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Eigenfunction of Fokker-Planck Equation
1. Another form of FP operator

∂tP(x, t) = LFPP(x, t)

LFP = − ∂xA + ∂2
xD

= ∂xDe−Φ∂xeΦ where Φ ≡ ln D − ∫
x

dx′￼
A(x′￼)
D(x′￼)

= eΦ(∂xΦ) + eΦ∂x = eΦ[(∂xΦ) + ∂x]

= ∂xD[(∂xΦ) + ∂x]

=
(∂xD)

D
−

A
D

= − ∂xA + ∂x(∂xD) + ∂xD∂x

= ∂2
xD

= ∂x[(∂xD) + D∂x]
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Eigenfunction of Fokker-Planck Equation

2. Adjoint operator of FP operator

∂tP(x, t) = LFPP(x, t)

LFP = − ∂xA + ∂2
xD = ∂xDe−Φ∂xeΦ where Φ ≡ ln D − ∫

x
dx′￼

A(x′￼)
D(x′￼)

⟨ψ |ϕ⟩ ≡ ∫ dx ψϕinner product: 

→ ⟨ψ |LFPϕ⟩ = ⟨L †
FPψ |ϕ⟩L †

FP : adjoint operator of LFP

⟨ψ |LFPϕ⟩ ≡ ∫ dx ψLFPϕ = ∫ dx ψ∂xDe−Φ∂xeΦϕ

= − ∫ dx (∂xψ)De−Φ∂xeΦϕ (integration by parts)

= ∫ dx [∂xDe−Φ(∂xψ)]eΦϕ (integration by parts)

= ∫ dx [eΦ∂xDe−Φ(∂xψ)]ϕ

= ∫ dx (L †
FPψ)ϕ L †

FP = eΦ∂xDe−Φ∂x = A∂x + D∂2
x
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Eigenfunction of Fokker-Planck Equation

3. Eigenfunction of FP operator

∂tP(x, t) = LFPP(x, t)

LFP = − ∂xA + ∂2
xD = ∂xDe−Φ∂xeΦ where Φ ≡ ln D − ∫

x
dx′￼

A(x′￼)
D(x′￼)

L †
FP = eΦ∂xDe−Φ∂x = A∂x + D∂2

x

LFPϕn = λnϕn L †
FPϕ†

n = λ†
nϕ†

n

1) λn = λ†
n

λn⟨ϕ†
n |ϕn⟩ = ⟨ϕ†

n |LFPϕn⟩ = ⟨L †
FPϕ†

n |ϕn⟩ = λ†
n⟨ϕ†

n |ϕn⟩

⇒ ⟨ϕ†
n |ϕm⟩ = δnm

λm⟨ϕ†
n |ϕm⟩ = ⟨ϕ†

n |LFPϕm⟩ = ⟨L †
FPϕ†

n |ϕm⟩ = λn⟨ϕ†
n |ϕm⟩ → (λm − λn)⟨ϕ†

n |ϕm⟩ = 0

2) orthogonality (assuming no degeneracy)

3) ϕ†
n = eΦϕn

L †
FPeΦϕn = eΦ∂xDe−Φ∂xeΦϕn = eΦLFPϕn

= LFP

= λneΦϕn
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Eigenfunction of Fokker-Planck Equation

3. Eigenfunction of FP operator

∂tP(x, t) = LFPP(x, t)

LFP = − ∂xA + ∂2
xD = ∂xDe−Φ∂xeΦ where Φ ≡ ln D − ∫

x
dx′￼

A(x′￼)
D(x′￼)

L †
FP = eΦ∂xDe−Φ∂x = A∂x + D∂2

x

LFPϕn = λnϕn L †
FPϕ†

n = λ†
nϕ†

n

1) λn = λ†
n

⇒ ⟨ϕ†
n |ϕm⟩ = δnm2) orthogonality (assuming no degeneracy)

3) ϕ†
n = eΦϕn

4) nonpositivity of λn ( ≤ 0)

λn = λn⟨ϕ†
n |ϕn⟩ = ∫ dx ϕ†

nLFPϕn = ∫ dx eΦϕn∂xDe−Φ∂xeΦϕn
= eΦϕn

= − ∫ dx (∂xeΦϕn)De−Φ∂xeΦϕn

= − ∫ dx De−Φ(∂xeΦϕn)2 ≤ 0

(0 ≥ λ0 > λ1 > λ2 > ⋯)
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Eigenfunction of Fokker-Planck Equation

3. Eigenfunction of FP operator

∂tP(x, t) = LFPP(x, t)

LFP = − ∂xA + ∂2
xD = ∂xDe−Φ∂xeΦ where Φ ≡ ln D − ∫

x
dx′￼

A(x′￼)
D(x′￼)

L †
FP = eΦ∂xDe−Φ∂x = A∂x + D∂2

x

LFPϕn = λnϕn L †
FPϕ†

n = λ†
nϕ†

n

1) λn = λ†
n

⇒ ⟨ϕ†
n |ϕm⟩ = δnm2) orthogonality (assuming no degeneracy)

3) ϕ†
n = eΦϕn

5) λ0 = 0 (largest eigenvalue)

ϕ0 = e−Φ → LFPe−Φ = ∂xDe−Φ∂x1 = 0

ϕ†
0 = eΦϕ0 = 1

4) nonpositivity of λn ( ≤ 0) (0 ≥ λ0 > λ1 > λ2 > ⋯)
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Summary 1

2. Eigenfunction of FP operator

∂tP(x, t) = LFPP(x, t)

LFP = − ∂xA + ∂2
xD = ∂xDe−Φ∂xeΦ where Φ ≡ ln D − ∫

x
dx′￼

A(x′￼)
D(x′￼)

L †
FP = eΦ∂xDe−Φ∂x = A∂x + D∂2

x

LFPϕn = λnϕn L †
FPϕ†

n = λ†
nϕ†

n

1) λn = λ†
n

⇒ ⟨ϕ†
n |ϕm⟩ = δnm2) orthogonality (assuming no degeneracy)

3) ϕ†
n = eΦϕn

4) nonpositivity of λn ( ≤ 0)

5) λ0 = 0 (largest eigenvalue) ϕ0 = e−Φ ϕ†
0 = eΦϕ0 = 1

1. Adjoin operator of FP operator

(0 ≥ λ0 > λ1 > λ2 > ⋯)
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Calculation of Mean & Variance of Observables

Observable: Θ(τ) = ∫
τ

0
dtΛ(x, t) ∘ ·x(t)

Generating function:

Cumulant generating function:

m-th cumulant:

ex) 1st cumulant: ∂hC(h) |h=0 = lim
τ→∞

⟨ΘτehΘτ⟩
τ⟨ehΘτ⟩

h=0

= lim
τ→∞

⟨Θτ⟩
τ

= ⟨ ·Θ⟩ss

2nd cumulant: ∂2
hC(h) |h=0

= lim
τ→∞

⟨Θ2
τehΘτ⟩ − ⟨ΘτehΘτ⟩2

τ⟨ehΘτ⟩2
h=0

= lim
τ→∞

⟨Θ2
τ⟩ − ⟨Θτ⟩2

τ
= 𝒟

Gh(x, τ) = ⟨ehΘ(τ)⟩x0=x

C(h) = lim
τ→∞

1
τ

ln Gh(x, τ)

∂m
h C(h) |h=0
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Observable: Θ(τ) = ∫
τ

0
dtΛ(x, t) ∘ ·x(t)

Generating function: Gh(x, τ) = ⟨ehΘ(τ)⟩x0=x

Cumulant generating function: C(h) = lim
τ→∞

1
τ

ln Gh(x, τ)

m-th cumulant: ∂m
h C(h) |h=0 ∂hC(h) |h=0= ⟨ ·Θ⟩ss

∂2
hC(h) |h=0= lim

τ→∞

⟨Θ2
τ⟩ − ⟨Θτ⟩2

τ
= 𝒟how to calculate C(h)

1) find equation for Gh(x, t) : ∂tGh(x, t) = L†
h Gh(x, t)

2) find the largest eigenvalue of L†
h : λ(h) → C(h) = λ(h)

formal solution of ∂tGh(x, t) = L†
h Gh(x, t) : Gh(x, t) = eL†

htGh(x,0)

eigenfunction expansion of Gh(x,0) : Gh(x,0) =
∞

∑
n=0

anϕ†
n (L†

h ϕ†
n = λnϕ†

n)

(λ0 > λ1 > λ2 > ⋯)→ Gh(x, t) =
∞

∑
n=0

eλntanϕ†
n ≈ eλ0ta0ϕ†

0 (t ≫ 1)

∴ C(h) = λ0(h) (ex: full counting statistics…)

Calculation of Mean & Variance of Observables
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Observable: Θ(τ) = ∫
τ

0
dt Λ(x, t)T ∘ ·x(t)

Setup
·xi = Fi(x) +

N

∑
j=1

Bijξj(N dim) Fi(x) = −
N

∑
j=1

Aijxj

∂tGh(x, t) = L†
h Gh(x, t)

Generating function

L†
h = FT(∇ + hΛ) + (∇ + hΛ)TD(∇ + hΛ)

D =
1
2

BBT

tilted FP operator: 

λ(h) : largest eigenvalue of L†
h

(L†
h=0 = L †

FP)

→ λ(0) = λ0 = 0 : largest eigenvalue of L †
FP

ϕ†(h) : eigenfunction associated with λ(h) → ϕ†(0) = ϕ†
0 = 1 : first eigenfunction of L †

FP

Trial solution

ϕ†(h) = exp [−
1
2

xTG(h)x] note :ϕ†(0) = 1 → G(0) = 0
G(h) : symmetric

Λi =
N

∑
j=1

Wijxj

L†
h ϕ†(h) = [−xTAT(∇ + hWx) + (∇ + hWx)TD(∇ + hWx)] ϕ†(h)

Calculation of Mean & Variance of Observables

Touchette, Physica A 504 (2018) 5–19
Chun, Fischer, Seifert, PRE 99, 042128 (2019)
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∂tGh(x, t) = L†
h Gh(x, t)

Generating function

→ λ(0) = λ0 = 0 : largest eigenvalue of L †
FP

Trial solution

ϕ†(h) = exp [−
1
2

xTG(h)x] note :ϕ†(0) = 1 → G(0) = 0
G(h) : symmetric

L†
h ϕ†(h) = [−xTAT(∇ + hWx) + (∇ + hWx)TD(∇ + hWx)] ϕ†(h)

= [−xTAT(−G + hW)x + (∇ + hWx)TD(−G + hW)x] ϕ†(h)

= [−xTAT(−G + hW)x + xT(−G + hW)TD(∇ + hWx) + tr{D(−G + hW)}] ϕ†(h)

= xT [−AT(−G + hW) + (−G + hW)TD(−G + hW)] xϕ†(h)

λ(h) = tr{D(−G + hW)}

= λ(h)ϕ†(h) = xTQx = 0 → QT = − Q

AT(hW − G) + (hW − G)TA = 2(hW − G)TD(hW − G)

+tr{D(−G + hW)}ϕ†(h)

check : λ(0) = 0

Calculation of Mean & Variance of Observables
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∂tGh(x, t) = L†
h Gh(x, t)

Generating function

→ λ(0) = λ0 = 0 : largest eigenvalue of L †
FP

λ(h) = tr{D(−G + hW)}

AT(hW − G) + (hW − G)TA = 2(hW − G)TD(hW − G)

We are interested in small h : ∂hλ(h) |h=0 ∂2
hλ(h) |h=0

We have to obtain G (not easy in general)

expansion → G = G1h + G2h2 + O(h3)

AT(hW−G) + (hW−G)TA = 2(hW−G)TD(hW−G) ← G = G1h + G2h2

O(h) :

O(h2) :

AT(W − G1) + (W − G1)TA = 0

AT(−G2) + (−G2)TA = 2(W − G1)TD(W − G1)

⟨ ·Θ⟩ss = ∂hλ(h) |h=0 =

𝒟 = ∂2
hλ(h) |h=0 =

tr{D(W − G1)}

−2tr{DG2}

Calculation of Mean & Variance of Observables

TUR: 𝒬 =
𝒟

⟨ ·Θ⟩2
⟨ ·Stot⟩ ≥ 2kB
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