Appendix D

Differential and Algebraic
Topology

As we saw briefly while discussing obstructions to G-structures, the cohomology is
the object that captures topological aspects of manifolds and bundles by isolating
“closed” objects that are defined modulo “exact” terms. Characteristic classes, such
as Stiefel-Whitney, Chern, and Pontryagin, are all particular elements of some of such
cohomology groups. The latter come in several different flavors. In this appendix we
will take a quick overview of (co)homology and homotopy, which connect to many

chapters in the second half of the volume.

In this note, we will be content with being illustrative instead of being compre-
hensive, and many of such illustrations would involve some of the simplest manifolds
one encounter, say 5" and even R", which nevertheless would teach much about the
machineries involved. We close with an overview of homotopy which also plays impor-
tant roles in studying non-perturbative saddles of the gauge theory path integrals.
Much of what follows are inspired by the classic text of Bott and Tu, Differential
Forms in Algebraic Topology, and meant to wet the appetite in favor of the more

complete treatment there.
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D.1 Differential Complexes

D.1.1 de Rham Cohomology

A differential complex of M is a sequence of A¥.7*[M] and the usual exterior differ-

ential operator d,

L M) L M) - R M) L (D.1.1)

where QF[M] is the space of differential k-forms on M, on which d acts naturally.

For each 0 < k < d, we may find a subsets of which are closed and exact, respectively,

Zk

{w® € M| dw™ =0} ,
B = {dw®* V| w* D e QM) (D.1.2)

The first is a kernel of d while the latter is image under d. The quotient between the

two,
Hip (M) = 2%/ B* (D.1.3)

defines the de Rham cohomology.

For a trivial example, take k = 0, for which B is empty while Z(® is a set of

locally constant functions. As such,
Hip(M) = R* (D.1.4)

where # is the number of disconnected components of M. We will assume connected

M, so
HR (M) =R (D.1.5)

What about the other end, H%? For d-dimensional manifold, d-forms are automat-
ically d-closed since higher differential forms do not exist. For a compact and con-
nected My, we would have H; (M) = R as well, to be eventually justified by the

Poincaré duality below.
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For this, a useful notion is the pairing, between Hiy and H, g}-{p such as
(W], [ P])  —s / D AW € R (D.1.6)

where w® is a closed p-form representative of [w®] € H?. The closed nature of the
cohomology representatives guarantee that the pairing is well-defined on the coho-
mology. For this, we need the orientability. If such a pairing is non-degenerate, this

would give an isomorphism between,
Hbip ~ HRF (D.1.7)

The pairing is an isomorphism for compacted and closed manifold, M, , and gen-
erally not for open manifolds like RY, however. This isomorphism is a particular

manifestation of the so-called Poincaré duality.

For real de Rham cohomology on compact and closed M, a powerful fact allows
us to handle the cohomology effectively is the Hodge theory. Given an exterior
differential d and a metric on M, its Hermitian conjugate operator df may be defined

via
/ (Vao®t ) A dw® = / (Vadv®H) A @ (D.1.8)
M M

which should tell us immediately, modulo a sign, d' ~ xd* with the Hodge star
operation *. Since d'd" = 0, d' defines its own complex, mapping Q*[M] to QL[ M].
The Hodge theory states that, for compact and closed M, Q*[M] may be decomposed
into three parts, such that generally

) — du®=1 4 gtuk+1) 4 pk) (D.1.9)

where h*) is annihilated by dd' + dfd, which is to say that A*) is harmonic. Further-
more, the subspace spanned by h*) of Q*[M] is isomorphic to H e

In fact V itself offers the isomorphism,
WP e HP  — [Voh"P)) e HP (D.1.10)

since the harmonicity is preserved under this Hodge dual map. This last again implies

that HY; and Hggk are isomorphic to each other for such a nice M, since harmonicity
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of h mean the harmonicity of xh = V. h and vice versa. For example, we find
H%WZW(RM =R ,  HES"(R") =0 (D.1.11)

for the top cohomology as well, with its harmonic representative being the volume
form V), which maps to a constant function upon the map H; and Hd; by the Hodge

duality operation.

Some of simpler examples are n-sphere $"
Hp(S") =R, HR™S") =0, Hi@") =R (D.1.12)

which we will encounter repeatedly below, and the complex projective sphere CIP¥ =
@k+1/@*7

HE(CPY) =R , 0<p<k
HPNCPYY =0 , 0<p<k (D.1.13)

In particular, the harmonic representative of H gﬁ(@lpk) is APw where w is the Kéhler

2-form we referred to earlier while discussing reduced holonomies; U (k) for CIP*.

A useful and universal fact about the cohomology is the Kiinneth formula
HP(M X N) = @grg—pHI(M) @ HT (N) (D.1.14)
a trivial example of which is

Hig(R* x Mg) = Hip(Ma)  p<d
HEL(RF x My) =0,  otherwise (D.1.15)

The local form of the characteristic classes that enter the index formula are partic-
ular elements of Hé; (M ) = R. However, the integrated values are discrete, implying
that these actually belong to a more refined version of the cohomology whose ele-
ments are discretely valued. With compact and closed M, there are multiple versions
of cohomology, including the Cech cohomology to be discussed later, which can be
often mapped to one another. Often we construct the cohomology from these alter-
nate, more combinatorial definitions. In fact, these more algebraic and combinatoric

approach allow us to formulate other variants such as H*(M;Z) and H*(M;Z,) etc,
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which tends to carry information not accessible by the de Rham cohomology.

D.1.2 Compact de Rham Cohomology

However, life is more complicated. Our own spacetime is nowhere near compact or
closed, so in many situations we need to go beyond such basic and ideal setups.
The de Rham complex and the cohomology thereof still makes sense, but the above
pairing and the subsequent inner product, for example, do not even make sense unless
some restrictions are demanded on QF. If M is an open manifold of infinite span but

contractible, for example, we would have
Hig(Mg) =R,  Hiz(Ma) =0 (D.1.16)

with the latter different from the compact cases. Apart from whether this cohomology

is of any use for physics, we need to explore what other possibilities exist.

One such is to require the differential forms that enter the de Rham complex to
have compact support. That is, we start with Qf[M] is the space of differential k-

forms on M that vanishes outside some compact subset of M, and build the complex

B Y1 I 0 L V) L o L V] (D.1.17)

The closed and exact subspaces Z* and B¥, and the compact de Rham cohomology

follow as
HFp (M) = ZF)BE (D.1.18)

Unlike de Rham, we see that HY, (M) is empty since the only closed functions are
constant functions, and the only constant function with compact support is zero.

Conversely, we have H% nontrivial,
Hop(Ma) =0,  Hggp(Ma) =R (D.1.19)

exactly opposite of de Rham.

This is not a coincidence, but rather a consequence of the non-degenerate pairing,

([W?], [0 P])  — w® AP e R (D.1.20)
Mgy
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between Hiy and H, gd_Pf . Since the latter are compactly supported, the pairing makes
sense unlike the ill-fated would-be pairings between de Rham cohomology of non-

compact M. This gives
Hig""(R") =0,  HlpR") =R (D.1.21)

for example.

The Kiinneth formula is equally applicable for the compact de Rham,
Hig(M X N) = @gig=pHig(M) ® Hg:iR(N) (D.1.22)
a trivial example of which is
Hp(RFxM) = 0, p<k

HY n(RF x M) = HP¥(M),  otherwise (D.1.23)

D.1.3 L? Cohomology and Some Cautionary Words

For physics applications that involve open space(-time) of infinite volume, however,
neither de Rham nor compact de Rham would be acceptable. Wavefunctions should
obey some boundary conditions but, for example, would not be generally required to
be compactly supported since the latter means that the wavefunction must vanish

identically beyond some closed subset.

More natural is the square-normalizability, physically at least, which we often
denote L2. It should be quite clear that the usual pairing can be defined on the L2
differential forms and the Poincaré duality works within the L? cohomology, unlike
de Rham or compact de Rham. Unfortunately, the L? cohomology seem much less

accessible, mathematically speaking.

Whether the L? cohomology admit an analog of the Hodge theory, whereby the
cohomology counts L? harmonic form, is another subtle issue. It is believed that this
is not true in general but a related object called “reduced L? cohomology” counts
L? harmonic forms. All of these go well beyond the limited mathematical scope of
this volume, unfortunately, we merely offer these cautionary words and alert readers

not to rely on the standard (co)homology statements too blindly when the question
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involves non-compact manifolds and is of physics origin. Perhaps most importantly,
there is a purported equivalence of the L? cohomology to the so-called intersection
(co)homology which is a version of singular (co)homology that deals with spaces with

singularities.

On the positive side, in some simple cases such as when the asymptotic boundary
region reduces to a cylinder or a cone, a rough statements can be found in the
mathematics literature how the L? cohomology can be inferred from other types of
cohomologies. A more precise phrasing relies on the relative cohomology to which
we will make a brief detour later in this section, but the main idea is that the L?
cohomology may be regarded as the common part of the above two types of de Rham
cohomologies. At least it should be clear that the intersection of the two would obey

the Poincaré duality, as the L? condition would demand.

Finally, a less detailed count of such L? “harmonic” sections can be sometimes
inferred from the Atiyah-Patodi-Singer index theorem which we have reviewed in the
main text. This is because, at least for asymptotically cylindrical boundaries, the

celebrated APS boundary condition actually equals the L? condition.

D.2 Exact Sequences

One universal tool for computing cohomology, homology, and also homotopy to be
discussed in next section is various versions of exact sequences. An exact sequence

means a set of vector spaces and maps,
A B o (D.2.1)

such that, for instance, the kernel of g equals the image of f. A short exact sequence

is
b — AL B L0 —0 (D.2.2)

which says, in addition, f is injective while g is surjective. This also means C' = B/A.

Suppose that A, B, C are each a differential complex, say

S S LN Lo RN (D.2.3)
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etc. If f and g construct short exact sequences
0 — A Ly BY Ly oF (D.2.4)

level by level and also commute with d’s of each complexes, this induces a long exact

sequence,
C 2 omry I ogv By L mr o) & oma) .0 (D2s)

where f# and ¢* are naturally induced from f and g. That is, given a representative
w® of [w®] € H*(A), for example, we have f#([w®]) = [f(w®)] € H¥(B). Since
f and g commute with d, cohomology elements map to cohomology elements under
f* and g”.

How is d# constructed? Given a representative ¢*") € C¥ of [c*")] € H*'(0),
there should be b*) € B¥ such that g(b*)) = ¢*") since g is surjective. On the other
hand g(db®*)) = d(g(b*¥))) = dc*) = 0; this means db*") belongs to the Kernel of
g in B¥*1 so that there must be a**Y € A**1 such that f(a**Y) = db®. Finally
f(da®™ V) = d(f(a®+1)) = ddb¥) = 0 means that, since f is injective, a**1) is closed
and thus represents an element [a**V] of H**!(A). This diagram chasing induces

the map,
d* o ()] — [a* D] (D.2.6)

One can demonstrate that the above induced long sequence is exact, through more

of the same types of gymnastics.

This long exact sequence often gives us means to construct the cohomology in-
ductively given partial information on cohomologies. The key point is that the long
exact sequences are often broken up into shorter chains, by middle entries that are
null, allowing us to deduce other non-vanishing items unambiguously. We will see
some simple examples of how this works below. We did not specify the type of the
complexes, so this kind of construction is universally applicable whenever one can

construct the short exact sequence of complexes.

This type of mechanism involving long exact sequences has many different man-
ifestations in differential topology. It is particularly powerful for bundles, manifolds

built from dividing by free isomorphism, filter complexes, etc. The same techniques
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also work fruitfully for homologies and homotopy, of which we will see examples later.
The full arsenal of this inductive techniques are clearly beyond the scope of this note.
As before, we refer readers to Bott and Tu for a more comprehensive treatment,

including the Cech cohomology and homotopy to be discussed below.

D.2.1 Mayer-Vietoris Sequence

The most basic form of the long exact sequence may be induced when a manifold M

may be composed of two charts, such that we have a sequence of inclusions,
M=UUU < U+U <= UNU (D.2.7)

where 4+ means a disjoint union. The inclusions are denoted as <= because it involves
two inclusions. The left one denotes in reality U < M and U — M while the right
one is composed of U NU — U and U NU < U. This in turn induces a short exact
sequence for the de Rham complex

(Z) N Qk(M) restrictions Qk(Z/{) ® Qk(d) rzisfrictions Qk(Z/l ﬂd) . @ (DQS)

(133

where ““restrictions” is via the pull-back of the inclusion maps.

The second map onto QF (U NnU ) is constructed in two steps; first, restrict elements
of Q*(U) and QF(U) each into QF(U NU) and then take a difference. Clearly, the two
restrictions of an element of QF(M) onto QF(U) and Q*(U) would coincide upon a
further restriction onto QF (U nU ), so the image of the first map belongs to the kernel
of the second and vice versa, which shows that the sequence is exact. The long exact

sequence out of this short exact sequence
C = HE (M) — HE (U)® Hiyy(U) — HizUNU) — HEY(M) — -(D.2.9)

is called the Mayer-Vietoris sequence.
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de Rham of $"

The simplest example that can illustrate this construction is found for de Rham

cohomology of M = 8§ for which we can take & and U to be each a segments,
0 — Hi(S') — Hix(U)® HygU) — Hi(UNU)
— HL (Y — HRLU) e HRU) — HRyUnU) — 0 (D.2.10)
Here, since both ¢ and U are topologically R, we must have
D — Hx(SH) - ROR - RO&R — Hig(3h) — 0 (D.2.11)

Note how U NU a also a disjoint union of two copies of R, topologically speaking.

The middle map reduces H (U) @ H(U) to R C HYy (UNU) = RO R since the
taking a difference of two constants on ¢ and U gives a common constant function

on the disjoint overlapping regions of U NU. As such we find
0 — Hi($) - ReR - Ra&R — Hi(S) — 0 (D.2.12)

consistent with the general fact Hig (M ) = R = Hig(M,) for closed and connected
M.

Let us extend this for de Rham cohomology of 8" for n > 2 with U and U
both n-disk, or topologically R, and Y NU = R x L. Taking a snapshot of the

Mayer-Vietoris sequence, let us take a look at the segment
HYHRMDP? - HE 'R x $"7Y) — HER (S — HRERH®? (D.2.13)
With 1 < k the two ends of this segment are null, which shows
L (S"Y) = Hig (R x 87 = Hlp(8") (D.2.14)

for 1 < k < n where the first equality is due to the Kiinneth formula.

On the other hand, with £ = 1, we find from

0 — HOL(S") — H%R(MRM®? - HR(R xS — HiL($") — 0(D.2.15)
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With H3p ($") = Hig(R") = Hix(R x 3" 1) = R, this forces Hjz (5") = 0 for n > 2.
Next up is k = 2, for which, if n > 2,

HrR xS =0 — HL(S") — HRRH*Z =0 (D.2.16)
hence H?($">2) = (). These results, combined with Hf;'($"!) = Hk, (S") above,

build up the claimed $" cohomology (D.1.12)) starting from those of $* and R™’s.

D.2.2 Mayer-Vietoris for Compact de Rham

How does this work for compact de Rham complexes? For the latter, the map (D.2.7))

induces an exact sequence of the opposite direction. That is, we find

0« QF(M) < QFU) e QFU) L QFUnU) « 0 (D.2.17)

where one takes w® € QF(U NU) and assign (w™, —w®) € QF(U) © QF(U), which
in turn sum to zero when mapped to QF(M). Clearly both maps are possible only
because w’s are compactly supported and thus can be extended upon embedding to

a bigger space trivially, with the same compact support.

This generates a different Mayer-Vietoris sequences where the maps are reversed
level by level.

Tt Hf&%{l(umd> — HER(M) « HipU) & Hig(U) «+ HERUNU) HD:2.18)
With $*, we thus find the long exact sequence,
0 — Hyp($") « HigpU)® HiygU) — HogUNU)
— HAUR(3Y) « HYrU) ® HOR(U) + HYrUNU) + 0(D.2.19)
resulting in, with Hp (R) = 0 and Hjz(R) = R,

D HYrGH=R + ROR + ROR « HRSH =R « § (D.2.20)

with the middle map reducing R®R to R. The resulting H%, (3')’s are in accord with
the fact that, by definition, H.qr = Hggr for a compact manifold with no boundary.
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Compact de Rham of 3"

SnZQ

Repeating the previous exercise for now with the compact de Rham is also

straightforward, although details differ. For instance, we start with
Hifm (RM)® = HER (R x ") = HLp(S") + Hop(R™®  (D.2.21)
which results in, when k& + 1 < n,

Hep(3"71) = Hifg (R x $"71) = Hegp(S") (D.2.22)
again using the Kiinneth formula for the first equality. The resulting H¥,($"1) =
HE . (87) is the precise analog of Hiz'($"7!) = H%(S") since Hygr and H.gr are
Poincaré-dual to each other. The rest follows, with n — k = 1,2, etc, bringing us to
the same (D.1.12)) with H%,z (5") = Hig ($") = HiR (3").

D.2.3 Relative Cohomology

Starting from de Rham, we cay build another type of complexes and the related short

exact sequence as follows. Suppose 1 is a map between manifolds
v K- M (D.2.23)
Then, we consider a complex starting from
QF () = Q¥ (M) @ Q" 1(K) (D.2.24)
with
d(w®, p*=Y = (dw® o (w®) — dp=D) (D.2.25)

One can see immediately that the cohomology H*(1)) of this complex would be rep-
resented by closed element w®) of C*(M) whose pull-back to K is exact.

The short exact sequence involving H*(v) is

0 — UK L CF) L CFM) — 0 (D.2.26)
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with f(u®*=9) = (0, u* V) and g(w®, u*=) = w* . These maps clearly commute
with d, and

= HENK) = HY(Y) = Hig(M) = Hlig(K) — -~ (D.2.27)

emerges as the resulting long exact sequence.

When 1 is an inclusion, i.e., K C M, we denote H*(1)) also as
HY (M, K) (D.2.28)
and call it the relative cohomology with
- = HAYK) — HYM,K) — HiR(M) — HER(K) — -+ (D.2.29)

as the long exact sequence. Note that, when K is the boundary of M, the relative

cohomology enumerates closed forms that become exact at the boundary.

R": Relative Equals Compact

For example, with M = R" and K = $"! its asymptotic sphere, one can read off
0 — H(R",S"") — Hgr(R") — H(S"') — H'(R",$" ") — 0
0 — HRFY(S"Y — H'R"S"") — HRMR"Y) — 0 (D.2.30)

from the long exact sequence above, say, for n > 2, thanks to Ho<¢<"=1(gn~1) = ().
With Hiz(R") = H3%R($" 1) = Hi' (3" 1) = R and Hz(R") = ), we find

o< (R, $" ) =0, H'R,$"H=R (D.2.31)

Note that these coincide with HE,; (R™).

D.3 Cech and Cech-de Rham Complexes

Although the cohomology built from the differential complex is more immediate to

physics applications, more abstract notions of (co)homology is still quite relevant.
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Singular (co)homology and Intersection (co)homology are some of more fundamental
such. These rely on the notion “simplex” which is basically a triangulation of the
manifold. Perhaps the simplest combinatorial cohomology is the Cech cohomology,
which made a brief appearance earlier in the context of G-structures and obstruc-
tions. The Cech cohomology is also capable of reproducing de Rham cohomology of
previous section when we start building the relevant complex with locally constant
real functions, so in some sense a most distilled and minimal version of the differential
complex. We will attempt to explain briefly the constructions involved and reach in

the end a proof of the latter equivalence as well.

Imagine a manifold M equipped with a set of charts {U,},
M=UU, (D.3.1)
such that the intersections of arbitrary subsets thereof
U, N N U (D.3.2)

are either empty or continuously contractible to a point. Such a collection of charts
{U,} is called a good cover. This should be contrasted against the double cover that
we used for the Mayer-Vietoris sequence; for 5", the intersection of the two charts U

and U we used is contractible to "1,

A g-simplex means an ordered collection of (¢ 4 1)-many U,’s,
UA:(Z/{AU,---J/{AQ) (D33)
and its intersection is denoted as

|0A| = ﬂ‘i]:OL{A .

i

(D.3.4)

We will also use the notation |A| to denote the number of U’s involved for o4. For

g-simplex 04, we have |A| = ¢ + 1 by definition.
Then, we define the boundary of o4 as the formal sum of (¢ — 1)-simplexes,

q

doa =Y (~1)"*"' 004, (D.3.5)

k=0
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where the (¢ — 1) simplexes on the right are
8kO'A:(UA(),...,Z/{Ak_l,uAk+1,...,qu) (D36)

with Uy, omitted. The latter’s intersection |0xo4] is also non-empty.

D.3.1 Cech Cohomology

The Cech Cohomology valued in F starts with the definition of cochains that are
maps from such simplexes to ' which is an Abelian group. We will be typically using

F =7Z,,7,R, etc. A g-cochain is an assignment,
f9 ol — fD(04) € F (D.3.7)

for all g-simplexes 0 4. When we encounter o4 and o that differ only by the ordering
of U’s, we demand that f@ obey

fDoa) = (-1)*f9(op) (D.3.8)

for any given co-chain, where (—1)# is the parity of the permutation needed to match

o4 and op.

We denote the collection of all such of ¢g-cochains as
CUU;TF) (D.3.9)

and define the coboundary operator § as a map from C4~'(U; F) to C4(U; F),
q
[6/19(04) = Z(—l)kf(q_l)(akUA) (D.3.10)
k=0 loal

from which one can check easily that 66 = 0.

This gives the complex

S U F) S YU ) <D U ) S (D.3.11)
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The kernel and the image

2t = {fW e CU ) | 5(f1) = 0}

A

B* = {s(f9 V)| fl) e cN U )} (D.3.12)
define the Cech cohomology
HY(M;F) = 27/B? (D.3.13)

in a by-now familiar manner. A nontrivial fact is that this cohomology is independent
of the choice of the charts {U,}, and depends only on the topological data of M. for
[ = R, this can be seen most clearly by establishing the equivalence between de

Rham and Cech cohomologies, as we will outline later in this subsection.

5", Again

As an illustration, consider $' with charts U; 23, each of which covers roughly a
third of the circle with pairwise overlapping segments. Taking F = Z, C° are set of

0-cochains
fO Ul €7 (D.3.14)
while 1-cochains are the assignment,
fY Ul — mie; € 7 (D.3.15)
with three mutually unrelated integers m,;, constituting C' = Z ® Z & Z. B° is
clearly empty while Z° is spanned by f©(a;) = f©(0;), ie., ly = I = I3, which
translates to
H(3Y,7) =7 (D.3.16)

On the other hand, Z' = C", while B is spanned by fM)’s such that m,;; = l; — I;.
This forces mqo + Moz = mq3, hence B'=%7® 7., leaving

HY(3Y,72) =17 (D.3.17)
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Of these, let us take one more example of $2 and IF = Z for a further illustration.
A good cover can be found with p+ 2 > 5 U,’s in the following; Uy for the northern
hemisphere falling short of the equator, Us for the southern hemisphere similarly, and
Ui—1.... p with p > 3 covering the equatorial strip sequentially, with i/; NU; non-empty

between p-many adjacent U; pairs, similarly with the $! case where we used p = 3.

This gives,

¢ = {lwlsili=1,---.p}, (D.3.18)
C' = {mni,msi,mi; | j =i+ 1modp}

C? = {knij, ksij | 7 =i+ 1 mod p}

The images under ¢ are

B = 0, (D.3.19)
B! = {miy; = Iy —limg; =ls —li,mj; =1l; —1; | j =i+ 1mod p} = ZP**
B? = {kﬁw = my; — myj + M, ’SU = mg; —Mmg; +myj | j =i+ 1modp} = Z*

where the last is due to the single relation, ki, + Kjog + -+ + ki = Kgpp + Koz +
st Ky

Finally, the kernels are
2% = {lnds li|In=1ls=1;,i=1,-,p} = Z", (D.3.20)

_ _ S _ +2
{mNiamSiamij|mij—mNj_mNi—mSj_mSia]—2+1m0dp} = 7' .

Z7 = C* =7*

N\
I

The middle can be seen from how the p-many m;;’s together with mpy; and mg;

determine the rest.

Taking the quotients H = Zq/éq brings us to
H'($*72)=7, HY$%Z)=0, HX$*%Z) =1 (D.3.21)
Extending all these to all $" is straightforward, if arduous, and gives

H®™2Z)=27Z,  H'"“($"Z)=0, H"(S"Z) =1 (D.3.22)
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With F = R, we would have obtained H%($") = HI,($").

D.3.2 Cech-de Rham Complex

The idea behind the Mayer-Vietoris sequence can be generalized to a good cover M =
UU, of the above Cech complex, from which the so-called Cech-de Rham complex
emerges where d and a generalized § together spans a planar grid of complex. This
would eventually show how de Rham cohomology and real-valued Cech cohomology

equal each other.

We start by constructing a long exact sequence for differential forms, over a good

cover {U,} of M and simplexes 0 s—gpe...,
@ - Qk(M) L> @an(UG) £> G9((1,b)Qk(o-ab) i> 69(aJ),c)ng(O-abc) i) (D323)

where QF(04) is collection of differential k-form defined over |o4|. The first map ¢
is nothing but the restriction to U,’s, while the subsequent §’s also restriction onto
|04, i.e., a pull-back under |o4| < |0;04|, followed by a summation over j with

alternating signs

|A|-1
B0, = S| ety s
j=0 loal

The operation § is identical to that of the Cech complex, except that objects being
handled are now local differential forms instead of local constants, so 06 = 0 follows

from the same algebra as the Cech complex also.

The Cech-de Rham Complex is then the planar complex consisting of
CPF U ) = TPk (04) (D.3.25)

An important observation is that QF(M) may be regarded as the kernel of the very
first J, say 6%*

QF (M) = Ker(0) (D.3.26)
CO’k(L{;Q*)

) (k)

This follows from how, if wé,k = wy,” over Uy, they collectively define a differential

a
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form over M. Then, for each k > 0,
0 — QFM) 5 COFus ) S cYr ) S et S - (D.3.27)

is an exact sequence, as was stated earlier.

Let us show that this sequence is indeed exact, i.e., for any given w € CP*(U; Q*)
such that dw = 0, we can find v such that w = dv. For this let us recall the partition
of unity, which are set of smooth functions over the local charts such that ) u, = 1.
Then, given a d-closed w € CP*(U; 2*), we define an element v € CP~1F(U; Q¥)

Ub1---bp = Z uawabl...bp <D328)

where we simplified the notation as w,, — w4 etc. Taking ¢ on both sides,

(6v)b0b1"'bp = Z(_l)j (ZuawabO"'bjlbj+1"'bp>

J
= Z uawbobl"'bp = wbobl...bp (D329)

where for the middle equality we exchanged the two summations and invoked dw = 0.
For the first map ¢, its kernel consists of globally defined k-forms, and is nothing but
QF(M), showing that the sequence is exact.

Given how each set are differential forms over simplexes, we also have a vertical

map d whose kernel in CP°(/; Q*) is nothing but the Cech complex,

CP(U; R) = Ker(d) (D.3.30)
CPOU;0*)

One might wonder why the §-exactness of CP*(U;R) does not imply the same for
CP(U;R) where the § operation remains essentially the same. If it did, we would
have H = (). The point is that in the above proof, the partition of the unity entered
the construction of v and dv = w crucially, which becomes unavailable for constant

functions. While w € CP(U;R) consists of local constants, v constructed with the
help of the partition of unity as in (D.3.28) does not belong to CP~1(U; R).
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With this, we also have vertical exact sequences, for each p > 0,
0 — CPUR) S cPOU Q) S ocrl ) S ocrrwu: ) L - (D.3.31)

For C*>1) " d_closedness implies d-exactness since the intersections |0 4| are all topo-
logically trivial, on par with R™. The only exceptions are C»% whose d-closed el-
ements are nothing but constants over the local charts U,, constituting precisely

CP(U;R).

The combined planar complex is called the Cech-de Rham complex. Since §’s are
constructed from pull-backs under |o4| < |0;04|, followed by an alternating sum

over 7, dd = dd follows naturally. We then introduce
d=6+(-1)Pd, d>=6+(-1)?(d—ds)+d*=0 (D.3.32)

acting on the slanted partial sums

CUU; Q) = Bprneg CPF(U; Q) (D.3.33)
This defines a complex
d -1 et d . O)* d +1 ek d
s = CTHU QYY) = CUUQ) = CTT (U QYY) = - (D.3.34)

leading to yet another cohomology H?(M;Q*).

Then, a general theorem states that
HI (M) = HI(M; Q") = HY(M;R) (D.3.35)

which establishes HY,(M) = H9(M;R) in particular. This also justifies how the
Cech cohomology H I(M;R) and also HI(M;Q*) are independent of the choice of
the good cover {U,}, since the definition of H; (M) does not rely on one.

Proof

The theorem may be proven from a simple diagram chasing. Note that a d-closed

element may be written as a formal sum of w”9™P € CP7~P(U;Q*), such that

d(wk,q—k 4oktbak-1 ooy W™ = () (D.3.36)
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with some 0 < k < m < ¢ and
dwt1*F =0 | Sw™ ™ = () (D.3.37)

With these two conditions met, the rest follows from the exact nature of the hor-
izontal and vertical sequences. Since dd = dd, dow*9* = §dw*9=* = 0, which
guarantees, given the d-exact nature of the vertical sequences, an element w*+1H4—+-1
that solves Jw 9% = (—1)kdw*+H4=*=1 In turn, w*+H4=*=1 is d-closed, so we again
have dwhTha=F=1 = (—1)kF1dyh+29-%=2 " etc. This ends at some point, here in this

example with dw™9~™ = 0, if the element is a cohomology representative.

The exact nature of the horizontal sequences means that there is v~ %4=™ such
that w™? ™ = fp™m~—14=m_ Subtracting dv™ 14~ from the above d-closed element,

we obtain a shortened representative of the same cohomology element, such that
d(whI7F 4 MR g e = (D.3.38)

where the last entry is shifted from w™~ 147"+ by (—1)"dy™~197™ and we now have
dwm~La=m+l — (. This way, we can remove the lower-right entries w?? P with the
largest value of p step by step without changing H?(M;Q*) cohomology value. In

fact, this can remove the formal sum entirely, unless we started with k = 0.

An entry w®4 sits on the left-most column of this complex, so shifting it away by
d of something is no longer possible. This tells us that (1) a nontrivial cohomology
element of H9(M; Q*) must have w®? # 0 and (2) by the above successive shifts, we
can manipulate its formal sum into the form

do® =0 = da”?=0, 6u” =0 (D.3.39)

with its single entry. In particular, the latter two conditions, combined with the
exactness of the horizontal sequences, tell us that %9 is an image under the injection
1 of a d-closed element (@ of Q*(M). It represents a nontrivial element of H9(M; Q)
if and only if %7 # dv®9~!. The latter is the same as (@ # dv@~Y in Q*(M) again
because 1w%? belongs to the leftmost column of the complex and §-closed. This shows

Hip (M) = HIM; Q).

Note that the key fact for the proof is that the horizontal sequences are all exact.
For the proof of the other equality, H4(M;Q*) = f]q(/\/l; R), it suffices to exchange
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the roles of § and (—1)Pd, whereby the vertical exact sequences allow us to remove
upper-left corners (w?? P with the smallest value of p) of a d-closed formal sum one
by one. The end result is a d-closed w?%° that is also d-closed. As above, it is an

image under ¢/ of a representative of H4(M;R).

One can see that the proof is quite general and does not rely on any details of §
and d. Given a planar complex where the horizontal and the vertical sequences are all
exact when each is supplemented by the kernels of either the leftmost or the bottom
maps, one can show that the three cohomologies, those two from the supplementary
leftmost and bottom kernels, respectively, and the last from the planar complex itself

turned into a linear one, all coincide.

D.4 Homotopy
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