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What is Thermodynamics?

a branch of physics that deals with heat, work, and temperature,
and their relation to energy, entropy...

Wikipedia: Thermodynamics
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Heat & Work

|. Underdamped Langevin equation

x(t +dt) — x(t) = v(t)dt o \ e o T

m (v(t + dr) — v(1)) = — 0, UA®), x(1))dt + f,(dt — yv(t)dt + o&(t)dt © © " , e
D) =0, (EOE) =dt—1) | © . = . .

V(1) o m (vt + dt) — v(1)) = —v(1) o O,UAD), x(@0))dt+ (1) o fo (O)dt+ (1) o (—yv(t) + 6&(1)) dt

—dK = —dU + 0,Uldt = fc(DV(D)dt

dK + dU = 0,UAdt + f,()v(t)dt + v(t) o (—yv(t) + E@1)) dt | st law

Work : dW,_ = 0,UAdt : work done by conservative force or Jarzynski work

dW,. = f,.vdt : work done by nonconservative force

dW = dW_ + dW,. : work done by external force

Heat: dO =v(t)- (—yv(l‘) + f(t)) dt : work done by heat-bath force (must be Stratonovich)

4



Heat & Work

2. Overdamped Langevin equation
overdamped limit (m/y — 0) . \ ° o T
x=v, mv=—0,UN2x)+ foc—yv+0cé e o ". ; o

(1) =0, EE) =st—1) =, e,

———> yi=-0UU,x)+f,+ 0
y (x(t + di) — x(1)) = = 0, UA), x(0))dt + f,()dt + o&(t)dt



Heat & Work

2. Overdamped Langevin equation

overdamped limit (m/y — 0) . \ ° o T

y (x(t + dt) — x(1)) = = 0,UA), x(1))dt + f, (1)t + oE(D)dt e o o ‘ .
(E(0) =0, (EDE) =8G—1) | . * . .

(1) oy (x(t + diy = x(0)) = =i (1) o OUAWD), X(D)dt+5(1) o f, (Ddt45(1) o oE(D)dt

= — 0, UA®), x(t)) o dx(1)
-Note on stochastic calculus

dU = 0,UdA+0,U-dx |expansion w.r.t x should be Stratonovich!

= — 0.Uodx = — dU + 0,UdA




Heat & Work

2. Overdamped Langevin equation

overdamped limit (m/y — 0) . \ ° o T

y (x(t + dt) — x(1)) = = 0,UA), x(1))dt + f, (1)t + oE(D)dt e o o ‘ .
(E(0) =0, (EDE) =8G—1) | . * . .

(1) oy (x(t + diy = x(0)) = =i (1) o OUAWD), X(D)dt+5(1) o f, (Ddt45(1) o oE(D)dt

= —dU + 0,Uldt

dU = 0,UAdt + f, (1) o X(1)dt + (—yx(t) + 6&()) o X(1)dr : |st law

— dE = dW = dQ

Work : dW,_ = 0,UAdt : work done by conservative force or Jarzynski work

dW,. = f,. ° Xdt : work done by nonconservative force (must be Stratonovich)

dW = dW_ + dW,. : work done by external force

Heat: dO = (—y)'c(t) + f(t)) o X(t)dt : work done by heat-bath force (must be Stratonovich)
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Heat & Work

Examples of heat and work calculation A0 = at
|) optical tweezers experiment (overdamped) —
| k
rE= k=0 +E U (AD.x0) =5 (x(0) A ‘

work (Jarzynski work)

oU .
dW, = —-Adi = —k (x(1) = A1) adt

T N
=> W, =- ka[ (x(t) — at) dr = —kadtz (x(t) — at;) experiment (or simulation)
0 -
heat

dQ = (- yx(t)+§(t)) o X(1)dt = k (x(1) = A(1)) ° dx(2)

N
. .. e
-----

---------

= kx(1) o dx(r) — A(t) o dx(t) = g |x(t + dn)* — x(0)?| — AQ0) [x(z + dt) — x(D)]

N

k
>0=2 3 [(x(t+1)2 — x(t)?) — 4(t) (x(ts ) — x(z))]
=0

k k
=2 (x(t3)* = x(1p)*) — 5 Z M) (x(t) — x(t))  experiment (or simulation)
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Heat & Work

Examples of heat and work calculation

2) 2-dimensional Brownian gyrator (overdamped)

e =kl eyl g,
N B t - (EDE) = 27kgT,8,,5(t — 1)

ex g,

Yy = ky
conservative non-conservative

oU .
work dw, = E/ldt =0

AW, = €y(t) o dx(1) = ey () (x(t + df) — x(1))

ne,x

dW,., = — ex(1) o dy(t) = ex(t)(y(r + dt) — (1))
heat dQ, = (—yi(t) + &) o dx(t) = (kx(t) — ey(£)) o dx(r)
= 2 (Xt d? = x0) = €30 (x(t + ) — x(0)

40, = (=75 + &0 ) o dy(®) = (ky(®) + ex(9) o dy(0)
k
=2 (v(t + di)* — y(©)*) + ex(0) (y(t + di) — (1))
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Heat & Work

Overdamped Langevin dynamics yx = —d.U(4,x) + f,. + 6
l.work : dW,=0,Uldt dW,=f.oxdt dW=dW, +dW,
2.heat: dQ = (—y&(t) + 6&(1))  X(1)dt

Underdamped Langevin dynamics x=v, mo = =0, U\, z) + fuc—yv + o
l.work: dW, = 0,Uldt  dW, . =fwvdt  dW=dW_ +dW,
2.heat: dQ = (—yv(t) + 6&(1)) o v(1)dt
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Heat & Work

Overdamped Langevin dynamics yx = —d.U(4,x) + f,. + 6
l.work : dW,=0,Uldt dW,=f.oxdt dW=dW, +dW,
2.heat: dQ = (—y&(t) + 6&(1))  X(1)dt

Mean value of work & heat

dynamics : z = f(z(¢)) + 6¢

0,P(z,1) = — 0_J(z, 1) J(z,1) = [f(z(t)) — %aﬁ] P(z,1)
1
(8(z(1) o 2(1)) = < [g(z(t)) + 5(6Zg)z'dr] z'(t)>

1
= (8GOYEO) + (EO)H +((0,02) di

| : = ((0,8)0EX(1) ) dt
(2
= dzg(2)f(2)P(z, 1) + [a’z(azg(z))TP(z, 1) = ((0,8)6°/2)

2

o
[ 1 = — d , aﬁ_P i
= | dzg(2) [f(Z) — Eﬁzdzl P(z,1) [ 28(2)0, ) (z,1)

= ndzg(z)](z, 3)
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Heat & Work

Overdamped Langevin dynamics yx = —d.U(4,x) + f,. + 6
l.work : dW,=0,Uldt dW,=f.oxdt dW=dW, +dW,
2.heat: dQ = (—y&(t) + 6&(1))  X(1)dt

Mean value of work & heat

dynamics : z = f(z(¢)) + 6¢

0,P(z,1) = — 0_J(z, 1) J(z,1) = [f(z(t)) — %aﬁ] P(z,1)

(8(z(D) o 2(1)) = [dzg(z)l(z, )

L work's (Wo = (e i) = | dufultrn
2. heat : (0) = <(—y5c(t) ) o)'c(t)> = <(6XU(/1,x) —f) ox(z)>

= de (OXU(/I, X) _ﬂlc) J(X, t)
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Stochastic Trajectory

Overdamped Langevin dynamics Schematic of a stochastic system
y (x(t + dt) — x(t)) = f(x(@)dt + 6dW(1) 6> = 2ykgT t, = ndt (ty=1)
(W) = 0, (AW@dW(r)) = <O AR /A S N
dt (t=1) Y x(®)
|) Probability for observing the transition x(#,) — x(#:+dt)
probability for observing Gaussian random variable z: P(z)dz = — e—szde
ST

probability for observing Gaussian noise dWW(t,):
ddw(t,)) = Ldx(t, + dr)

1 dW(t,)?
PAW(t,))d(dW(t,)) = e 2 d(dW(t,) 2=d °
Nores o= \
- exp [— {y (x(z, + di) — x(z,)) — fx(2 ))dt}2] Ldx(t, + )
2rdt 20%d1 et e '

x(t +dt) x(t,) = x(t,)dt \Ito
L@, = fx@ )y} ]dx(t + dr)

1
- exp[
\/4nkgTdily kg Iy
= P (x(t, + di)| x(1,)) dx(t, + dr)
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Stochastic Trajectory

Overdamped Langevin dynamics Schematic of a stochastic system
y (x(t + dt) — x(t)) = f(x(@)dt + 6dW(1) 6> = 2ykgT t, = ndt (ty=1)
(W) =0, (dWOAW()) = (O O oﬁ)\/\r\ﬂ/\»x(m)
dt (t=1) Y x(®)

|) Probability for observing the transition x(#,) — x(tn+dt)

P (x(t, + dn) | x(t,)) dx(1, + di) = 1 exp ’

N (3504 — Fx )17} ]dx(t +dp)
7ikp Y

4 Tly

Onsager-Machlup function

2) Conditional probability for observing I starting from x(%)

P (T | x(1p)) HP (x(t,) | x(5,_ 1)) dx(t,)
n=1

B dx(t,) dr & >
=11 <\/47rkBTdt/y > =P [_ Ak Tly ;O W) _f(x(t”))/y}l

n=1
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Stochastic Trajectory

Overdamped Langevin dynamics Schematic of a stochastic system
y (x(t + di) — x(t)) = f(x(D)dt + cdW(t) 6% = 2yk,T t, = ndt (ty=1)
(dW(D) = 0, (dW(HAW()) = <O o x(1) Mﬂ/\»m)
dt (t=1) Y x(®)

2) Conditional probability for observing I starting from x(to)

P (T |x(1p)) HP x(t,) | x(t,_,)) dx(z,)

:ﬂ Bl e Z{x(m — )y
w1 \\/4nkgTdtly 4kB Ty

3) probability for observing I
P(I)= P (T | x(ty) ) po(x(tp))dx(ty)

initial distribution

_ﬂ dx(tn) ex ! [ dt {x(t) — f(x(2))/ } (x(p))
B \/AakgTdily o e S0 R

n=0
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Stochastic Trajectory

Overdamped Langevin dynamics
y (x(t + dr) — x(t)) = f(x(2))dt + cdW(?)

0 #Y)

(dW(D) = 0, (dW(HAW()) = ( i e
3) probability for observing I

dx(t,)

P
= H (\/4ﬂkBTdt/y ) o [

-Note on stochastic calculus

Ao T/y

Schematic of a stochastic system

0% = 2ykT

t,=ndt (ty=r1)

W\)
x(ty) x(ty)

x(1,)

[ dt {i(0) — fx(0)1 7). ]po<x<ro>>

{30 = f@)/r}

Z = X(1)* +
&) @, (1) = (1 — a)f(x(t + di) + af x(1)| () = [f&x(@®) + (1 — @)9, f()x(D)dt]| (7)
= f(x(@®)x + (1 — a)d, f(x)x(1)*dt

= X(H)* +

fx(®))?
2

fx(®))?
v

= {x(?) f(x(t))/y} —(1—a)

2
-~ [(0) ©, 1)

2
- —f( (M)x(0) — (1 = a)

Lo o (%)

. 2kB
=fx(@®)k + (1 - a)

T
0,/ (%)
Lo f(X)
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Stochastic Trajectory

Overdamped Langevin dynamics Schematic of a stochastic system
y (x(t + dt) — x(t)) = f(x(@)dt + 6dW(1) 6> = 2ykgT t, = ndt (ty=1)
(@AW(D) =0, (AWDAW()) = <0 D W\»x(m)
dt (t=1) Y x(®)

3) probability for observing I

dx(t,) 1
P(T)= H( \/47rkBTdt/y>exp[ pTRTD [dt [50) — f) 1y ) ]po<x<to>>

{x() f(x(r))/y} = {x(0) f(x(t))/y} —(1—a>

47[]{ Z d 4 X X
n=0 \/ B t/}’ 0 kB }/ X pO

Lo S (%)
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Stochastic Trajectory

Overdamped Langevin dynamics

3) probability for observing I

:ﬂ ) o rdt< (50 - faopir 5= f(x)> (x(0))
\/ArkgTdtly "1 AkgTly ' ro "

= (' x(0))

R dx(t,) v
P | x(0))= H< \/MkBTdW)exp “0 dt( P {x(t) — f@, 01y} ——0 f(x))]

a=1/2 =V

18



Stochastic Trajectory
Heat & path probabilities v, —0) x(¢) . x(t) - x(ty.,) x(ty=7)

< 2 SO =x(t—1)
Xty =1) X(ty_p) - X(z—1) .- X(t;))  X(0)

~

time-forward path probability I

R dx(t,) i
P | x(0))= H< \/MkBTdt/y) exp “0 dt( Tl {0 = fx(@), t)/y} ——0 f(x))]

a=1/2 ™=

time-reversal path probability

. N di(t,) r
P x(7)) = ]1 ( ST /y> exp “0 dt ( kT {X(t) — f(&(@®), 7 - t)/r} - —0 f(x))]

'=r—t d d d
— () = x(¢), %(f) = Ex(t) = EX(T— 1 = —?x(t) = — x(t)

ﬂ dx(t,) N [ (0 dt’< 1 (1)~ fx(), ) }2 L P ))
— — —x(1")—j(x(1"), ——0,.f(x
o \\/4rkgdiT/y P 4kgTly ey

n

ﬂ dx(t,) N | wdt (_ 1 (5= Fx(0), B }2_ia f(x))
o \ \/4rkpTdtly d | Jo AkgTly VIS, 2y "
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Stochastic Trajectory

Heat & path probabilities x(ty=0) x(t,) - x(1) o x(ty_) x(ty =7)
< 2 S %) = x(z — 1)
Xty =1) X(y_y) - X(r—1) - X(t)) x(0)

~

I}

time-forward path probability

al dx(t) i
P("| x(0))= H AT exp L dt( Tl {x@) = f(x(@), t)/}/} ——a f(x)>
a=1/2 =0

time-reversal path probability

. il dx(t : 1 1
P | x(z) = H ( X6 > exp “ dt <— RS {—(0)=f(x(), t)/y}o2 - 2—yaxf(x)>]
0 B

o\ \fAnkgTdily

FIT1x0) _
P()x(x)

In
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Stochastic Trajectory

Summary (overdamped Langevin dynamics)

probability for observing I

dx(t,) r (
PT d IV —
D)= H< Nevos dt/y)exp[ 0 "\~ {x(t) — f(x(1)) y}

i 2@ 1xQ) 0

P | %(1)) kgT

—a)

0,.f/ (X))] po(x(0))

Summary (underdamped Langevin dynamics)

probability for observing I

N
@(F): H dV(fn)dx(fn) 5 (.X(fn) _ V(fn))
i \/ Atk Tdt/m?

X exp

T ( {\'}(t) + yv(t)/m —f(t)/m} (1 —a) \
J i | - — (0,00 =7} | | Poa(©). vO))
0 B

\ J
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