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Partial Differential Equations

A partial differential equation(PDE) is an equation that computes a
function between various partial derivatives of a multivariate function.

Examples:
o iu(x )Jrﬁu(x ) =0
O x2 ay 59},2 ay T
0 0° _
m 5u(t,x) — 55u(t,x)=0.
Boundary Conditions Exact Solution of u; — 2u,, =0

(0, x) = sin(mx)
©oglt, ®x1)=0

» o




Physics-Informed Neural Networks

A neural network uy is a solution of PDE if it satisfies

Physics-Informed Neural Networks (PINNs) [DPT94, RPK19]

PINNs learn a solution by minimizing the residual of the PDE:

L (ug) = [N [ug] — fll 2(q) + lue — &l 1250 -




Physics-Informed Neural Networks

Theoretical Setting
Blug]

=g, x € 01}

L(ug) = INugl = fll2cq) + IIBlugl — gll 200

0 = arg mein L(ug)

Practical Setting

Blugl(%;) = g(%;), % € 09

£(ug) = Y (WuglCx) = )’ + Y. (Blugl(%) - 9(%)))
i J
0(t+1) =60() —nVL(ug))

0 (t) = —VL(UQ(t))



Convergence of PINNs

Network ~ Exact sol.

Expected residual ~ Sampled residual

L(ug) = [[VMug] — fll2¢q) + lIBlus] — gll1200)

LGug) = Y (Wlugle) = FD)’ + Y (Blug)(8) - 9(%))
i J

Minimize residual ~ Minimize error

L(ug) = [[MTug] — fll2¢q) + lIBlus] — gll12(a0)
0 = arg m@in L(ug)

lug — u*ll < CL(ugp)

Training result ~ Loss minimizer

ot +1) =0(t) —nVL(ug))
0(t) = —VL(ug(r))
limO(¢t)

t— oo

0 = arg mein L(ug)



Training Convergence of PINNSs

m nodes




Main result 1

Theorem (Special Case)

There exists a constant C, independent of d, k, and p, such that for any

0 << 1, if
d+ k\ d\ *P
m > C( _5 ) p k+420p (Iog mT)

then with probability of at least 1 — 0 over the initialization, we have

Lpinn (w (t),v(t)) <exp(—Aot)Lpnn(w(0),v(0)), Vt > 0.



Main result 1

Theorem (Special Case)

There exists a constant C, independent of d, k, and p, such that for any
6 << 1! ”C PDE order

d+ k\ d\ *P
[m]> C( i ) p426P (Iog mT)

Width d

then with probability of at least 1 — 0 over the initialization, we have

Lpinn (w (t),v(t)) <exp(—Aot)Lpnn(w(0),v(0)), Vt > 0.

Loss at time t Initial loss

= Higher k and p requires exponentially wide width.

= p=k+1is optimal order for RePU, since p = k + 1.
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Experiment 1

Harmonic equation: u,, + u,, = f;
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Biharmonic equation: u,,, + 2uyyyy, + Uyyyy = f2
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Variable Splitting

Higher-order PDEs

System of lower-order PDEs

)
Au=f <VOV=f
V= Vu

‘ Auxiliary variable

‘U, — v =f
t x =
Ut — Uyx = < v =u,

L

primary variable

Auxiliary variable



Variable Splitting

Higher-order PDEs

{N u (z) = f (),
Blu|(x) =g (z).

Nu] = 2 Qg 5 U

la|<k

System of lower-order PDEs

~ d
— Ay a,p
| t |a|=ép |Bl=AEr4q |

0=3$p=<$1==$§ 1=k
ASp =811 — $o

Aépyq

0xﬁ (('bf)a



Main result 2

Theorem (General Case)

such that for

any o << 1, if
|§] = max A,
d+k\° (d HIEN® 761146 md
2°P ']
m > C( J ) ( ] p og — 5 :

then with probability of at least 1 — 0 over the initialization, we have

L (w (), v (t) < exp(—Xot) LEun (w (0), v (0)), Vt > 0.

= Lower |&| reduces width requirement.

= p=|&|+1is optimal order for RePU.



Experiment 2

Ut = Uz
Heat equation { «(t,—1)=wu(t,1) =0
u (0, ) = sin (7x)
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Experiment 3

Convection-Diffusion equation
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Experiment 4

Elastic beam equation Bi-harmonic equation
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Computational cost

PDE Method GPU memory running time parameters
PINN 801.052 Mb  0.053 s/epoch 4000

Bi-harmonic  VS-PINN [¢| = 2 481.094 Mb  0.049 s/epoch 9000
VS-PINN [¢] =1 81,466 Mb  0.053 s/epoch 20000

PINN 323.772 Mb  0.037 s/epoch 4000

Beam VS-PINN [¢| = 2 240.689 Mb  0.038 s/epoch 9000
VS-PINN [¢] =1 80.836 Mb  0.040 s/epoch 17000

= Auxiliary variables need additional models.
= Reducing the number of differentiation in loss is more critical.



Sketch of Proofs

Proposition

@D A,>0
GOOO G, =Ew. |Gy (w,v)] is strictly positive definite and independent of m.
zz

3 Small ¢
G (0) ~ G (t) For 6 > 0 and some constant N1, C; and R, if m is large enough so that
® Large m | 32N, C2R* (2N,
4 Y m 2 2 Iog s ?
w(0)

then with the probability of at least 1 — § over the initialization, we have

w A
" G (w (©).v(0)) ~ Gl < 22,




Sketch of Proofs

d d
— — — —_— t) = — t) — 2
dtu(t) G(t)(y —u(t)) P wy(t) ow. lu(t) — yll3
@ 2o >0
G
Q
® Small t @ Ao(t) > %,10 ® Fast decrease u(t)
G(0) =~ G(b) * lu(t) — yll, < exp(—40t) ||u(0) — vl
@LargemT
- | 1
w(0)e |

N t
" W) = w(O)ll, < f lu(s) — yllds
) 0




Sketch of Proofs

d d
— = = —w,(t) = — t) — yll5
dtu(t) G(t)(y —u(t)) dtWr() ow. lu(t) — yll3
D 2y >0
GOO
Q
® Small ¢t @ Ao(t) > %,10 ® Fast decrease u(t)
G0) =~ G(t) — [lu(®) —yll; < exp(—2,t) [[u(0) — yl|
@ w(t) = w(0) Ao (1) > 22
@LargemT
— .
w(0)e .
o, w® = wOll, < [ lhu(s) = llds
J ® Small difference 0







