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Introduction to Polymers

What Is a polymer?

A polymer is a large moleculen@cromolecule
composed of repeating structural unitsoQomey.
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Polymeric materials form a large and important class of soft condensed matter.
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Natural Polymers

DNA, RNA Polynucleotides
Proteins Polypeptides
http://www.pdb.org
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What are polymers?
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Plastic, rubber, A Frisbee is a mixture Each polymer The monomer is
plexiglas, gels and of crystalline molecule consists of specific for every
textile fibres such as  (grdered) and linked basic units —polymer and
nylon and polyester amorphous called monomers. The determines the name
are all synthetic (disordered) polymer Nhumber of monomers  of the substance. A
materials made of structures. in a chain can be very Frisbee is made of
polymer molecules. This makes the large, from thousands polyethylene which
material both strong  to several millions. consists of linked
and flexible. The chains may be ethylene (CHZCH2)
entangled like
. monomers.
spaghetti (as above) H H
or be ordered in ]
crystalline formations. %?C}
H H/,

from http://nobelprize.org/nobel_prizes/physics/laureates/1991/illpres/polymers.html

Applications: plastics, paint, adhesives, fibers, fabrics, tires, flooring(vinyl and carpeting),
molding, packaging, automotive, pipes, valves, tanks, electronics, lubricants, sports goods,

shampoo, cosmetics, agriculture, optics
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Synthetic Polymers

Polymers may be synthetic in origin; plastics such as polystyrene (PS) and polyethylene (PE) are polymers, as are
components of many glues, fibers, and resins ().
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The Variety of Polymeric Materials

A A polymer is a giant molecule made up of many repeat uoitslently joinedtogether
in the form of a long chain.

A In some longchain, theobjects, the subunits, are joined not by covalent bonds, but by
physical ones Examples of this are the giant wetike micelles formed in some
amphiphile solutions and the actin filaments.

A Such objects are sometimes caligthg polymers and they can change their length in
response to changes in the environment. This contrasts with the more usual covalently
linked polymers, in which the length of the molecules is fixed during the polymerization
process.

A In this lecture, we restrict our attention to covalently linked polymers, but even here we
find tremendous variety. For the time being, let us review this variety, before discussing
those polymer properties that are more universal.




Polymer Chemistry

The repeating units are called monomers.
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Polymer Chemistry

A

A

Polymer chemistry is a predominant branch of organic chemistygt polymers are
based on carbonBut even with this distinction, there is a huge variety of possible
structures and the polymers follow different properties from the different structures.

Some examples are shown in the figure. the simplest chemical structure is a carbon
main chain with two hydrogen atoms per cadd?E.

The main chain can incorporate atoms which are not carbon, i.e. n{lon 6

The main chain can involve loops, suchaasylose or it can be multiply connected,
forming a ladder structure, such as poly(dioctylfluorene).

Some polymers do not involve carbon in their main chain at all, such as poly(dimethyl
siloxane).

Here we dondot nsgnthétic routesby Wwhich golgmers ara made at all.
However, physicists should recognize the tremendous intellectual and practical
achievements of polymer chemists, who hdseised synthetic routes allowing precise
control of polymer composition and architecture Without these developments, few of
the advances in understanding made by polymer physics would have been possible.
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Sequence and Structural Isomerism

H CH; H H
H H H H
Example ofsequence isomerisnare shown C C C C
in the figure. /% \C/ \C/)/ /P \C/ \C
(headto-head isomer and heddHtall H H N/2 H H N2
isomer of polypropylene)
CH; H CH, CH,
Head-to-head polypropylene Head-to-tail polypropylene
Polymers that contain a double bond in their H H H H,C HZC\C
backbone can exhibstructural isomerism. \C L C/ \C . C/ "
Cis-, trans- andvinyl-polybutadiene are / - \ / - \ I
shown in the figure. — CH, H,C —CH, H \C/CH N
H,

cis trans vinyl
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Stereoisomerism

If a polymer has more than one type of chemical groups attached to each main chain carbon
atom, different arrangements of the groups are possible. The figure below shows three
possible arrangements of a simple carbon main chain polymer with two different groups per
carbon atom. For example, if X is a hydrogen atom and Y ig tOi$ would be

polypropylene.
There are two regular arrangements of side groups: , Y XY x v oxy Xy
these are calledotactic andsyndiotactic. In these, V ﬂ g V
the similar side groups appear on the same side of C\C/ 7 C/ NN\ C/C\
the chain or on alternate sides, respectively. If the J\ é\ l\ A 4\ \
arrangement of the groupsresmdom, then we have u = H H
anatactic polymer. Isotactic
The importance of thatacti tis that it VRV IR
e importance of thatacticarrangement is that i
S'AAAA

iInvolvesquenched disorder The energy barriers to -\C/C\C/C\L/

rotation of the side groups are so large that once th J\ J\ é{\ f\/
arrangement is set in place during the synthesisofi & i hH HH H H H !
the polymer, no rearrangement of the groups occutgdiotactic

Thus even at absolute zero, there will still be <Y v ox vy
some residual disorderThe quenched disorder

inherent inatacticpolymers means that these < %,\ 4 C},\ C/\!\ Y
molecules usually find it impossible to crystalbize N J\ j\ 4\ \ j\
at low temperatures these materials fgrasses i H B H

NN
A

o

X
‘<
HH H

Atactic
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Structure of Polymers

branched polymer

A Linear Polymer
A Linear polymer consists of a long chain of skeletal atoms to
which are attached the substituent groups.
A Examples: PVC, PMMA, PE, Nylon u?ﬁ

A Branch Polymers

A Linear polymers with branches.
linear polymer
A Network Polymers
A Chemical linkages exist between the chains.
A Star Polymers
A Have arms (3 or more) radiating from a common core. star polymer

A Ladder Polymers
A Consist of linear molecules in which two skeletal strands are

) : . . network polymer
linked together in a regular sequence by crosslinking units. POY

Ladder polymer
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Copolymers

In many polymers, the molecule is formed fromiragle type of repeat uni® such molecules are calledmopolymers

However, other polymers are composednofre than one type of repeat unitThey are calledopolymers Copolymer
molecules consist of two or more chemically distinct monomer units.

Molecules with strikingly different properties are obtained according to the way in which the different repeat unitagaek arra

A purely random arrangement of repeat units givesidom copolymer. Once again, the random distribution of
groups gives a molecule with quenched disorder and this generally prevents these materials from crystallizing well.

Apart from this, the properties of such random copolymers are often found to be intermediate between the properties
of the two homopolymers formed from the two repeating units.

AAA

A / A
IA .rB A ,B
A B B : A
AAA A oa ABg - BBy A aa
A AATA A TABE B WA
A-AADA A A-B-ag-B A\ .B-B-B-5.E R
A A. a - B A B A A
A B { A A
A 'y A A \ B B W /
AR AB-AB’ AAA

Homopolymer AB Random Copolymer AB Diblock Copolymer
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Copolymers

O~ OCH3
-"A"A\ -'A'A -'"B _B\
AN BN B BB A
A A : B i A
AAp A ABg A BBg A B i
A AR A BB b PwA R CHs
“A<~An A ] A-B-p - \ -B-p- \
FITRAR A A EAeE A pEEEE A
A ALK A B B : A A
A AB-AB AAA PS-PMMA
Homopolymer AB Random Copolymer AB Diblock Copolymer Block Copolymers
- —A=A-A-A-A-A-A-A-A-A-A---
Dramatically new properties emerge if th&erent ...~A-B-A-B-A-B-A-B---- B B B
repeating units are arranged in blocks In such alock Alternating B B B
copolymer, if the two (or more) types of repeating unit are B B B
: ) B B B
very different chemically, they may have a tendency to o AAB-AB-B-B-A-A-B-A... 5 5 5
phaseseparate.
Random Graft
But because the blocks are covalently linked, complete
macroscopic phase separation is not possible. Instead, the
: bie b >cP : > P - y ...-A-A-A-A-A-B-B-B-B-B-B----  ---~A-A-A-B-B—-- -B-B-A-A-A-.-.
microphase separatanto a wide variety of possible _ _
complex morphologies (see later slides). Diblock Triblock

....A-A-B-B—---B-B-A-A —..—A-A-B-B —---B-B-A-A —-.
15 Multiblock




Copolymers

A final, very special class of copolymer is formed by the biopolymérs and proteins.

These are made up from repeating subunits of different chemical types which are arranged
In a strictly prescribed, but ngreriodic sequence.

At first sight, suchsequenced copolymerare similar to random copolymers, but there is a
profound difference.

The synthesis of a sequenced copolymer produces just one arrariyenseuence that
has been selected by evolution to have a particular property.

In the case of many proteins, this property is the ability of a single molecule-to self
organize into @omplex but welldefined threedimensional structure.

16



Molecular Weight

According to the way in which they are synthesized, chains may be linear or branched. Examples of line: / IT' |T| \
polymers are higlilensity polyethylene and most simple proteins. C—C

] /

H n

Linear polymers are completely characterized by the number of repeat units present in the chain, the \ H
degree of polymerizationN. This is proportional to the relativeolecular mass of the chainiM: the
mass of one mole of these molecules.

For example, a polyethylene molecule conS|st|ng of p T rciemical monomers, each with molar mass

0 ¢yl T I,hasamolarmass ¢ qtmm@ | I.Itisoften stated that ¢ @ 1 Dar
(Daltons), where

PSA pHomuow@WPeq EC

o 9y 20 AT L Ton oigomer™ fT7 T 1w 0.
r

1/



Molecular Weight

Almost all synthetic polymers are made by processes that yield not a single degree of
polymerization, but a distribution. This distribution can be characterized by various
averages, of which the most important arevtleeyht averageand thenumber average

Thenumber average molecular mas#/,, is the ordinary arithmetic a N; M,
mean of the molecular masses of the macromolecules. AssumingM, = —
that for each, the number of molecules of molecular miass N, a N,
|
é. Ni |\/|i2
The mass average molar massverght average molar mas#/,, is M =
calculated by " 3 NM,
|

Q. why do we care the latter?

A. It can be easily measured experimentally via static light scattering, small angle neutron
scattering, Xray scattering, and sedimentation velocity.

18




Dispersity

The ratio of these two averages shows the broadness of the chain length distribution, and is
known as thelispersity n (previously called polydispersity index, PDI).

.
M —
U

The dispersity of synthetic polymers, particular those that are commercially available in
large quantities, poses substantial difficulties in understanding their properties. Fortunately,
for the point of view of fundamental studiesemists have been able to devise synthetic
routes to obtain polymers with narrow distributions.

If the polymers are monodisperse (all chains have the same length), the digpergity
As the chain length distribution becomes broader, its value increases.

Problem: Consider a mixture containing number fraction 0.5 of chains with molapme@s | |
and number fraction 0.5 of chains with molar massp mQ | | . Calculate its dispersityl

0 ™ prnc¢ pmn p® prd T 1 o
™ P T PT M w0

i o o ptpx p g T ]
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Both synthetic and natural polymers may be branched. For exdowldensity
polyethylene contains many branche€Once again, these branched points introduce
guenched disorder and hinder the formation of crystals. The presence of branches also has

profound effects on their rheology as we see later.

As more and more branch points are introduced to a polymer system, one can create a
network that spans a macroscopic volumdn this case, the polymer molecule essentially
assumes macroscopic dimensions. Examples of such networks include vulcanized rubber
and curec:poxy resinsCuring is a chemical process producing toughening or hardening of
a polymer material by crodmking of polymer chains.

20
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Polymeric Liquids

Polymer solution = polymer solute + solvent

—

Polymer solutionk ™ T = (polymer) o# (solvent)y a ® E
y~ ® L 0.

=|=<—> EVT“OA=|=<—>'H'TE‘}-O’ - o QTUUO’
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T~ KAG 7, Top3nZFTell,erq’ &, =
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Polymeric Liquids

Single polymer molecule images
recorded using BlultiMode
microscope equipped with a fluid cell.

A sharp coHto-globule transition of a
poly(2-vinylpyridine) molecule upon
pH change has been observed in this
AFM images. Roiter, Y. andMinko, S.,
J. Am. Chem. Soc. 2005)
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A Polymer melts: In the absence of solvent, polymers become
liquids above the melting temperature.

A They can be considerediasompressible fluids

Polymermel€™ T " on ' "8 HtaklO 1, T-
OA+ VF O i L nesEQ 0>
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oo Tel,Te _w/ faJ0uF te Ef,~ Calo.
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Phase Transition and Melting Temperature

I vd e X (T
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Physical state

At a given temperature and processing route, polymeric materials can be found in a variety
of physical states.

A Liquid
A Polymermelts and solutionsare liquids, but they often are very viscous and show marked
viscoelastic propertie®ilute solvent and melt are fundamentally different
A Glass
A Because of the difficulty of crystallizing polymepslymer glasses are very commarFamiliar
examples include PS and PMMA.
A Crystalline
A Polymers sometimes can crystallizéout usually, crystallization is not complete, owing to the
kinetic limitations and the presence of quenched disorder.
A In suchsemicrystalline materials, very small crystals exist in a matrix of amorphous material,
which can be in either a liquitke or glassy state. Familiar examples of semstalline
materials include synthetic polymers such as PE as well as natural materials like starch.
A Liquid crystalline
A Some polymers are rather rigid molecules, which can line up to form liquid crystalline phases.
These can form the basis of very strong engineering materials, like Kevlar.
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Polymers

Linear chains

Branched chains
Dendrimers

Polyelectrolytes

* monomer;
* oligomer;

Dilute solution Semi-dilute Rubber Nematic L .
solution (Elatomer)  Elastomer p O lym € r'
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Statistical Physics of Polymers

In order to understand the properties of
polymer, which is a large assembly of
molecules, we need to usktistical physics
to calculate the characteristicsanf isolated
polymer.

A polymer molecules has many internal
degrees of freedom, for example the rotational
freedom about each-C bond in the
polyethylene molecule, and so it can take on
many different configurations.

(a) (b)

Fig. 1.1 (a) The atomic structure of the polyethylene molecule. (b) An overall
view of the molecule. There is rotational freedom about each C-C bond, so
the molecule as a whole resembles a long, flexible piece of string.
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How do we model and simulate polymers?

1. Consider all the atoms as particles with given interaction.

2. Throw in all the atoms in the box and do molecular dynamics (MD) or Monte Carlo(MC) simulation.

R -10 ns 0Ons
WG

3ns 90 ns 420 ns
z
,'y
> L. X Squalene
S 2

Y Fe op s :
RS 3

Cytosol
. e 2 s A
3 STy AR o
O O T e by LU el oo, A LN o 4
X o o D T s B A
5 S s & ¢ & 3087 ,’ll N 4 LR “ <
: AN £ ‘e
At N B 25

N T gl e ok ety
Lo adie Sl
] o SR 1
. & i
& . : o8 e e hospho
(S 5 3 ,
3/

A

lipid §
2 d x’ )8 ;\"‘::g 1

~

All-atom MD simulation of water molecules (from Wikipedia)

So-Hee Son et. al. Nature Comm., 13, 3612 (2022)

Possible Simulation Tools:
GROMACS, AMBER, CHARMM, OpenMM, in-house codes, etc.
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Coarse-Graining of Polymers

H® [/ 2FNBRS 3IANIAY GKS Y2ftSOdz Sa 6029 Aad ALIKSNAOL

+++—CH—CH—CH,—CH—CH,—CH—" - - : —+CH,—CH-}-
A Major parameters
A N : Polymerization indexsegmentumbe)

A a: Segment length

— W.m A 14 *Segment volume

One long polymeris a collection of many monomers Eachmonomercan be
representetdy a bead Here,a greenbeadis usedfor onestyrenemonomerin a

polystyrengPS)chain

Possible Simulation Tools:
Usually, we collecta few monomerdo call it asegmentandthen,a polymeris HOOMD-Blue, LAMMPS,
a collectionof 0 segmentof statisticalsegmentiength ca and eachsegment in-house codes, etc.

hasvolumepf” .

Whenthe discretenaturematters,a more convenientchoiceis to considerthat
achainconsistof 0 p segmentgonnectedy 0 equalbonds
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Coarse-Graining of Block Copolymers

A Diblock copolymers consist of two (A and B) distinct blocks joined together.
A Qs used to represent the fraction of A in the polympefQs the fraction of B.
A ...Orepresents the incompatibility between blocks.

- 1T . Coarse-graining

*/ [ [
O O
- JnlL Jm
Diblock Copolymer A Major parameters
000000000000 A N: Polymerization indexsegmennumbe)
A a B A f:Volume fraction of A block
A 6N: Incompatibility between A and B block

_ _ _ _ A a:Segment length
N=12, Na=6, T=NJ/N=05 A 1, *Segment volume
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Freely Jointed Chain (FJC) Model
I

1

i1 d(|R| - a) Only nonzero at the surface
2 of a sphere of radius

A Idea:In one polymer chain, there axa-1 segments. The segments can be treated as tad@mty the mass of the polymer,
and the length between the beads is fixed; Essentialli{thebeads are connected bM rigid rods of length a. The
position of each beadigbeledas; (i= 0, M), é

A Essentially, we are separatipgrts determining volume (beads) and length (rod)

A We assume theods are completely flexibleso that the energy does not depend on the joint avimglemay think that this
model is unreasonable considering its chemical structure. Thestablished universality of polymers allows one to fit a
long enough polymer to this model by adjustishgnd segment lengén

A Additional interaction between beads can be added later using a proper potential energy term.

A If no such potential energy is given, it simply beco@Bsandom walk problem.
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Random walks and the dimensions of polymer chains

Let us find the universal behavior of polymers in terms of the overall dimensions of a
polymer chain, and how these are related to its degree of polymeriklatitare is an

extremely simple model quantitatively accounting for many properties of polymer chains
and provides the starting point for much of the physics of polymers. This model is that of an
ideal random walk, which is realized in the idealization ofraely jointed chain.

The freely jointed chain and its Gaussian limit

In this model we consider a chain withiinks, each

of which hadength a (hence there ang+1

segment$. The different links have independent
orientations. Thus the path of the polymer in space i
arandom walk. The eneto-end vector is simply

the sum of thé\ jump vectorsa, which represent the
direction and size of each link in the chain:

N
r=a, 8, & -+ a+t+aq
=

The average of thend-to-end vectoris zero. The
average of its square is

0= () 4rp(d B0 ( &)




Picking out theN cases where= | we have <r 2> = <a ai2> < aa. aJ'C>
i ]

If the chain is freely jointed, the directions of different links are completely uncorrelated
and the crosterms disappear when the average is taken. We recover the familiar random

walk result

(r’)=Na® or R 4/r?) #a a af
The overall size of a random walk (the natural size of a polyiRgeis proportional to the
square root of the number of steps.

What is distribution of possible exid-end distances?
In the limit of large N, theprobability distribution function P(r, N) is given by the
Gaussian function. (Proof in next slide)
s 3 6. & 32
0

a
P(r,N)= A ex
() S2pNa? pge 2N&

This expression is very important in understanding the physics of polymers. The
configurational entropy Yr) of a polymer chain as a function of its elongation is
3K, r°
S(r)= —=2- eonstan
2Na
33




Central Limit Theorem for 3D FJC

j-th monomer of the freely jointed chain has uniform orientational distribution fronm th&th monomer.

(Spherical Bessel function)

: 1 :

P - P = ]: 1 ~ ik-r
(r;J) 4p mn (r m;] ) .|:(r):(210)3 rerk fq()
This relationship can be recursively applied in the Fourier space,

N1 o ik . . . -
P(k,J):E ne*"Pk,j 1) Rlak|)Pk.j 1 i1
P(k,N) =8k (ak|) gPk,0) P¢.0) =(r), Pk,0) ?

1 r - N
P(r,N)= ke g, (ak
(1 N) = PP 8b(2K )
N
e (gk|) @
o 3 3 ﬁjkém Q- (a|6|) ; Ffixexpl Ax® +b-x) e exé1
(2,0) 8 H fxexp ?’Z‘Q %—
a (alkl\y’ o 32
o 1ok exp® @K ik __ P(r,N)° 5 >0
(2p) 2 6 0 oNa&’ =
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Whenwe stretch a polymer chain, its entropy is loweredHow can you do that? Maybe
one can useptical tweezer3d This results in an increase in the free enéigy:

3K, Tr?
F()= 2IE<|a2

eonstant  {r) = F(®) %;Tr

A polymer chain behaves like a spring witbring constantt BgT/N&?; if it is stretched

beyond its ideal random walk value there is a restoring force proportional to the extension.
This restoring force does not arise from an increase of internal energy of the polymer, as it
would for a spring. The origin of the force is entirehytropic. There are fewer possible
configurations of the polymer chain when it is stretched compared to the random walk state.
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Beads 1 Spring Chain (BSC) Model

(R)1 2.3 392 4 R WA e b
c2pat 2 ¢ 2a° gHie ol 5.

A Basic Idea: Again, theolume is contained in theN+1 beads

A As the distance between tweads increases, there is higher entropy loss. This can be represensediiy a
potential. (Now the restoring force arises from an increase of internal energy of the polymer.)

N-1k ) N 4 3 )
V=293 —(r . ¢ A " r.
Ia:(.)z( i+1 |) i:?.2a2¢|i |)

A By appropriately settindQ of¢® , we can make the RMS length of each bond ta. By using
the potential as Boltzmann factor, the above bond function can be obtained.

Ao Ae’ 1 1" &4 interactionenergy 5 A1 / aw "H 37 " tKlo
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Central Limit Theorem for 3D BS Chalin

The probability distribution function of the eitokend vectoR of the chain consisting ™ segments :

P(R,N) = fi, off--- daNﬁZ -'8'_.13n @ R 3,

Gaussian integral

a(r )
0
P(R, N)_( p)3 p:h Cﬁ daNnd<eXp@k &Q a a C&l |:1>(an)
(zp) dq &, daNOnexré -k af) P(a,)
(2,0) cﬁexp(k rORr ( )ﬂ
1 a3 OBNIZ ki © a. . 3* oo
= ké Xpge k 1O ——
ey St 2 Trivee z o
L e S exn 2K 00
" (@) e U
1 a Nak? %)
K k R G
"oy - R
~a 3 ¥l 3R? 0O CEnd distance is also Gaussian
0

o &
o P eX
c2oNat 2 %e 2N&

(refer to a bookoi and Edwards, Appendix 2.1)
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Real polymer chainsd short-range correlations

The freely jointed chain model has the appearance of being rather unphysical. We know
from elementary chemistry that successive links in a polymer chain are not free to rotate,
but instead are constrained to have certain definite bond angles.

In this case, the crogerms describing the correlations of neighboring bonds do not
disappear. The surprising and important result of more careful calculations is that the
presence of theshort-range correlations does not alter the basic random walk
character of the polymer chain statisticslt simply leads to an altered effective step size.

Consider, for example, a model in which the bond (with Isjze free to rotate
(freely rotating chain model), but has a definite bond angieNow, if we redo
the previous calculation we find the crdesms to be,

a@, b'cosg (a aQ) b’wos¢

What about the relation betwearanda;; ? The only correlation between tae

anda;; jthat is transmitted down to the chain is the componeatalbng the I cos”6

bond vectoi; ; This value i cosd. Because the angle betwesn,anda;; ,is - o530
againd, the leftover memory dd; when it reaches ta; .is bcogd. Generalizing o

this, one can conclude that ° o

(a&.,) b'cos'q
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Real polymer chainsd short-range correlations

As cosdis always less than unity, the correlation dies away along the chain. The mean
square endo-end distance is now

)zak @) aed ol e a)
= Nb’ +b2£ ;éco§q +a:o§ S
i=1 Ck % k & -

Assuming the chain is long enough so that for most cases the summation ce
replaced by the infinite summation as follows,

N °|1

2N Coy
coskq+ 0§ g @2
8_18%?‘ 6'(3 9 .191_@3 1- coxg

Finally, the meassquare endo-end distance is

(r?) = 21T e R/ 1 +cosg

1- coxy 1 - cosg

39




Real polymer chainsd short-range correlations

Thus, at least for thg, calculation, we canegard that it is a freely-jointed chain with N bonds
each with statistical step lengtha (Kuhn length).

If one knows the chemical details of the polymer, the statistical step length may be calculated.

More practically,one can extract their values for a given polymer from experimental data on chain
dimensions.

There exi st many ot he# i khaicrh amad enosdd ed wg h Aehs nidvea rerd

rotat. i

and nrotational il someri c state model O. (See Rubinstein p:

Whichever model we take, as long as the interaction is-sfwoged, one can always conclude that
(r’)=C,Nv* =N& a ¥yGt
with a proper constarit that depends on the model.

o ¢ short range selihteractions = 6 / wHgt OAn” yo., " 1 C/ A short
range sekinteractionk T AC nn A O, "I universality class € ¢ N €
Qlco” W
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Real polymer chainsd short-range correlations

Kuhn“FlEfqt ™ Te b Te  w¥_ T L wu 4 Fnswq FICP[uB " Fo0.

o Ereference £ x A T C ~% T persistencelength)n O - W FUadk" To . 1t & caFo0.

Table 2.2 Assumptions and predictions of ideal chain models: FJC, freely jointed chain;
FRC, freely rotating chain; HR, hindered rotation; RIS, rotational isomeric state

Models FJC FRC HR RIS
Bond length / Fixed Fixed Fixed Fixed
Bond angle ¢ Free Fixed Fixed Fixed
Torsion angle ¢ Free Free Controlled by U(y) tg+,8—
Next ¢ independent? Yes ‘1Yes o Yles NN ‘9> No

+ cos + cos CoS :
Coc 1 T—cosd (l — Ccos 6) (1 — (cos cp}) Specific

Here is another approach to understand the statistical behavior of polymers using a simplified model. We can conceive of
collecting g segmentdo create one large imaginary segment whose bond vector directions are practically uncorrelated.

Now there existsiNt N/g large segments with volume@Z s (X" and the effective statistical step length of each ladtjd
IS given by

(r’)=Na’* =Nia’i a N & g

N
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NKj b t1é Fomidortn 0 g |, KON QO.O D7('3'('I=>"Q1-é
€1 +0. = NF &t o4 g invariant degree of polymerizations Ok 0
- 31,d oRTED’ I’ T T sHKEI N Lad>F0.

6" T EWMeaqT T To ¢ TE" TE e (fluctuation) = 0" m=®n 3 A fluctuation s + a2
©o.f /A0 Oo I E“Tn-"-U}EIEn=ooﬁII, V" 4 0.9/ 1 SCFT¥ - k .=|=:

06 B As + 5+ "0 KLGBIELFTSF - L AAp £+ HEG uvnmm £0+ i -

AeqT U® 0.

One valuable guestion is if the actual polymer behavior can be properly described by these modélaiieitioeners with
sizea or NNjponomers with sizal)lj The answer is not always yes, but the concept of universality establisheGbymeand
others suggest that many polymer properties can be explained by such simple models.

This simple example shows the typical way in which polymer physics tries to prooceéunihg-range structure (in this case
the size of the chain specified By) is given by statistics and ishiversal (i.e. independent of the chemical details of the
polymer in question)All these chemical details go into a few parameteysvhich may be either calculated on the basis of
detailed theory at the atomic level, or extracted from experiments.
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Universality

N

N

Fo QA randomwalk +£p~ " ¢+t AOT 71 CI
- Tegprelr xt «8f o i

L T

" Teqgodue’ g 44 interactionk @2 short rangé A hard

core repulsion =~ Qo -" " 55/ Ap 6o (isotropic N Q k) Hin _ ~ Ef \ E
LT : - .. - =cC r SAr if

repulsiori I attractioqy T Y R~ 0.8/ Fs & 1 = F1 5 A kT 67 5r) 5 )

contact interactiopt Co AU A® Q¢ "~ HO.

At small N, things such as the range of the At large N, the range of the interactions and

interactions and the persistence length of the the persistence length become negligible

polymer chains are important relative to the size of the molecules

Thus, all systems reduce to the standard

Gaussian chain model with contact
CN—. interaction in the limit of) © Hb,
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Excluded volume, the theta temperature, and coil-globule transitions

In the above analysis, we accounted for interactions between neighboring links of the chain,
but we neglectethteractions between distant points on the chain

It turns out that these interactions are important for an isolated chain, and tnarigeg
structure of the chain strongly depends on them.

At the simplest level, we know thtite chain cannot intersect itseffthe monomer units
have finite volume and two cannot be in the same place at the same time; i.e. we have a
selfavoiding walk.

The mathematics of se#voiding walks is much more complicated than for simple random
walks; instead ofr2@2 = aN'2, selfavoiding walk resultgr2@’2 = aN® where theexponent

3> 0.5. The effect of excluded volume is to swell the polymer chain over the random walk
value.

True polymers will have lonrganged repulsion and attraction in addition to the short
ranged correlations.

One may think that the exponeris a complicated function of the details of the interaction

potential, but it turns out th&kr long enough chain, it only depends on the nature of the
overall interaction (repulsive or attractive) and the dimension of the polymer
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Excluded volume, the theta temperature, and coil-globule transitions

We can estimate the exponent for the repulsive case using a very simple argument due to Flory.

We consider polymer chain in solvent the polymer molecule to be a gad\odegmentsonfined
to a volumeV ~r3, wherer is the radius of the polymer coil that we need to determine. The
concentration of segments,is now given by

c=N/V~N/P

Consider a gas & atoms confined to a volumé If each atom occupiesvalume v which is

iInaccessible to the other atomdahe entropy per atom is reduced by a factdgoN/2V. (Factor
1/2 is from the double counting.)

In our polymer coil there is a positive contribution to the free energy due to the excluded volume
Fep Which we can write as

_ N2 N2
Frep - kBTVE - kBTV?

In this way, segments within the chain repel each other as a result of the excluded volume effect,
and it tends to make the chain expand. But this expansion is opposed by the effect of
configurational entropy introduced earlier. Its free energy expression is

_ 3k, Tr?
|:el - 2
2Na
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Excluded volume, the theta temperature, and coil-globule transitions

If we now minimize the total free enerdy,, = F;+F,) with respect t, we find

r> ~Nda’
Thus, the optimum size of the real chain in the Flory theory is

M5 2/5 \j3/5
R ~V*a®°N

Often one assume that the exclude volurmea? for simplicity. Then R. ~ aN*®

15

Thus,Fl ory 6s ar g um8/fThe size of prgsealsR. 4V Nyz O
chains is much larger than that of ideal chains, aNY2 éég 0

Regardless of the solvent quality (as long as it is good enough) and details of the polyrper
chain, one gets aniversal power lawdependence of polymer size on the segment number,
2 2
r- N
In a more general theory éhdimension, F ~ N + E

and its minimization leads to R ~ N*(4*?

which suggests that 17 =

d+2

AtQ ¢’ oft,andalQ Tt,” pJ¢. Itrecovers the ideal chain exponenfat t. At the
critical dimension, -% , there are actually log correction such¥s 0 (1 10G¢ .
46
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Excluded volume, the theta temperature, and coil-globule transitions

The success of the Flory theory is due to the cancellation of errors.

1) Computer simulation of random walks with excluded volume show that the
number of contacts between monomers that are far apart along the chain does
not grow withN.

i) The elastic energy is also overestimated because the ideal chain conformational
entropy is assumed.

More sophisticated theories usirgnormalization group provides accurate scaling exponent
of the swollen chain in three dimension, T | x8x(0.588 to three decimal places).

Experimentally, the chain dimensions of very dilute chairgimd solventsare found to be
swollen in the way predicted (though available experimental precision can barely
distinguish between the Flory value of 3/5 and the more exact value).
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Excluded volume, the theta temperature, and coil-globule transitions

In the above argument, we have neglectedesr@ygetic interactionbetween neighboring polymer segments or between polymer
segments and neighboring solvent molecules.

Here is a simple way to introduce such interactions. We basically assurtieethatyment of a polymer and a solvent molecule
has the same volume, and they fill in the space while making contact witmeighbors

[} S;l

primitive © @T O, Nr, / AE]

ELY® 3. Teqg 7F" 1 $HKEZ / AlE+p
T1 Fsdexact v 0" V6

We take the energy of interaction between two nelghborlng polymer segmé@,tsbaﬂNeen two neighboring solvent segments as
[, and between a neighboring polymer and solvent segme‘;}t as

If we assume that the polymer segments are uniformly distributed within the coil with a conceotrdiidy f =ca’ = cv
Is the dimensionless density of the polymer in the coilpemprobability that a neighbor of a polymer segment turns out to
be another polymer segment

Now we carestimate the number of contactbetween different polymer segmeis, between solvent segmems, and
between polymer and solvent segméys as

1 1
Nppzisz N, =zN1 -J N, N, E'ZNf zfL )

whereNL is number of solversolvent contact when there was no polymer. Writing down the interaction energy, we obtain
48




Excluded volume, the theta temperature, and coil-globule transitions

Uim:%ZNfﬁ) +ZN(1 -)f e +§eﬁ° %-ZN zfl )

1
=NJe. EZN( £t - p) ezl\( s e)s- e

We cancombine the interaction energies into a single 1
interaction parameter G, given by cke T 2 2(2 G " of 'SS)

Now the interaction energy can be written %6 (G 0 U fw)

N

U.. = -cNk;Tcv eonst =ciNk Tv\7 cons

This equation has exactly the same functional form for the repulsive free energy due to
excluded volume. Combining the two terms, we have

F..+U.. :kBTvN—2 €NK3TVN = TVL 2f)lz
rep In N V 2V

Thus, according to the value @fwe have three different kinds of behavior:

1.G< 1/2: the repulsion is dominant and the polymer chain is expanded with arradius

N3/, This is referred to agood solventbehavior. (More precisely, the exponent is 0.588.)
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Excluded volume, the theta temperature, and coil-globule transitions

Experimental measurements of chain size

2.6=1/2: the repulsive effect of excluded volume is exactly cancelled t 1000

the attractive effect of the polymer/solvent interactions. The polymer ch f

makes an ideal random walk, with- N2, This situation is known as the 1004

theta condition. E | 0.59 12
3. 6> 1/2: the attractive effect of the polymer/solvent interaction out = 10'?

weighs the repulsive excluded volume interaction, and the chain collap i

to form a compaatlobule. The exponent for the globule is usually 1/3 R S S

- 5 e
in three dimension. (@/in d-dimension.) 1o 10 100 107 10
M, (g mol™)

Radius of gyration of polystyrene in a 8-solvent (cyclohexane at 34.5°C)
and in a good solvent (benzene at 25°C)

From Fetters et al., /. Phys. Chem. Ref Data 23, 619 (1994)

As the value of the interaction paramei&@etween a polymer and a solvent
Is changed, for example by changing the temperature, the polymer
undergoes a transition from an expanded chain, or coil, through the theta
temperature to a collapsed colil. This is known agthieglobule transition.

Note that for typical polymers, its temperature _ _ B
. . c=A +
dependence dafis experimentally known as

whereA andB are some constants. The figure shows the case that pH contre|safzmeter.
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Excluded volume, the theta temperature, and coil-globule transitions

At a specialintermediatetemperaturecalledthe d temperature, chainsarein nearlyideal conformationsbecausehe

attractiveandrepulsivepartsof monomermonomerinteractioncanceleachothetr

Segment size a~ 0.1nm

Number of Segments N ~ 102 - 10'°. Consider the case N = 10°.

0-solvent
R @aN"?

Long-range repulsion Good solvent

R@L @N R @aN*'®

=23 == e

Environment change

<3 E—
R~ 400nmr R~100nm

R~ 0.1Imnr

Poor solvent
R @aN"?

N ]

®

R~10nm

Our treatment of excluded volume and the interaction energy is too crude to allow us to deduce the details of theeshape of th
transition, but a more sophisticated treatment revealsithatansition is a thermodynamic phase transition in the limit
of long chains,N Y D; the transition may be first or second order according to the stiffness of the chains.
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Polymer Under Tension

In orderto emphasizéhe differencebetweendealandrealchains et uscompareheir behavior under tension
Considera polymercontainingN monomerof sizea, undertensionin two differentsolvents
1) a d solventandii) an athermal (good)solventwith excludedvolume o =|= :

A convenientool for this type of problemis theblob picture.
Dueto tensionf, thelong chaindividesinto linearly connected
blobs, and inside each blob, the monomersare practically
makingrandomwalks of the givennature

Assumingablob of size, containsQmonomers,

Caf ideal
oL real

Theextendedsizeof thechainis

Y — — — ideal
T e
Y — - - real

The free energycostfor stretchingthe chainsis of order’Q “Ypertensionblob (sothatthe monomerstatisticsis unperturbed
insideablob):.
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Polymer Under Tension

06RY QY- U *Q"Y(—) ideal

¥
O6Y QY Q= Y(—) real

Theforce necessaryo stretchthe chainto endto-enddistance
'Y canbeestimateds

Q — Ideal

¥
Q (—) real

Thesameresultcanbe obtainedby differentiationof the freeenergywith respecto’yY 8

Ideal chainssatisfyH o o klawowsth force llinearly proportional to elongation=| garor

realchainsthedependence non-linear with the exponent3/2 for h I . Thiswasfirst
derivedby PincusandtensionblobsareoftencalledPincusblobs

Thistypeof blob analysisis very helpful in solving may polymerproblems Sometimeghe
derivationof importantphysicallawsusingscalingtheorylookslike anart
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Excluded volume, the theta temperature, and coil-globule transitions

S N
2RISR (%csvp o

Dilute (C < C*) Overlap (C =C*) Semi-dilute (C > C*)

~

GoodsolvenD/ m k3 g~ Te" B, 1" diuteregimeo .+~ Te g, . EYOOT 5
10.o T./QuiECH” T OA/ 7F g3 TUFE 49T Xu 0.

a
’

e T O " v Z A N~ ‘ “‘. 5 6 l’j
Teqgan® 6'0onpng  OMypsss A A gx ox O 5% 6 T when'  ofu
= O .Semidiluteregime¢ A - ) TWKE3I T/ Xt & Y )

‘"T " . A- 0.

or" €T /AT Te OAF Rt nk3ur D YT EEDT " To meltfo.) TiE™ To
OAT Tl 134 514/ Xu 0.
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Under good solvent environment, polymers do not follow random walk statistics in dilute

Chain statistics in polymer meltso the Flory theorem

solution because the chain is swollen. What happens as we make the solution more
concentrated, ultimately arriving at the polymer melt? Counterintuitively, rather than
becoming more complicatethings become more simple: chains follow ideal random

walk statistics in melt

This was first realized in 1949 by Flory and put on a sound
theoretical footing by Edwards in 1966, when he introduced the:
idea of screening. Here is a simple plausibility argument. Cons;
schematic plots of the segment concentratianross a section
through space. For a dilute solution, chains are isolated and
segments do not interact with segments from different chains.

Polymer segmen

The effect of the excluded volume interaction is to include an

Polymer segment

unfavorable energy proportional to the probability of two segme* *

being close together; that is, proportionatioT his leads to a forc
on the segments proportionalddddx, which tends to make the

chain expand. Now as the concentration is increased chains stE,=

overlap;dddxis smaller and the repulsive force is reduced.

Polymer se

ncentration

p=

Dilute

Semi-dilute

Distance

Finally, in the melt, the concentration of segments is essentially uniform; thus there is
no repulsive force between the segments and the chain follows ideal random walk
statistics This result was confirmed by neutron scattering in the early 1970s.
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Measuring the size of polymer chains

Thedimensions of polymer chains are most directly measured by scatteringhis
method relies on the interference of waves scattered from different parts of an extended

scattering object. What a scattering experiment usually measureasithe of gyration
Ry which is formally defined as

=LA o) ra A A
N+1i:0i CM CM N-H-|:gl

wherer; is the position of theéh monomer. The radius of gyration can be written in the

alternative form.
2 — r .
& 2(N +1)° "flo Jg( ")

One can see that this is essentially the same as the moment of inertia of an object.

Table 2.4 Square radii of gyration of rigid objects: uniform thin disc of radius R, uniform
sphere of radius R, thin rod of length L, and uniform right cylinder of radius R and length L

Rigid objects Disk Sphere Rod Cylinder

R R*/2 3RS L*/12 (R*/2) +(L*/12)

For a random walking polymer, it can be shown Rat R/a6 at largeN limit. Hereis the proof.
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Calculation of the Radius of gyration

When hT m|is large,R,T R of an ideal chain has a Gaussian distribution with variamicenja?

3[2

a 3 0 a3R. R 5
PR -R.) = 5 ex n___m (R.-R_)?) =|n m|&
(Ro- Ro) @pln-mﬁf 9 pge 2|n-m|a < > | |
Therefore,
5 1 N N ) 1 N N é
_ 5 AR R _ 2 m
Voo d AR RO g g R
For largeN, the summation can be replaced by an integration
2o & A dn n- Adn =" dpy 2 (n-m *x
Ry =onzf 9, A n-m Adn Am v om= dfy o dkf
2 3 e.,2|" 2| N o 2 i 2 3
VR =2 g e =R dnes| U= pnes N e
2N° 3 6 6 62, 2|, p° &2 ZN (I
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Measuring the size of polymer chains

In deciding what kind of radiation to use for the scattering experiment, we have to consider two factors:

wavelengthd the radiation must have a wavelength comparable to the size of the object, so that we can detect scattering
from the object;
contrastd the radiation must interact differently with the object than with the medium it is immersed in.

The possible types of radiation are as follows:

Visible lightd here contrast is based on refractive index differences between the scattering object and its environment. The
relatively long wavelength compared to molecular sizes means that even quite large polymers scatter to wide angles.

X-raysd here the contrast is based on differences in electron density between the scattering object and its environment. This
means that the scattering object must contain atoms of relatively large atomic number compared to the surroundings. The
smaller wavelength than visible light means that objects with sizes typical of polymer molecules scatter at small angles.

Neutronsd here the contrast is based on differences in nuclear interactions. As it happens, the scattering of neutrons is
very different for hydrogen and deuterium, allowing one to distinguish a polymer molecule from a chemically very similar
environment bydeuterium labeling. The wavelength of thermal neutrons is similar toa)(s.

Although neutron scattering is expensive, the fact that it can distinguish between hydrogen and deuterium means that
measure chain dimensions in concentrated solutions and metgthis cannot be done any other way. (Something very
easy in simulation can sometimes be extremely difficult in experiment.)
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Polymers at interfaceso adsorbed and grafted chains

Polymer chains bound to surfaces can profoundly modify the interactions between such
surfaces, giving a mechanism for #tabilization of colloidal dispersions We are now in
a position to understand the physics underlying this steric stabilization in more detail.

(b}

Two important ways in which polymers can interact with a surface are illustrated in the
figure. In (a),adsorbed homopolymersrelatively weak interactions between an individual
segment and the surface anchor the chain firmly to the surface.

The conformation of the polymer chain must be perturbed by its interaction with the surface,
and more severely perturbed conformations are observed for higher energies of interaction.
However, it is a difficult subject to quantify the relationship between the adsorption energy
and the overall conformation of the whole chain.
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Polymer Brush

The situation in which chains are attached by one end to an interface turns out to be much more easily dealt witHytheoretical
as well as being relevant to a number of practical situations. If the grafting density is high enough, the polyneishaed
outwards, and we call it@olymer brush. There are two types of polymer brushes. The first typdrsshimmersed in

solvents and the second type is a brush made by polymer melts.

Let us estimate the heighof the brush in solvents. Suppose we have polymers of degree of polymei;adimhtheir
grafting density ig; i.e. the average area for one chain is &hd the volume per chainhfl. The stretching energy of a chain
IS estimated as

3 h?
F,=—k.T
el 2 B Naz
the combined excluded volume and interaction energy per chain is
N? N’s
FeptU i KeTV(1 2c)§ ksTa(1 2 ¢ o

. 1/3
Finding the value of the brush heidghthat minimizes the total energy gives s~ gl- 20) 4 g Na

This reveals that a chain egdafted to a polymer surface at high enough densities is strét¢thedathain dimensions vary not
asN®® put as dinear function of N.

For the polymer melt case, the brush height is more easily calculated. ;
The volume of each chain is approximatiig? and this must be h~s Na
equal toh/0. Thus
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Block Copolymers (BCPSs)

AB Block Copolymers PSb-PMMA

O @)
x  Two chemically distinct polymer blocks joined
together === AB block copolymer formation 'TI
C—C
I | n
H H
= -n
Incompressible melt of AB  Diblock Copolymer Phase Behavior in Bulk PS PMMA

x  The repulsion between A and B results in the formation of nanometer scale structur

x  Symmetric block copolymers formicrostructure consisting of alternating
lamellae of thin Aand Brich domains with period dd =10 ~ 100 nm.

_ Other Microphasesare available
10 ~ 100nm size

61




Block Copolymers

Classical Phases

0.0
QO
© O
D% M. W. Matsen, 2006
%D M. W. Matsen, J. Phys.:
DG o Condens. Matter |, 14, R21 (2002)

S

e N Microphase ik
< ( Separation I
D
x  For a diblock copolymef,is used to represent the fraction of A in the polymérf is the
fraction of B.
x  Depending orf andcN parametershie domains tend to form hightyrdered periodic Major parameters
geometrics, of which the lamellar phase of alternating thin layers is the simplest. (| N : Polymerization index
represents the degree of repulsion between segments.) f: Volume fraction of A block
6N : Incompatibility between A and B bloc
x  This ability to selfassemble intordered nanoscalemorphologiesof different geometries a : Statistical segment length

IS used to createanostructuresthat are applicable for various higgch applications.
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Phase diagram of AB diblock Copolymer Melts

Microphase Separation of Block Copolymers

X Various microphases are experimentally observed and theoretically confirmed to be stable.
x  Common phases: Lamellar (L), Cylindrical (C), Gyroid (G), Spherical (8)her Microphasesare available

What is a Phase Diagram?

x A map of stable BCP phases. Statistical mechanics is a tool to investigate the phase behavior of polymers.
x  This phase diagram obtained 8gl-Consistent Field Theory (SCFT) Spectral Method.
x  SCFT has provided a useful tool predicting the morphological behavior of polymer materials.

Lamellar Cylindrical

Spherical

disordered

L (b) SCFT, N =

0'...1‘..1...|...|A.‘
0.0 0.2 04 0.6 0.8 1.0

f
Phase diagram of PI-PS BCP (left), theoretical phase diagram using SCFT(right)

Matsen M. W.; Beardsley, T. M.; Willis, J. D. FluctuatiGarrected Phase Diagrams for Diblock
Copolymer Melts. Phys. Rev. Lett. 2023, 130 (24), 248101
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Rubber Elasticity

The first statistical mechanical
theory of the mechanical properties
of a polymeric material was the
classical theory of rubber elasticity,
Chemical bonds between polymer
mol ecul es are cé¢

A rubber is a polymer melt in which
randomly placed crodsmks bond

the chains together to form a
macroscopic network.

Sul phur can crosslink natur al rubber. To observe
aboveT, for the polymer.

At a local level, the material behaves like a liquid; in particular the bulk modulus is rather
high and to a first approximation the material may be taken as incompressible. However,
the crosdinks mean that macroscopic bulk flow cannot take place, and the material has a
finite shear modulus The classic theory of rubber elasticity uses statistical mechanics to
calculate the shear modulus.

To calculate the modulusgie start by making an important assumption: when the rubber is
deformed each individual crotisk point moves in proportion to the deformation of the

whole sample. This is the assumptioratifne deformation.
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Thus if the initial dimensions of the sample gré,, andl,, and after deformation these dimensions becaine
al, andal,, the position of a point at coordinatasy(, ) transforms togx, gy, a32).

If we consider a single strand between two cimdspoints, one of which is initially at the origin, and the other
is at the coordinateg,(y, 2), we find its initial mean entb-end distance ig> = x> + y? + Z2.

After deformation, the new mean etwend distance f = a°x* + g%y + a°z°. Using the relation for the entropy
of a Gaussian chain given in Section 5.3.1, we find the change in entropy per strand on defaRatigro
be given by

08, 535402 9% (¢ )5 ((H97

If there aren strands per unit volume, we can use the relad@@= 0,20= &2O= Na?/3 to write the total entropy
change per unit volumes, . that results from the deformation as

Dalolume = r;kB 3/3 -h’z -'27, 3

Yy z

Let us take the simplest case of deformation, a simple elongationxmlitteetion, and assume that rubber is
incompressiblg & = & g = a = 1/as; we find

2
/

-nk; e,, 2 [0} nk, T £
D — V4 + 3- N\ F — ﬁ
S/olume 2 gl / H onme 2 g
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This is simply the elastic work done during the deformation. From this, we can obtain the
relation between tensile strddand straire by noting that=1+e, andU= dF/de. Thus

_ -6 1
z‘—nkBTg(l +9) —(1+e)2

This is a norHookeanstress/strain behavior, but we can expand for small strain to find that

[ @8nk,Te E=4e 3nk~

whereEi s t he Youngods modul us. Once agRossonraisgamavarseg | ncompr ess
strain / axial strain of 0)3his gives for the shear modulGghe very simple relation (proof nshown here)
G=nkT

Another convenient way to express this result, which we will use later, is in teivjstbe average relative
molecular mass between crdsiks, and the density.

G:r_RT
M

X

whereR is the gas constant. This remarkable result indicates that the mechanical properties of a rubber are
functions only of the temperature and crbsk density. As long as the chains behave in a lidikel way (i.e.

not glasdike) the chemistry of the polymer chains and the nature of the-lonkssare not relevant.
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https://en.wikipedia.org/wiki/Poisson's_ratio

Viscoelasticity in polymers and the reptation model

Polymer melts are usually highly viscous, but they also show very marked viscoelastic
behavior. In this section we will review the basic phenomenology of polymer viscoelasticity,
before introducing a powerful and simple model that allows us to understand and make
guantitative predictions of polymer viscoelasticity from a molecular point of view. This
model is the theory akptation.

Characterizing the viscoelastic behavior of polymers

Viscoelastic liquids can behave either elastically or viscously, depending on the timescale
over which they are deformed. Here we define measured functions that can characterize the
observed viscoelastic properties.

Thecreep compliancel(t) is defined with reference to an experiment in which a strgss
applied at time = 0 and held constant, and the str&t) is followed as a function of time.
The creep compliance is then given by

e(t)=s,J(1)

The form of this function for a typical

viscoelastic material is sketched in Fig. (a) \
After an initial fast, elastic response, the
sample slowly creeps before settling down : . A
to longterm viscous behavior in which the T Time e

. . Stress applied Strain applied
strain rate IS constant.

(a) (b)

Stress

here here
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() (b)

0 0

Time
Stress applied Strain applied
here here

Stress

Time

Thestress relaxation modulusG(t) is defined by an experiment in which a strajims
applied at time& = 0 and held constant, and the stig$sfollowed as a function of time.
The stress relaxation modulus is then given by

s(t)=&G(Y

A typical shape for the stress relaxation modulus is sketched in Fig. (b). The initial response
IS elastic; as the material starts to flow the stress falls away to zero. An extremely important
type of deformation, both experimentally and for theoretical considerations, is an

oscillatory deformation at a certain frequencyif an oscillatory strain of the form

e(t) = g cos(wt)

Is applied, then (for small amplitudes) the resulting stress can be written as
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s (t) =& &Gi( Wcos w-G (i )gin ti

whereG'(¥) = GNy) +iGnf¥) is thecomplex modulus The complex modulu&’(¥) is
essentially the Fourier transform of the stress relaxation mo@gtus

The complex modulu&® thus tells us about both the elastic response and the viscous
response at any given frequency. The real (dfs the elastic component of the response,
and is known as th&orage modulus The imaginary partznj is the viscous component of
the response and is known as lthes modulus

This analysis is analogous to the damped harmonic oscillator or the optical system with
complex dielectric constant. The phase angle of the resppnseajiven by tani = GnfGNA
material with @anut greater than one will exhibit more damping than a material wiin a
less than one.
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Linear viscoelasticity and the Boltzmann superposition principle

Inpat
/:‘ 6 563

For small deformations one can assume & ¥ a0
that each loading step makes an e
independent contribution to the total Response
loading history, and the final deformation _
is simply the sum of the response to eaclf
step, as illustrated in Fig. 5.6; i.e. we are
basically assuming the responsérisar.

Time

Thus it follows that we can write the strain as an integral involving the creep comg{gnce

e()=f I(t +)d £ )r = p(t )ﬂrsdf_’)d

and, similarly, the stress as a function of time as an integral involving the stress relaxation
modulusG(t)

s(1)=f.6(t -2
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Il n the special case where the shear rate I s cons
U(t) = d,e and gives us a useful relationship between the viscdgitynd the stress
relaxation modulus:

h=1G(t -9d = (1) dt

The viscosityd, is called thezero shear viscosityto emphasize that this relation relies on
the assumptions of linear viscoelasticity. It is common to go beyond the linear regime in
experiments, but the theory of rbnear viscoelasticity is extremely complex and beyond
the scope of this book.
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The temperature dependence of viscoelastic properties: time -temperature
superposition

We have seen that viscoelastic quantities are intrinsically a function of time. Experimentally,
one also finds that the viscoelastic properties of polymers are a strong function of
temperature; for example, a very viscous polymer solution or melt will become less viscous
on being warmed.

It turns out experimentally that the dependences of viscoelastic quantity on time and
temperature can be factorized. Taking the stress relaxation modulus as a functiort of time
and temperatur€, G(t, T) empirically follows

G(1T)=6(atT) oga o2

wherea; is a temperaturdependent shift factor.

It is common to use the glass transition temperature as the reference tempgrature
which case the constar@s andC, take values which are rather similar for many different
polymers. Taking the logarithm as being to base 10, as is usual in the polymer literature,
these quasiiniversal values ar€,? = 17.4 andC,? = 51.6 K. This expression is known as
the WLF equation, after William&andel and Ferry.
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The fundamental significance of tirkemperature superposition is that it tells us that in the
problem of viscoelasticity all the microscopic timescales scale in the same way with
temperature. We can anticipate that in any microscopic theory of viscoelasticity the
temperature will enter via a single temperattependent parameter.

The specific form of the WLF relation for the shift factor given in the previous page can be
shown to be equivalent to the statement that polymers have dynamics obeying the Vogel
Fulcher law, like most other glagsrming liquids.

In addition to its theoretical significance, the principle of timeperature superposition is
very useful experimentally, as it allows us to build up data sets covering very wide effective
ranges of timescales on instruments whose actual range of accessible times is much smaller.
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Viscoelasticity: experimental results for monodisperse linear polymer melts

Viscoelasticity is best understood for melt
of linear polymers in which the distributior w)  u®
of relative molecular masses is rather
narrow. For such materials the quantities 2 Platca

characterizing linear viscoelasticity show 2 \ \ < modulus
N, N

strong universal character. In the figure, tt
stress relaxation modul@t) is shown for
two chemically identical polymers with
different degrees of polymerization. Log(time)

2

At short times, the curve is independent of degree of polymerization. At intermediate times
there is a wide range of times for which the modulus is essentially canshasis the

plateau modulus The value of the plateau modulus does not depend on the degree of
polymerization. The plateau ends @eeminal time U, which does depend strongly on

degree of polymerization, according to a power law N™, where the exponent a 3.4.
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In the plateau part of the curve, the polymer behaves like an elastic solid. In fact,
the numerical value of the modulus is comparable to that of a lightly-linkssl

rubber. After the terminal time the polymer flows in an essentially viscous manne;, = er(t) dt
here the creep compliand@) ~t. The zereshear viscosity, is related to the

terminal time and the plateau modugsasd, ~ C}Gp.

As the plateau modulus is independent of
degree of polymerization, the molecular
weight dependence of the viscosity should
be the same as that of the terminal time.
Thus we expedl, ~ N, where the exponent
ma 3.4. This dependence of viscosity on
degree of polymerization is exactly what is
observed whenever the degree of
polymerization is above a certain critical
valueN..

This is illustrated in the figure, which shows the dependence of zero shear viscosity on
relative molecular mass for polybutadiene. Very similar curves are found for all linear
polymers; belowN, the viscosity is proportional td, while aboveN, we find d, ~ N34
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Entanglements

The striking features of polymer viscoelasticity can be understood at a qualitative level by
the intuitively appealing notion of entanglement:

A Elastic property of rubber is from the permanent clivss.
A Viscoelastic property of polymer melts is due to entanglement.

Polymer chains are linear objects which cannot pass through one another; it is easy to
imagine that in a melt of long interpenetrating chains, shearing the melt will lead to the
chains becoming tangled up with each other.

In this picture, one can interpret the rubbke plateau in the shear modulus as indicating
that entanglements behave likenporary crosslinks. We can use the theory of rubber
elasticity to estimate the density of entanglements. As the plateau modulus is independent
of degree of polymerization, this quantity is a material constant for a given polymer.
Adapting the earlier equation, we find

G:r_RT
M

e

M. average relative molecular mass
between entanglements
} . its density
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These entanglements are not permahew imagine that they can disentangle with a
characteristic timescale comparable to the terminal tiieis reasonable at a qualitative
level that long chains will take longer to disentangle than shorter chains, but can we make
this idea quantitative enough to explain the experimental result}tha3-4?

To make progress towards a quantitative theory of viscoelasticity we need to make the idea
of entanglements slightly more well defined. This has been achievedtubthenodeland
the idea ofeptation due to Edwards, déennesandDoi.

Pierre Gilles dé&sennes Samuel Edwards
(1932 2007) (1928 2015)

MasaoDoi
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The tube model and the theory of reptation

How is the motion of one chain constrained by the presence of all the other chains with
which i1t iIs strongly entangled? The basic constr
path. One can imagine that each chain is effectively restrictetlibeea

tube

The motion of a chain in a tube is severely constrained laterally, but it is still free to wriggle
along the length of the tube, like a snake moving through long grass (see the figure). This
type of motion is calledeptation.

Entanglemeny = T o T dynamics €[ Ko™ =|=: T, k=~ 0o.Sliplink
Y © @k reptatiorr @' competing €€ A/ ATn Ofeads 1
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We can now associate the terminal time with the time it takes the polymer to move
completely out of its original tube. We can estimate this by assuming that the motion is
purely viscous within the tube; i.e. if we were able to move a segment of the chain through
the tube it would feel a resistance force proportional to its velocity.

Thus we can define a segment mobidity; Here, the mobility is defined such that the
velocity v under viscous fluid is given as= €. . If we were to pull a chain witN

segments through the tube we would expect the viscous resistance felt by each segment to
be additive, so mobility of the whole chain would be singly, = €..4N.

Because the chain is an object in a viscous fluid, it will undergo constant Brownian motion;
the chain will randomly wriggle backwards and forwards within the tube until it has
completely escaped. Using Einstein's relation we can write down a diffusion coefficient
D,,,e 0 describe this Brownian motion:
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Ko T,
Dtube = kB-I-lnube ="

The chain is doing what is essentially a-alimensional random walk within the tube, so if
the length of the tube Is the time taken to escape the tube, which we now identify with
the terminal time.} (reptationtime), is given by

L2
[ =
Dtube
Since the length of the tube is proportional to the degree of polymeriditioa thus find
that
t.~N°

This is quite close(?) to the experimental result éf. ~ N>

We can also derive another testable prediction from this theory, for the variatiorseffthe
diffusion coefficient of a polymer chain in a polymer melt. Each chain has diffused a
distance comparable to its own etoeend distance during the terminal time. Using the
random walk result for chain eftid-end distance, we find
Na’
D..=—— D

self —
[T

~ N2

self
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107 ¢

The experimental situation is illustrated in flgure.
Selt-diffusion coefficients do obey a power law. A 7% 17 ¢
more recent reevaluation of the data (Lodge 1999§ ‘
suggests that the exponent is slightly higher than 2;
in fact the data seems to be best fitted by :

108k
1079 F

10710
-2.30 F
~N

D

Self-diffusion coeffi

self B ;

1012 i L . R n
10° 1ot 10° 10°

Modifications to reputation theory Relative molecular mass (g mol™")

Thus experimental data for viscosity, terminal time, anddifflision seems to be
reasonably consistent with a single scaling of the terminal tirle-oN@-334), while the
simplereptationtheory predicts} ~ N3. What is the cause of this discrepancy? It turns out
that thereptationprediction must be modified by the inclusion of two other ways in which
the tube constraint may be relaxed. These are:

1. Constraint release In the tube model, it is assumed that the constraints that are described by the
tube are immobile. In fact these constraints are themselves chains which aeptalsog so the tube
must have a finite lifetime.

2. Contour length fluctuation. The length of the tube is defined, in effect, by theterehd distance

of the polymer chain given l3a N on average. As the chain undergoes Brownian motion, thisoend
end distance will fluctuate. We can imagine the chain withdrawing into the tube, and then when it
expands back to its average size some of the original constraints on it will have relaxed.
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It is now believed that incorporation of these two corrections
particularly contour length fluctuatiodscan account for the
discrepancy between experiment andrépgationprediction. The
most striking implication of these effects comes from a
consideration of the dynamics of rbnear polymers such asar
andbranch polymers.

The importance of these noeptativerelaxation modes for nen
linear polymers is illustrated in the figure. A star molecule is
confined to a notlinear lube from which it cannot escape by
reptation Instead, if one of the arms is retracted into its tube by a
contour length fluctuation, the tube can relax.

For this type of motion, one expects a relaxation time that is an
exponentialfunction of the arm lengtN,,,, rather than the power
law dependence of a linear molecule. This emphasizes the
importance ofarchitecture in polymer physics.

A linear polymer and a set of branched polymers of similar overall
relative molecular mass, but with different degrees of branching, are
chemically almost identical, but their physical properties, such as
their melt viscosities, will be very different.
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Statistical Physics of Polymers

For the rest of this lecture, let us develop statistical physicsofmpressible polymer melt system
Some degree of coargeained picture is necessary, and thus we make two major assumptions.

1) Each chain is an infinitely flexibléaussian chain It means that any small fragment of the chain exhibit
Gaussian statistics.

2) There exists onlgontact interaction proportional to the polymer density at the position; i.e. the interaction
Hamiltonian for AB system can be written as

H, o EsE
3= of 50) )
where%o('l) is thei-type segment density at position

Both assumption are justified in the long chain limit where the universality is recovered.

Even the incompressibility and contact interaction conditions can be released in a generalized theory, and
other chain models such as FJC can also be used when discretized theory is adopted.
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Universality Hypothesis

. : : L-FTS O f 1¢ to 1¢
For long enough ARliblock copolymers, its mean field (SCFT) - ,© 'ror‘n' 0 _)

20 = T T
behavior is completely determined only by a few parameters: AN _
L S 0 C G L 4
"Q 0 10U isthe Afraction (wheré 0 0 ) _ or N ]
= | . <\ _
@ Tw is ratio of segment lengths (we assume it is 1 throughout this lecture) 12r
- disordered
. . . L (a) N = 10°
...Uis the FloryHuggins interaction parameter Bt - o
- ” o ” o I o~ s 20
In addition,u " UL (wherew @ p "Qw isthe average :
segment length) controls the fluctuation corrections to SCFT o
z |
40 ——p = |
12 F
30 — ] (b) ¥ = 10° disordered
i P . L L L 1 L L L L 1 L L L L
i 20 | 1 Mark W. Matsen , Tom M. Beardsley and " " e "
[ James D. Willis, Phys. Rev. Lett (2023) R
10 - ]
[ disordered 1 i
i (b) SCFT, N = o 1 16 -
0.0 0.2 0.4 0.6 0.8 1.0 =~ | B Tl
f 12k .
L disordered e
As the invariant polymerization index increases, N
the mean field approximation becomes more accurate * ooy "
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Particle- and Field-based Model

A Coarse Grained ParticleBased Simulation (PBS)
A Coarse grained modis commonly used in polymer physics.
A ex) Monte Carlo (MC) and molecular dynamics (MD) simulations.
A Interaction between segmentsifective pairwise potentisuch as Lennardones potential.
A The physical and chemical details of polymers are embedded in the model.
A System size is limited by computational demands.

A Field-Based Calculation
A Degree of freedonFields of local density
A Intermolecular interactions anedirectly representeby the fields.
A Highly coarsegained calculation requires only a few invariant parameters.
(i.e....( natural endo-end distance of polymeé) 7 , invariant degree of polymerizatian).
A Onegood example is theelf-consistent field theory (SCFWhich is a mean field theory.

A Another example is thigeld-theoretic simulation (FTS¥hich can account for the fluctuation effects.
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Statistical Physics of Polymers

Consider a polymer chain haviigsegments each with statistical segment leazsahd s=0

segment volumer” .

Let us assume that the chain is an infinitely thin string like material. Its path can be represented s=1
by a space curvé i m i p

s= 0 point is at one end.= 1 at the other end. One may think the curve follows the backbone of the chain.

a . statistical
Segment density due to this chain is segment length

5 N : degree of
% (D) — Qiql "1 i) polymerization

1o !:segment
volume

The above equation claims that the density must be zero everywhere except on the curve itself.
Theprefactorcan be explained by

¥ ¥ ¥ ¥
Q%CD QF QICI i) — Qi QI Ti) — Qi —

It correctly represent the volume of one chain. ( density volume fraction
dimensionless number )
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Statistical Physics of Gaussian Chains

Assuming the chain is anfinitely flexible Gaussian chain the free energy of a segmest$,| O/‘L/\\
: S=
IS
o —

orln n | cd')(illll U(ll))
The first term represent tleatropic penalty (0 4 A a =|= n M w) while the second term is tle@mergy penalty a . statistical
wherew is the potential field acting on ttéh chain. segment length
N : degree of

Note that we usk instead of~, becauseg) F is reserved for the total free energy of the system. ii) One usually | yolymerization
forget that the origin of the first term is the entropy of chain stretching.¥SBC=E » @ L 0 3 = term

+AEt/ YR" H31

The partition function of a polymer segment of lergf{hwith its two ends fixed at, andr is formally defined as

o i ol i\ . o with proper normalization,
o - SN

1o 1 segment
volume

This is a functional integral over all polymer configurations whose weight is given by the Boltzmann factor and the two
ends are fixed by the delta functions.

At a glance it looks hopeless to calculate this directly. There is a simpler method to evaluate it.
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Entropic Penalty Due to Stretching

/ AO 3 t infinitely flexible =|= NJL " T g endto-end
lengthyr rmsA E o4 -~ "1 AO%o0.

et e RO

The probability of a Gaussigrolymer segment of leng8N, with its two ends fixed at, andr is

7 ”n ”n

e . o ol | I
0 IR A . f) . A glb | l
(D0) T \¢ ci 0

By confirming the following relations, one can show that it is indeed the Gaussian function
with the proper standard deviation.

F% — N1/2a

P(r.r,,9d =1 {r-ro) PEr o, 9d =sN3

Assumesis small. If the polymer is uniformly stretched so that adtéstep, expé 3?
r i ro=1, then the probability drop with respect to the aak&,= 0 IS ge 2a°sN

Log of this expression must be the entropy decrease,

37 3 Al 26 This expression confirms the validity of

_ :dt—r (
m I\& 4 | the free energy expression.

2a’sN ZafNQS—
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Partition Function for Gaussian Chains

The probability of a Gaussiggolymer segment of leng8N, with its two ends fixed at, andr is

7 ”n ”n

e . o ol | I
0 IR A . f) . A alb | l
(O0) T \¢ ¢Oi U

The partition function is proportional to the probability density. If the field is turned off, we
know the probabilityof a polymer segment of lengsf\, with its two ends fixed at, andr.

T o on

. o o/l
A IR A (—) AQ(D l,., ,l,
C Cwl U

)

Theprefactorguarantees tha "I H q(r,r,,0) = (aZN)B/Z ar-r,)

IS a dimensionless gquantity and

Real chains are in a complicated fialft). (wis the energy penalty)
But at least, we know the short chain partition function in the field

T nn
. o ol | I
oW (_) AQ(D 1l -0"|>
C Cw- UL

Here is another weapon we have. The partial partition function satisfies the recurrence relation.

noRTH - —wf — QIR Th Q-

w(r)

"I Kl H
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a : statistical
segment length

N : degree of
polymerization
1o 1 segment
volume

s the field representing
molecular interactions




Recurrence Relation

Partial partition functiong(r,r,,S), can be rewritten in terms of the partition function of the
two shorter fragmentstgcursive relation)

1 .. .
q(r,r,,s) = (aZN)3’2ndlqr’ B-ddr, i) (0 ¢ &

( proportionality constant makegr,r,,s) dimensionless.)

q(r,ri,s- 1
If we plug int =0,
1 .. :
=1 Q(r’ro’s):(azN)slz ndiqr .9 dr,,i0)
1 . : /
= g e 9§ ENTd ) |
=q(rsry,S)

Note the similarity to the path integral formalism of quantum physics.
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Recurrence Relation

3/er|rICI(” N 0 QAR

(@°N)
a E[r,;0t] & Eg, tSHO .
(a N)3/2nj iyr.e (} kT q(l’ a(o)r'o) é’ A1 )ﬁD £XEE é% T 9(0’ ) )I’-( a &) )
By performingtheN; I nt egr al |,
- 4 E[r,;0,9 ©
= FPr. expee— = @( L0 r5) & 6)r )} aE,.s)
¢ s *

Those who are worried about the treating of the delta function at the joining point and the
normalization factor magonfirm that there is no problem in its discretized version

o 5 3 > X g Pathintegral S @A B+ Ha AL 1 K€HI
€ Yekod +ns o2+ 4d ~ BMO1+0.

<XN’tN | X_I.’t1> = r’:‘p)g\l-1<XN’tN| XN -l’t N l><XN 11t N ].I-Xl’tJ>
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Partition Function for Gaussian Chains

—/ A Ae L 1V L T QO-
23 %% a 3¢
X+ x,e) © A eXx € &V( X
CI(X, )g)gpeg péfzazNe ()
1 . .
A% %, s+6) == NAE d X X % 4 X % X ) -1 AL en
(a’N) /b3
1/2

1 a3 0, é 3% o)
A% %, st€) =zaryzz N ao27 6 €X g SN e HO) HX )

o417 ¥ & partition function L Taylor seriest & o .

% é 32
a(x x,, ste) = @ 1,2n %aez—e_ g SN 83/\(%

3a u xz_ﬁ
a@(x,%,8)+>suxc(xa<,$4§ v: XX B

LIS 7'9\=|=C_,)-::Ij::~ C‘)=|=nr,QT“\II€Xd b Gad QT:I:O'
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Partition Function for Gaussian Chains

X2 2
+ o & <
C](X,)%,S 8) (a N)1/2 692,06’— 69@3( 3 X— qxoxb 2 |~1<2 (q )%X)
=i=, U”'— ’A|'€lE|_<-|'|'QT=i= s H,, QT'"' n <0 Oo .
- _ 3 - _p
_ N B_ZazNe +a 3, nexp(-Bxﬁ)dxe —\/%
i exp(- BX) dx =0 Odd function « T+b T 050 .
1~2 \/E 3/2
“icexp(- BX)dx .=—— B
e exp(- BX) dx =,
oAF+t1els —7 A 4. AKFO3,
expl ew(x))a 3 ‘g2 22N e p \/_a,@aEN Gef
,Sste) © e} il
a(x % ) (@N)" a%—eoaec( 3 4287 Ou G xx ¥

—exp(am(x))?;@(x %.9 3‘%9 A% % 3
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Partition Function for Gaussian Chains
+£K/ € eXpcewX)) n Taylor 5= 0 F . A 3,

2 2 2
a(x %, s+e) o1 -a\(g)geq”,;;ﬁé\'i& Gxxks V b 20 EIA o
G
2 2N 2
o gBl(% %, 9 £ eu“xqug,so e W X 6 Xox )s
c

6

+K/ € 4 L'sy o1 O Taylors=n £ 03,

0% %, 5+€) o x % 3 L G xx B
2 s

u _ a’Ne fi
a(x, )%’9"'9“_5 dx % $=0qxx B 46_? @.X,x)s eW)x(qg %,x)
V b firstorder; x_  Og partitionfunction = v K CTHsAL7] L

...... - £ :azNﬁ - |
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3 WE

Recursive Relation for the Partition Function Thecorresponding equation quantummechanics
1 iR
Q07 F0:9) =~z Fid, A £ o T, 1, 58 |h§y(xt)— —— Br(xt) Vx) sxt)

Now let us build up partition function for a long chain from short chain fragments:

1
Ao, s*te) =z e Nied Mo, 9, 1 % §

Expand the second term using Taylor expansion:

1 . e 1 .
q(r,ro,S+6’) Wndec(r’ r+e &’glr +e érD él_'e rEKDC£)3

e
The left hand side is d(r.f, S+ &) Ogl "'é ﬁ(r’o’

The integral on the right hand side can be evaluated as (The
odd term cancels by symmetry)

(r g, 5+ €) °e6‘”<”el 25 et 1°?a6'\' & BN Ny, 3
u

u

Comparing the first order terms: ﬁq(r 0:S)=

1 0!
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Partition Function for Gaussian Chains

Now the partial partition function is shown to satisfy the partial differential equation:

! 1 IR A (wn ) "IlR IR A

Integrating the previous partial partition equation with respecy, to

s, P e . ol L, . Partial partition function for a
Nk 506 " ICiti o A Q<D oy SO D chain fragment with a free end.
| w0 A I 5 ,?/L/stegments
- In Tﬂ L 1N Also by integrating the initial conditiom, "It~ p. - '

The partition function of a chain segment starting (IhIhe)e . o ? "l Ml L M e )
from the ot her 9gN)nd (W|th t T QY

! o w0 o y
—n (K1) [—n 0 7l ]r'] CIF1H) 5 0 Lo o'l 1 fp]
T l r EAY 4 ) A} r ”n I 4 e m n _ n r n
¢ n(lh)k—d)6 =— 01 (H1A) |A@<D oy >‘1(| | )
T J4 ’\IFII (I) 6 rl ’ nI J4 nlﬁ
i ¢ >N N e p
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Partition Function for Gaussian Chains

] Ol M
nCR) e A @(D O[TQT])‘] Crio
. o'l Mk
nCr)e "7 A @(D O[TQr.‘,\tp ]>‘1 cri
Total partition function <=1
1, \ B
=— r r
QW VndC(,S’od‘(,% S <=1
(H T, VY/ Al U s=0 1 ~
1M~ nQkE Loe o) s=1
r
s=0 o
?(I;J) _O LA 6\6 A
pal’tl S_ \0‘5\0 /S\
Wigy L Day, 20 3 (O
Il‘baf ITIZ‘J'O . . _000 A s ‘&\(@
COOS[T .I‘eed”Qnofa b )(6’5\ {\‘\\,\ /\60 {60
81111'128 l‘be en d , din Seglb ) o ‘{“‘3,\ 5’666 s% e oQi\
ey oy ? 0t T ® i
datr 000‘5
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Density Calculation for Polymer Field Theory

LSTy Y= v &/ Al partitionfunction £ &7 DT/ Xo - YR ,polymerfield theory / "AlE™ T
0 D il U/ I? '"'r] . 6 4 — 0.

" Te & " S o Vi€ homopolymermelt ° To D7y ul O . vy =N

he fieldo "I T/ B~ To g total partition function £ o4’ ~+  uyo. r,

50 k(% Q% H [ R (% " AQ(D o rmn]>

Q'Y
a E|r,;;0,] 6 NV &(r _;0,
. fa(r) ﬁD( I:_i"é(r)exp [ T]] ocﬁD ﬁ r-(;))exp [ T:l
5K Teq Ow = 7 To [] c & Trod v c K
Doyl od’ - 0. NV 2 :
h T fo(r)= fdsat. 9 de ., 3
roQw]
. . ” . ) S AN i I I leViethoal
C_ontlnuous \_/erS|on/ Alc @ (’o-ﬂ_ wF prefactor y =|= * ' in geﬁico:sistgnrph(/ele;r: F(i:el?j Theoryr?oesgi?:trr;e Polymetr
Discrete chain/ b B ° X 7T J|If 03 T A=|= ! Q. Chainso, [SaeseahdonggYedAgyaokKim,

and Jaeup U. Kim*J. Chem. Physl150, 234901 (2019).

o ¢ chaing contribution L x 3

F(r)= ”N[V]md o 9 de $— "t st

5
% () — Qi@ 7 i)
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Density Calculation for Polymer Field Theory

¢m . B o ABdiblockcopolymefr . t 7~ T= 74D uAkod’ ~o.
e P e in g P e "l Mip]
U[U]kd) QRCIH)R Clh) 5 |AQ<E) Y
n P i o % o n P S
%0 = Qin I n " %0 = Qin "N n "l

— ALl €« v O3,aTHIE EsK segmert s nJ v/
ellx 3, My v AfA T DL" yo.

e +0.7 6 Asegmen(00sOf,y b =+

koOokod 4+ + 0B

p
0

Q%o Q" QIRCH A I 62 Qi QB A I

cqo

.0y @' 206" '/ AsT 3,A Taqg$S "tFo.(/ AEJ

54+ -1 Dy ®ESN D" Gwr $ Duto)x V" T ko 1 (P QW
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Density Calculation for Polymer Field Theory

1 A gfp L)

v, Py v 2
LU k(thlhn IH

e-lo

QY

Total partition functiorQyr ¢« THIE E, s mni/ sNK' segmert F =

e+bT #V " "/ b &T 3,fsegmert” ' tY"/ | = e / X
v KE>FyHo.
NbT Qr>ky 14— (:>r]tTnumer|caI='uLL o 03,0

~

=|=s/fAW"'r_1 e, 1" VY.l €ew,, .t Teq, Lasx 3
TS V>' w, " Cialo.

>
Ad
=1 massconservationerrord K T, VF s0e T =me KR 4t
€5% HI X1 tF0.

+t Hwr)E +° ° " sHIER QOP OAf0.

See AFinite v o lconmsentn
field theory of polymers: Material conservatic
and applicatiom Daeseongong and Jaeup L
Kim, Phys. Rev. E96, 063312 (2017).

When there is no material, there is no potential. The potential is generated by the presence of the material.
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Polymer Field Theory

Statistical mechanics of single polymer
chain in external fields
i

Many-Body Problem

Decoupling interactions using the field transformation

A Our purpose of field transform is to developedfective Hamiltonian of AB diblock copolymer meltas
a functional oftwo fluctuating fields, W, and W, .

Single chain partition function

. \ ‘ W > © & Tch
1 &)l P Ql(ﬁ\ui ) o © 6
exchange field \ \

Flory-Huggins
pressure field # of polymers

segment _ _
interaction parameter

== density




Polymer Field Theory

A The interaction a polymer chain experiences in a sea of other chains is replaced b
a field in thepolymer field theory.

A The canonical partition function of incompressible &Block copolymer melt is
given as follows

. P - v~ ., ;
v oo TTAEEIOr)) 1 0]

4/ AO[I]IlE’ chainp path § "2 6/ YR™ €= +/ YN =
particle based Hamiltonidnno . (chain stretching entropy penaftysegmerd * l
"Hy L )
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Polymer Field Transform

A Let us consider a system withincompressibl@iblock copolymers. Its partition function is given by

O O o
A ﬁ. " AQ(E) — >1 (p %o %o) — .0 Q%o (D% () 7y Qi |

A Justto makelife simpler,we absorb the last integral into the functional integral definition so that

P .. 0 ) 0 o o
O o3 IAQG)TQ,,\)] (P %) b Q% (D% (D - Q(A;o(l) A)o(l)) (Ao(l) Ao(l)) T Q% % (D

A Note that the delta function should be understood as a functional version™ [ (% 1 )& 1 "%

4 . . . ) ~ o 1/2 .
A Letus now start from the introduction\df field. = a-az . 0482p © ja
. . o e Z€XPge—— 1 |2 o=~ o €XP

The one dimensional Gaussian integral is given c 2 ~¢ca = 2
_( )N/2 | : path of| chain
) o _ _ 3 a z'Az 6 (20 JBA Y %o: density of "Qype segments
A Multivariable version of this equation if)_dzexpge J'z g (—W eXP —z— i : polymerization index
¢ B ¢ (: segment length
M :segment volume
whereA is a symmetric and positive definite N matrix, and] is a realvalued vector. ¢ - total numbgr of polymers

? : Flory-Huggins interaction parameter
w: system volume

103




Polymer Field Transform

By usingHubbardStratonovichHdentity, From this formula

” c n & é.' 22 . 2 é
,, o A @(D = 0 "<—n—°°___(u') %o (1) ("D)) i} dzexpes - 2 m_a P gexp /
A@Gé‘r'— Q % ("D) — 5 0% 92 e .
o w Ag(D _6_"’ > ...U ) set 3.20—6, j :IE(F), W é—,
0

Assume that the functional integral is defined so that the denominator is equal to 1.
The last variable change will introduce

A Now itobés ti meofield. i ntroduce t he additional factors in the functional integral, k
A The one dimensional Eourier 0 we assume that such factors are all absorbe
iransform of delta function is | (2 x DA ADQPa while setting the denominator to be 1.
< : : : 0

A Its functional versionis 1 (p %) " wpA @( 5 Q%o (1) p)o‘on("l)>
Again, any missing proportionality factor is absorbed in the definition of the functional integral. " : path of| chain
%0: density of “Qype segments
A We finally have a field theoretic version of the partition function: 0 : polymerization index

®: segment length

M : segment volume

¢ total number of polymers

? : Flory-Huggins interaction parameter
w: system volume

(Note the functionsop andW. are real)
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Polymer Field Transform

& s TS A@(D% o) (“’—(UD % (D> () "Bo (Doop(D  “@nCh TU) i EA)

"7 Gp "W AQ)(D"L,T Ql (‘”—(UD % (D(DCD 6 (D) % (D(DCD & (D) "DrCD TU) ‘| EA)

By setting@ W, w and g " A@(D F( Qi (1 i) Qi (i )))

(This equation requires some time to digest. Because of this conversion, the (seemingly arbitrarily
named) fieldso andw gains the physical meaning of fields acting on A and B type segments.

"o, ’ & (I L0 0 i vi s floati
oy (_U> " op "0 AQGD{T Q( ((',) o) T) i £A>k " op " G AQQ&) ~_\> Still, some nokrtrivial factor is floating and

U Qr they are absorbed into the functional integr

Now the fieldtheoretic Hamiltoniad; becomes,
| : path of| chain

o~ [t , . o ; %0: density of “Qype segments
O [(:) "m)”] ] j_w T EA = (00 ("D ©nCD _U> 0" 0 : polymerization index
QY v U T ®: segment length
YA " w ) . . L0y M  :segment volume

€ <| {W Pl 5 <—U @nr(D T) Q' ¢ : total number of polymers

? : Flory-Huggins interaction parameter
w: system volume
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Polymer Field Transform

We finally have

QY
- . ‘e - - . See ACharacteristics of t
The SCFT (mean field) solution afy is a purely imaginary function. It must be Pol ymer Fi WdnjdnKanb,Baeseongong, and
so becaus& is the mean potential field enforcing the total segment density Jaeup U. KimMacromoleculess?, 3850 3861 (2024).
and ACompl ex I mplications
%0 to become 1 everywhere. (At least people believed that for 30 years.) Polymer Field Theor yMasen) ae

David C. Morse, and James D. Willidacromolecules57,
990019910 (2024).

Thus, we often define ‘@p so that

Olw hw ] s ” (oo D ---U>,Q .

Also seeMQsymmetric system in Quantum Physic

Y e D p = — w (D T

| : path of| chain

%o: density of “Qype segments

U : polymerization index

®: segment length

M . segment volume

€ :i-type polymer number

¢ total number of polymers

? : Flory-Huggins interaction parameter
w: system volume
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Self-Consistent Field Theory (SCFT)

A For more than two decades|f-consistent field theory (SCFT) has o (0
become a standard tool of the fieldbased simulation

A By using the saddipoint approximation for botiv, andW. fields, we
look for theself-consistent mean field solution

"Ole ho ]> Ol Fo ]

O , " ,
—> O " wn "d)AQ(D~—> A@(D e 0 p) = ((‘)—(UD w (D TU>QI

lQ uY T'Q "Y ,?,Q "Y
T QMO N J(OQOKk %[0 O ] p mh Incompressibility condition
—_— ',-[ .
] produces two equations ¢ 0CD Equation showing how polymer

% [0 ) ]CD T density field produces exchange

20 potential proportional to ?0 %o .

A From now on, the pressure and exchange fields satisfying these two conditions are denoted as Bwéfcase
A One may feel it weird that/, is introduced as a purely imaginary field, but we discuss saddle points on the real axis

A It is somewhat analogous to the integral of function on the real axis, which is essentially determined by the poles c
analytic continuation far from the real axis.
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Field-Based Simulations: SCFT

A In SCFT, it is more common to use A and B notation instead
of + and 1 -con$idtemaqy equatianebecomel f

%0 (D %0 (D P
0 (D ..G(D ,CDh O (D ...O6(CD ,CD

where,, "l is theimplicitly determined pressure field that enforces the first equation.

The fieldtheoretic Hamiltoniaif®©® now becomes the SCFT free energy. It is common to use the following expression.
F 1 .
@— 1ogQ 1t T/WV(CNK(')B() WA ) 17) VMV(')BY()‘)

A To find the selconsistent solution, iterations are necessary.
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Problem Solving Strategy

1. Assume an initial potential field, because we do not know the true field until the last step.

2. Solve the diffusion equations for the two partition functions.
3. Calculate the polymer concentration, and hence the output fields. Total partition function:

1 . ;
Q:vndf qr.9 d¢. 3

V: The system volume

O =gRdsd, s dt. 3

4. Compare the input and output fields. From the given result, create a new input field.

5. Go back to step 1 and continue iterations until the field equations and the incompressibility
equation [, + fg = 1) are seliconsistently satisfied.

The exact medreld polymer configuration and its energy is how obtained

There are two important tasks in this process.

1. For an unbiased research, one may feel like toarsgom initial fields. However, there are certain BCP morphologies
that one can never find without aducated guessMaking a proper guess is one important part of the research

2. For the creating of a new input field, the simplest approach sd¢e@est descent method
There are many established approaches to make a better guess for the next field. W= -/ )w, A,
EvenDeep Learningis used nowadays.
109




Problem Solving Strategy (Gaussian Chain Model)

fAr)==pdsdr, 9 e, 3

Q|+

Diﬁljsion equation ) q ( r y S)
£ q(r S) = aa2 N E% W(r ) & 3
s e = v

oA _éazN (jA
- —qi\(r,s P mr ,
ST09 =g D) 8.9

w, (r)

Set input field f (r )

(first randomly) Find segment density

F 1. -
moT = 100Q E U (eN £6)o0) W) u) wiC) s ()

)= Rdsdr, 9 e, 3

Find partition function 1 ‘
Q=\7ﬁJ|rCI(r,S) de. 3

To find self consistent
mean field solution

Simple mixing method OUt ( )

Wt =1/ )w, g, Find output field
110

falr)+ £0) 4
w,y(r)=cN £r) + &)
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SCFT Phase Diagram

40

40: T 0 k a0
30 - 30 F N
i 20 - i 20 ]
aisordered i
10 - B 10 -
[ (a) PL-PS diblocks, N = 1.1 x 10° ] [ (b) SCET, N = oo SR
O...l...l...l...ln.l- 0-...I...I...I...I...
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
/ Classical Phases
Phase diagram of PI-PS BCP (left) 0.0
theoretical phase diagram using SCFT(right) g%g
Matsen, M. W.; Beardsley, T. M.; Willis, J. D. Fluctuati@orrected Phase D%D
Diagrams for Diblock Copolymer Melts. Phys. Rev. Lett. 2023, 130 (24), 248101. DQ ®)
S
As the invariant polymerization indeéx increases +G ; : Complex Phases
(i.e. as the chain length increases), the mean field Sho NN
approximation becomes more accurate. M. W. Matsen, J. Phys.
Condens. Matter, 2002,
14, R21-R47
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Field-Based Simulations: CL-FTS

w o % K %o %o
w k(0w w)Ig
w k(0 w)Ig

. Jdo hw 1), . . % K %o %o
6 A - mo .
) QGE) Oy

A Althoughfield-theoretic representation of the partition functionpW (r;z‘) 3 aH @
cannot be calculate exactly, it is possible to simulate it. = 4. W

ut
A In Complex Langevin (CL}FTS, both fields are permitted W, (f;l‘) ny aH N Gaussian noise
to sample the entire complex plang(t is the fictitious time.) T3 A +

20

18 |

A With theadvanceof computer hardware and software, it is becoming =1
manageable, but tmmputational demand is still enormous " ot ]
A Also, it is known thainstabilities can be significant even at PO T anlm 08
intermediate invariant polymerization indéxregime. (This parameter 02 04 f 0.6 0.8

determines the level of fluctuation.) CL-FTS based blockopolymemhasediagram
K. T. Delaney and G. H. Fredrickson,

112 J. Phys. Chem. B (2016)




CL-FTS and SCFT

35

25

15

0.5

A Im(W)

Re(W)
/ \

Traditional viewpoint for CLFTS

Real Saddle Point
(SCFT solution)

\

A Im(W)
However, it °rns out that this view
1516 , ere exists

complexvallied saddlg

Bw)and

What CL-FTS actually does
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Field-Based Simulations: L-FTS

See T. M. Beardsley and M.W. Matsen , Polymers, 2437 (2021), for the details of L -FTS.

A In Langevin fieldtheoretic simulation ({(FTS), the
saddle point approximationis applied only folW,,

A It means weteratively find the solution satisfying thecompressibility condition for polymer melts,

Qo W 1) % [w O 1) p ™ (%0 K %0 %o )

¥e "o AgPdu fo )

A The pressure field that satisfies the incompressibility condition is denoted as lowér ¢dse

A Exchange field$V. evolves according to Langevin equation, and it is always a real function

. . Tw (1D 1 0 .
Langevin Equation T 1‘]T h —» Gaussian noise
A Discretized equation using simple Euler method is >t : Fictitious time step
© m « n o e " v v ” (mh, )dGaussian noise with
W ( IF]T 3"1') W ( ”]D Q [(JO h) ]( |)3‘-T (T[h, ) 8 zero mean and deviation ,, .
We later use predictarorrector method dreimkuhlerMatthews \/@“ (333")

(LM) method when applying deep learning. 3 :grid size along| -axis

A In L-FTS, the most time consuming task isital w, for the givenW. iteratively in each Langevin step.
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Field-Based Simulations: L-FTS

A Here is a snapshot of the simulation after an equilibrium is reached (~100,000 Langevin time steps are required).
Fluctuation around the mean field is now visible.

Disordered GN Ordered

A For the calculation of physical quantities, we need to perform ensemble
average of them after a long simulation (up to a million time steps).

A The ensemble average composition andpwimt correlation is given by

8

v A
(%0 () 5(00 COR (% (D% (1)) l(w Do (1)) 2 7_& )

A In addition, we need to perform calibration of baré to renormalized..(
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Examples of SCFT and L-FTS results

SCFT phase diagram LF

I ~ disordered
- (b) SCFT, N =0

L E pv < ’.d‘_‘\ \ 16

) S U I R R
0.0 0.2 0.4 0.6 0.8 1.0 D AT e e %

f QIS e W L
’) A ‘ " ‘\ /‘ -
Mark W. Matsen , Tom M. Beardsley and RSN e

James D. Willis, Phys. Rev. Lett (2023) VR dsT g L
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Deep Learning Boosted L-FTS

A The key point of our tFTS acceleration is these of DL
for the reduction of partial saddle point computation
time throughimproved estimation of ::

A Our NN DeepLab) is based on NN models for the
semantic segmentationwhich are fully convolutional.
PyTorchLightning is used as the DL framework.

A Inputs arev and"Q rescaled by ("Q) which is the standard deviation"6f. The ground truth i¥0 which
IS iteratively computed by Anderson mixing method. The loss function is the mean square error function. Output is

30 .

A For this supervised learning, training data are gathergbifirst stage of {FTS (duringp p Tttime steps)
without using DL.
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Architecture of Neural Network

A The architecture of our DNN is shown here.

Output
Middle Block
+ (Atrous-Cascade)
Convolution +
kernel=1x1x1, feature=1 .
\ (kernel=1x1x1, feature=1) J Convolution Block
4 (kernel=3x3x3,
f Convolution Block | feature=32, dilation=8) |
(kernel=3x3x3, feature=>32) Y .
~ X ‘ —— Atrous Convolution
[ Convolution Block | (kernel=3x3x3,
(kernel=3x3x 3, feature=32) feature=32, dilation=4) |
Middle Block .
. ) Convolution Block
[ Convolution Block | - +
L(kernel=3><3 %3, feature=32, dilationz?)‘ Mish
f Convolution Block i - * .
{ (kernel=3x3x3, feature=32) ] Batch Normalization
f Convolution Block 1 - *
| (kernel=1x1x1, feature=32) | Convolution
+ . + »
Input

118 Example of Semantic Segmentation. https://pytorch.org/



Accelerating Langevin Fiel@heoretic Simulation of Polymers with Deep Learning Also seeMacromolecules

RESU |tS Daeseongong, Jaeup U. Kim*;Macromolecules 55, 6505 6515(2022) 54, 11304 11315(2021)

A We developed a method to train deep neural network (DNN) that can boost the simulation. The prediction of DL is
almost same as the ground truth, whereas single iteration of conventional method is quite different from the grount

Y%, D 1 lteration

A After the training, DL assisted-ETS is
performed by using predictaorrector method.

A We achieve speedup of factor 6 including the inference time.

https://github.com/yongdd/langevin-fts
https://github.com/yongdd/deep-langevin-fts

A Open source library for SCFT andATS (utilizing Deep Learning).
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