (B.3.2)).

On this special class of covariant tensors, one can define another type of derivatives
that maps a k-form to (k + 1)-form,
1

aQ = Ha,uQCu akdmﬂ ANdz® A - Adxt ’ (B36>

or equivalently,

(dQ)al - aalQag Ol aaggala:; Ol + -+ (_1)kaak+19a1 - ay (B37)

Ol
The simplest example is k = 0, where we obtain the differential 1-form df out of a
function.

Does dQ¥) make sense as a tensor for k > 1? Under the coordinate transformation
x — , a potential problem comes from pieces where 0, acts on the transformation

matrix rather than on components of €2 such that an extra term with factors like

0 (22 2 Bas

oxH \ Oz™ - oxrox™

show up and may potentially interfere with the tensorial property of df). However,

in dS2, all such pieces are contracted with
dx! A dz® | (B.3.9)

and the latter’s antisymmetric property removes any such terms, as partial derivatives

of any given coordinate system always commute among themselves.

One of the most important properties of this so-called exterior derivative d is that
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it is nilpotent. That is
dd =10 (B.3.10)

identically. Again this follows from the commuting property of the partial derivative

since
ddQ) = %G[u&,ﬁm ooy X AN A Nzt A - ANdae™ = 0. (B.3.11)
Another useful fact about the exterior derivative is
d (W A QW) = do® A Q)+ (—1)PQP) A qQ'®) | (B.3.12)

whose sign follows from the antisymmetric property of the wedge product.

One example of this we encountered earlier is F},, of Maxwell in flat spacetime,
F = éFde“ ANdx’ = Fyda® Adat + %Fijdxi Adat (B.3.13)
Recall that one can introduce the gauge field A such that
F,=90,A,-0,A, . (B.3.14)

In turn, if the gauge field is regarded as 1-form, although this is not quite correct

since A is really a connection,
A = A,dx", (B.3.15)
upon which we can write
F=dA. (B.3.16)

The tensorial property of F' is guaranteed by the above, but we may also spell out

the transformation rule and see this more explicitly,

ox* oz¥

Oda=0cs = 5 550

(5,/1” - éLAM) . (B.3.17)
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One simple consequence of the above new formalism is
dF = ddA =0 (B.3.18)
identically, which gives half of the Maxwell equations,
ePrOF N =0, (B.3.19)

which do not come with source terms on the right-hand side. One can see now that
this half is a trivial consequence of dd = 0 and F' = dA. This type of identities is
called the Bianchi identity. In fact, this example offers the simplest possible prototype
for the notion of curvature. We will come back to the gauge field in a later section

as a motivation of the Riemann curvature.

Finally, we say that € is closed if it obeys
dQY=0. (B.3.20)
If © can be written as
Q =dw (B.3.21)

for some differential form w, we say it is exact. As such, 2-form field strength F' of

the Maxwell theory is closed since dF' = 0.

However, F' = dA does not mean that F' is exact because A is not a differential
form, per se. A is not a tensor but a connection, or a gauge field well-defined only
modulo A — A + df for arbitrary gauge function . When we glue A across over-
lapping local charts, this additional shift is allowed in addition to the usual tensorial
coordinate transformation via chain rules.

B.3.2 Lie Derivative on Differential Forms

Given a differential form €2, we define a contraction with a vector field V'

ViQ, (B.3.22)
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say, for example,

Q= 9123 dCCl A dl’Q A dlL‘S (B323)

= ViQ=VIQusde® Ade® — VZQos dat A da® + V3Qys dat A da?

The same can be more generally written in terms of the antisymmetrized summation

form (B.3.4)) as
(Vo) = yeq . (B.3.24)

H1p2: g —1 QU2 g —1

The combinatorial factors 1/k! and 1/(k —1)! are taken into account in the definition
of the components in the latter general form, while for the former samples these
factors and the summations are used up for the formula for €2 and the contraction
rule for V€.

With this, the Lie derivative along V' has a succinct form
Ly =d(ViQ)+VidQ . (B.3.25)
We can read off an important identity from
d€=2£d, (B.3.26)
as
[d, £v]Q = d[d(V Q) + V=dl] — [dV=d)) + VddQ] =0, (B.3.27)

with dd = 0, for any vector field V' and any differential form €.

Two special limits of this is when £ = 0 and k& = d. For the former, € is a function,
say f,

Svf=Vidf =VI[f], (B.3.28)

giving the directional derivative along V' as expected. For a differential form of the

highest possible rank,

QD = p(z) dat A Ada? (B.3.29)
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we find
LD = q(VoQD) = o, (u(x) V) dzt A+ Ada? (B.3.30)

since dQ@ = 0 identically.

B.3.3 Integration and Stokes’ Theorem

Differential forms are naturally integrable. For instance, given a 1-form

m

/Q“)(x) dzt (B.3.31)
let us choose a path Cy : s — z#(s), with s € I = [0, 1], whereby one can define the

integration of the 1-form along D; which is the image of C; as

Dy

O (2) da = /0 1\(9#(;5(5»%) is, (B.3.32)

~
pull-back of Q,dz# to I

which brings us to the ordinary integral by pulling-back QM back to I C R.
If Q® is a 2-form,

1
§QW(1') dz" N dx” . (B.3.33)

03 —

We define the integral over Cy : s’ — z#(s',s?) similarly via the pull-back of Q to
I x1IbyC; as

1 1 Py
Q(Z) :/ —Q v H v :/ _9(2) ‘ ' i j. B ' 4
/132 b, 2 (z) dzt A dx 5 i (x(s)) 55 9 08 N ds (B.3.34)

The generalization to higher-rank forms Q®) and higher-dimensional surfaces Dy

should be clear,
/ QB = [ C; (¥, (B.3.35)
Dy, Ik

where Cj, is a map from I¥ onto Dy, and Cj is the pull-back.

Thus, the local form of the integration on curved manifold is inherited from that
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on R*. We have not yet declared what we mean by the integration of a differential

k-form on R*. Most of it follows from the usual multi-integration rule,

1 1
1 “ e k — 1 “ e k
. f(s)ds" A---Ads /0 ds /0 ds” f(s) . (B.3.36)

The only new parts are (1) the normalization chosen such that the integration of

1 . ,
W= o Wi ds" A - A ds™ (B.3.37)

over IF is

1 1
/ w = / ds'-- / ds® wyas...k (B.3.38)
I+ 0 0

and (2) the choice of the sign can which is fixed by the ordering of ds’s as above. The
latter choice is called the orientation. We usually assume that such a self-consistent
orientation can be chosen; if a manifold does not allow one, we call the manifold

unorientable.

What shall we do if the integration region cannot be covered by Dy inside a single
chart? For this, we invoke a concept of the partition of unity. The latter is merely a
set of smooth functions, u, supported on local charts U, such that at any given point

p, we have

(B.3.39)

122““

a

p

With such a device, we can define integral over a k-dimensional surface ¥, covered
by multiple coordinate patches so that ¥, = U,D®, and the maps C) : I* — D@,

as

mw:/ . | x k) = / £ (uy x QW)Y B.3.40
\/Ek Sk (Zu ) za: Ik () (u ) ( )

a

One immediate consequence of this definition is that all the usual integration rules

on Euclidean planes will carry over to general manifold.

Among one such is the Stokes theorem. In the language of differential forms, this

theorem relates an integration of dQQ*) over ¥, to that of Q*) over the boundary
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of Y1, say, (0X),

/ Ak = / Q® (B.3.41)
Ek+1 (BE)k

There is a potential sign confusion with this in terms of how one defines the orientation
of (%), given Y. 1; however, this is easily resolved by recalling how this theorem

worked in Euclidean spaces over the rectangle I¥, by the above definitions.

One immediate consequence is that by taking the special case of ¥; = My,
/ dQU-b = / Q=Y 0 if My has no boundary ,  (B.3.42)
My (OM)a—1
so that, for instance,

/ £y0@ = / Vi@ 0 if My has no boundary , (B.3.43)
./\/ld (8M)d—l

for any V and Q@.

B.4 Riemannian Geometry

Our discussion so far involves the differential structure on manifolds but fall shy of
the Riemannian geometry proper. Various objects we have accumulated, such as
partial derivatives and vector fields, differential forms and tensors, the Lie derivative,
the exterior calculus, and Stokes’ theorem, belong to a study commonly termed as
Calculus on Manifolds. The Riemannian geometry builds upon these structures by

adding the metric and the accompanying Levi-Civita connection.

Strictly speaking, between the differential structure and the Riemannian geometry
sit some more flexible and universal concepts of bundles and connections that we
went through quickly in the main text. The main difference of the Riemannian
geometry from the general geometry of (co-)tangent bundles and affine connection is
of course the existence of the metric whose covariantly constancy, in the language of
the holonomy, forces the structure group to shrink from GL(d) to O(d). The main
aim of this last Section is to recall more practical and elemantary formulae of the
Riemannian geometry. In next Chapter, we will continue on but shift gears somewhat

to the so-called Cartan-Maurer formulation and the accompanying theory of spinors.
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B.4.1 Covariant Exterior Differential and the Curvature

The Yang-Mills curvature we have encountered and used repeatedly in this volume
shares the common structures with the Riemann curvature tensor in that both arise
from a commutator of covariant derivatives and how each measures rotation around
an infinitesimal loop of in the spacetime. Although the Yang-Mills theories became
relevant for fundamental physics much later that the Riemannian geometry, motivat-
ing the Riemann curvature as a special case of Yang-Mills curvature gives us a much

simpler and unifying view on the matter.

One simple way to incorporate this universal structure of the connection and the
curvature is the language of differential forms. For this, recall the exterior derivative
d, which maps k-form Q to (k + 1)-form dQ? and obey dd = 0. When Q carries
additional indices transforming homogeneously when gluing between adjacent charts,

i.e. a section of some vector bundle in abstract geometrical language,
Qf (B.4.1)
one can extend d to a covariant version, say,
da=d+ A. (B.4.2)

with the connection A is matrix-valued in a Lie Algebra g of some Lie group. The

exterior derivative is thus elevated to a covariant exterior derivative
(daQ) =adQ' + A", A QY (B.4.3)

on the differential form Q! belonging to some representation R of g. When Q) is real,

A’ is antisymmetric while for complex )/, A’ ; may be taken as anti-Hermitian.

What happens if we take d4 twice? Does it vanish like dd? One can see clearly

that this is not going to happen in general, since

dad Q) = dANQ)+ANIQL+ ANANQ

= (dA+ANANQ (B.4.4)

where the surviving d acts only on A and not on Q. Therefore (d4)* produces a
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matrix-valued differential 2-form,
The same may be written component-wise as,

1
Fl, = 5.7-“1 dxt Ndz” | (B.4.6)

Juv
with
Flypy = (0 A, — 00 A, + [AL A (B.4.7)

which is precisely the field strength of the general gauge connection we have encoun-

tered when motivating the Riemann curvature tensor.

An important fact is that the curvature transform homogeneously under the

“gauge” transformation
d+A —» U Md+ AU = F = U'FU (BAS)

even though the former means A — U ' AU + U~'dU. This occurs because (d +
A)? contains no left-over derivative operation that can act on U on the right. An

infinitesimal version of the same is also well known, which, with U = e®, gives
d+ A — e ®(d+ Ae® — dp A =dd+ AD — A (B.4.9)

Note that we did not specify to which group U belongs, nor in which algebra A takes

value. The above definitions and relations hold regardless these details.

Another such universal fact is that the field strength obeys

daF dF + ANF-FNA

= dANA)+ AN (dA+ANA)— (dA+ANA)NA

= dANA— ArdAd+ ANdA—dARA = 0, (B.4.10)

called the Bianchi identity. In the Maxwell theory, the Bianchi identity simplifies to
dF = 0.
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The reason why A A F — F A A enter the definition of d4F is because F itself
carries two indices I and J, belonging to the “adjoint” representation. Or more

straightforwardly, the above form of d4F may be motivated from a Leibniz rule,
(dAF)NQ = daA(FAQ)—F NdaQ

= ([dFA)NQ+(ANF-FNANQ. (B.4.11)

B.4.2 Levi-Civita Connection and Riemann Tensor

It is worthwhile to note how one can adapt this general structure of the connection
and the curvature 2-form in a manner consistent with the existence of the metric.
Imagine a manifold equipped with a metric tensor, a symmetric covariant tensor of

rank two,
g = gapdz® @ da” . (B.4.12)

The Riemannian geometry starts from the statement that the metric should be co-

variantly constant,
V,.9as =0 (B.4.13)

in any coordinate system {z*}.

Starting with the general form of the covariant derivative such that

v,ve = 9,V*+ FC“MVA ,
VWs = 0,Ws—T"3W | (B.4.14)
there always exist a universal solution of the above vanishing condition as
Fub"y = 9" Lagy ,

2T 03y = 089ay + 0y9ap — Oalpy (B.4.15)

called the Christoffel symbols. This is not the most general solution to the require-
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ment V,g.,3 = 0 but assumes an additional requirement known as the torsion-free
condition. This torsion-free and metric-preserving covariant derivative is called the

Levi-Civita connection.

The Riemann curvature tensor R is constructed from a commutator of two co-

variant derivatives V, and V, such that

Vi, V] Ve =R, V7 (B.4.16)
whose detailed form is
« . o « « A « A
R B = 8MF By — o, 8, T r u/\F By — r<,r By s (B.4.17)

as one can see from some of the above.

A more succinct formulation of this Levi-Civita connection and the curvature can
be modeled after the gauge connection and the field strength thereof as follows. We

start by defining the Christoffel connection 1-form as
g =T gdat (B.4.18)

The matrix-valued curvature 2-form, similar to the gauge analog we have encountered

earlier,
translates to the usual Riemann curvature as
Rﬁa,u,l/ — _Raﬂul/ (B420)

component-wise.

Given the widely known combinatorial properties of the Riemann tensor and thus

of R under exchanges of indices,
Raﬁul/ = Ruuaﬁ ) Raﬁ/ﬂ/ = _Rﬁauu = _Raﬁuu ’ (B421)
the two are really one and the same

R% ., =R%,., (B.4.22)
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when the indices are raised and lowered via the metric.

One important fact about this connection 1-form is its transformation property
under an infinitesimal coordinate shift, + — x — €£, or equivalently under an in-
finitesimal diffeomorphism by 4€£. One can compute the latter by demanding a

Leibniz-type rule, for example,
Le(VV) =6:(V)V +V(LV) . (B.4.23)

where we used the notation d¢ on connections in place of the usual £¢ to emphasize

that the connection is not a tensor by itself.

Reading off how the diffeomorphism acts on the Levi-Civita connection I'. In

terms of , we find the following suggestive form,
Lo +d(=06) +[ ,-0¢ = £ +d (-09€), (B.4.24)

where both £; and d treat —as if the latter is a (matrix-valued) 1-form tensor. Note
that this is a combination of translation by 2'5 and an infinitesimal gauge transfor-
mation of A = , asin , under a GL(d) gauge function ®,* = —Js€®. Despite
the appearance of a GL(d) gauge transformation here, the condition Vg = 0 implies
that the action of any metric-preserving connection is O(d) in secret (or O(1,d — 1)

if Lorentzian).

B.4.3 Volume Form, Signatures, and Orientations

The Levi-Civita connection is designed to keep g constant under the covariant deriva-
tive thereof. Once this is done, it turns out one gets another covariantly constant
object called the volume-form. For this, let us recall the totally antisymmetric symbol

€ay - a, and try to build a d-form of the type

1

56041 g

dx™ A - Ndz® . (B.4.25)

This expression if one try to use it across all coordinate systems does not define a

tensor, but one can compensate the unwanted Jacobian by multiplying,

Vg =/ |detyg] (B.4.26)
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which has the transformation property

T

Vg —

det o~ Vi, (B.4.27)

regardless of the sign of detg.

For most physics applications, the signature of the metric is either the Lorentzian,
sometimes denoted as (— 4+ ---+), or the Euclidean, (+ + ---4). We thus have a

tensorial object,

1
= E\/E €ay oy AT A Ndx (B.4.28)

which remains inert under coordinate transformations, provided that the Jacobian,

or
= — ) B.4.2
J = det (83:) > 0 ( 9)

is everywhere positive. This V measures the volume element of the manifold, and

thus is called the volume-form.

One can also show this volume-form V is covariantly constant under the Levi-

Civita connection, VYV = 0. For this, it suffices to compute

Vu(\/§€123 d) = (8;“/5)6123 wed T Faul\/§€a23 wed T Fauz\/geloﬁ ed Tt

= (8“\/5)6123 veed — \/§(Faua)6123 e d - <B430)
On the other hand, we find
« 1 a\ 1 a\ 1
r ey = 59 (a,ug)\a +%_%) = 59 aug)\oz - ﬁau\/g (B431)
so that

Vu(V123 d) = ((9#\/5)6123 ved — (au\/g)ﬁlgg veed — 0. <B432)

Despite all these, there is a fundamental question of whether this so-called volume-
form exists globally. Note that V’s sign gets flipped under a simple innocuous opera-

tion of z! «+ 22. Performing the coordinate transformations sequentially but coming
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back to the same chart in the end, we would come back to the same volume form

modulo a sign,
Vv - vV = V' - .. 5 1V, (B.4.33)

If one can find a collection of charts that cover the entire manifold and choose order-
ings in each local chart, such that one ends up + sign for all possible such sequences,
the manifold is called “orientable”. If not, the sign of V cannot be defined unambigu-

ously, so V does not exist.

For the current volume, we will be content with orientable manifolds for classical
theory of gravity in this note. This overall sign choice for V thus made is called
the Orientation. With V chosen, one can now perform integrations over the entire
manifold. Since the differential d-form V is a quantity that can be naturally integrated

over the entire manifold, the following integration is also naturally defined

/ Vf (B.4.34)

where f is any piece-wise continuous function on the manifold. The same integration

1s written at times as

/Vf — /ddx VI f (B.4.35)

which we also use in this note. In this form, the combination /g f is sometimes called
a “tensor density”, reflecting how it transforms nontrivially under general coordinate
change by a factor of Jacobian. The name is misleading since “,/g f” is not a sensible
stand-alone object that can be separated from “d%z”, It should suffice to remember
that the only sensible integral over the manifold is via the integration of a d-form;
since the volume form V exists universally on any orientable manifold with a metric,
this also means that a function f may be integrated over an oriented manifold via
the associated d-form, Vf.

In particular, a Lie derivative on the volume form is such that,

/ﬂs(Vf) = /d(EJVf) =0 (B.4.36)

on any closed manifold, i.e., on any manifold without boundary.
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