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Eigenfunction of Fokker-Planck Equation

|.Another form of FP operator
0,P(x,t) = LgpP(x, 1)

A(X')
D(x")

= 0.De~ %0 e? where ® =InD — [ dx’
= e%(0.®) + e®0 = e®[(0.®) + 0]
= 0,.D[(0, D) + 0]

E e

_0D) A

D D
= — axA -+ ax(axD) + axDax

= 0.[(3,D) + Dd,]
= 0°D




Eigenfunction of Fokker-Planck Equation

0,P(x,t) = LgpP(x, 1)
A(x")

Lgp = —0,A+0°D = 0.De %0 e? where ® =InD — [ dx’
D(x")

2.Adjoint operator of FP operator

inner product: (y|¢) = [dx W

L', : adjoint operator of Ly — (w|Lgpp) = (L w|p)
(W|Lgpp) = "dx Wlepp = [dx wo, De™%0,e¢

= — [dx (0p)De~®0 e®p (integration by parts)
= ndx [0.De~®(0.y)]e®¢p (integration by parts)

= ndx [eP0 . De~%(0.w)]¢

— i — ,0 -P — 2
= |dx (Lw)¢ L, =e®d.De 0, = A0, + Do;




Eigenfunction of Fokker-Planck Equation

0,P(x,t) = LgpP(x, 1)
A(x")
D(x")

Lgp = —0,A+0°D = 0.De %0 e? where ® =InD — [ dx’
Ll =e®0.De~®0, = Ad, + Do;

3. Eigenfunction of FP operator
LFP¢n — /1n¢n Ll;rqurf = )‘; ¢;

DA =
Aki | ) =Dy | Leph,) = (Lpbn | ) = (b))

2) orthogonality (assuming no degeneracy)
Al i | ) = (D | Lpph,) = (LL ! | ) = Ak 1 ) = G = 2)(D0 | h,) = O
= (i | ) = O

3) ¢y = e,

Lljpeq’gbn = eq’axDe_q’dxeq)gbn = eq’LFPgbn = }tneq)qbn

= Lpp



Eigenfunction of Fokker-Planck Equation

0,P(x,t) = LgpP(x, 1)
A

Lgp = —0,A+0°D = 0.De %0 e? where ® =InD — [ dx
D(x")

Ll =e®0.De~®0, = Ad, + Do;
3. Eigenfunction of FP operator
LFP¢n — /1n¢n Ll;rqur:f = j‘; gb’;F
A, =4

2) orthogonality (assuming no degeneracy) = (¢' |, ) =6,

3) ¢ = e,
4) nonpositivity of 4, (< 0)

b= 31 ) = [dx Lo, = ‘dx e%,0,De=0,e%,

—
= ¢ ¢n

n

= — | dx (0%, )De %0 e%¢

= — |dx De‘q’(()xeq)ql’)n)2 <0
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Eigenfunction of Fokker-Planck Equation

0,P(x,t) = LgpP(x, 1)
A

Lgp = —0,A+0°D = 0.De %0 e? where ® =InD — [ dx
D(x")

Ll =e®0.De~®0, = Ad, + Do;
3. Eigenfunction of FP operator
LFP¢n — /1n¢n LI;rqurJLf = j‘; gb’;F
A, =4

2) orthogonality (assuming no degeneracy) = (¢' |, ) =6,

3) ¢y =%,
4) nonpositivity of 4, (<0) (O =>4;>4 >4, > )

5) 4o =0 (largest eigenvalue)

po=e® = Lpe™® =0.De %91 =0

¢§=ed’¢o= 1




Summary |

|.Adjoin operator of FP operator
atP(x, t) - LFPP()C, t)
,AX)

Lgp=—0.A+0°D = 0.De %0 e? where ® =InD — [ dx
D(x")

Ll =e®0.De %0, =Ad, + Do;

2. Eigenfunction of FP operator
LFP¢n — /1n¢n L}Iquijl- = ﬂ‘; 4);
A, =4
2) orthogonality (assuming no degeneracy) = (¢! |, ) =6,

3) ¢ = e,
4) nonpositivity of 4, (<0) (O0=23>4, >4, > )

5) o= 0 (largest eigenvalue) ¢, =e"? ¢ =ePpy=1




Calculation of Mean & Variance of Observables

Observable: O(r) = J dt\(x, 1) o X(1)
0

Generating function: G,(x,7) = <eh®(r)>

X=X

Cumulant generating function: C(h) = lim — In G,(x, 7)

T—>00 T

m-th cumulant: 97'C(h)|,_,

. (©.") ® .
ex) Ist cumulant: 9,C(h)|,_, = Tlggo T = lim <TT> = (@),
h=0 T—>00
. <®%eh81> - <®1’eh®r>2
2nd cumulant: a%lC(h) o = Tlir?o pCRY
h=0

. <®%> - <®T>2
= lim =

T— 00 T

9




Calculation of Mean & Variance of Observables

Observable: O(r) = J dt\(x, 1) o X(1)
0

Generating function: G,(x,7) = <eh®(r)>

X=X

Cumulant generating function: C(h) = lim — In G,(x, 7)

7—00 T
m-th cumulant: 9)'C(h)|,_,  0,C(h)|,_,= (@),

2\ 2
0;C(h)|,_,= lim ©:) ~ O _

T— 00 T

how to calculate C(h) &

I) find equation for G,(x,7) : 9,G,(x,1) = LZ G,(x,1)
2) find the largest eigenvalue of LZ : AMh) — C(h) = A(h)

formal solution of 0,G,(x, 1) = LZ Gu(x, 1) : Gy(x, 1) = eLfI’Gh(x,O)

oo

eigenfunction expansion of G,(x,0) : G,(x,0) = Z ad) (L}jqb; =100
00 n=0

- Gyx,0) = ) eMad ~eMayp! (> 1)
n=0

o C(h) = y(h)  (ex:full counting statistics...)
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Calculation of Mean & Variance of Observables

Setup

N N

1

(Ndim) &= Fx)+ ) B D=-B8" F)=- 3 A
J=1 j=1

0
Generating function  Touchette, PhysicaA504 (2018) 5-19

Chun, Fischer, Seifert, PRE 99, 042128 (2019)
0,Gy(x, 1) = L/G(x, 1)

T N
Observable: B(r) = [ dt Ax, ) e x(r) A, = Z W,x;
j=1

tilted FP operator: LT = F'(V + hA) + (V + hA)'D(V + hA) (L, =L)
A(h) : largest eigenvalue of L}:f — A(0) = 4y = 0 : largest eigenvalue of LIZP

¢ (h) : eigenfunction associated with A1(h) — ¢7(0) = gl)g = 1 : first eigenfunction of LIIP

Trial solution

51 = exp [—%xTG(h)x] G(h) : symmetric

note :¢p7(0) =1 - G0) =0

Li¢" () = |=xTAT(V + W) + (V + AWx)TD(V + W) | (k)
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Calculation of Mean & Variance of Observables

Generating function

0,G,(x,1) = LIGy(x,1) — A(0) = % = 0: largest eigenvalue of L,

Trial solution

G(h) : I
51 = exp [—%xTG(h)x] (h) : symmetric

note :¢"(0) =1 = G(0) =0

Ligi(h) = [—xTAT(V + hWx) + (V + EWx)TD(V + th)] &i(h)

= [—xTAT(=G + IW)x + (V + iWx)'D(~=G + hW)x] »T(h)

= [=xTAT(=G + ”W)x + xT(=G + AW)TD(V + hWx) + tr{D(=G + W)} | ¢ ()

= xT [—AT(—G +EW) + (=G + W) D(—G + hW)] X' (h) +tr{D(=G + hW) 1T (h)

= (h)(h) =x'Qr=0 ~Q'=-Q

AL(hWW = G) + (hW — G)TA = 2(hW — G)'D(AW - G)
Ah) = tr{D(—-G + hW)} check : 4(0) =0

P
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Calculation of Mean & Variance of Observables

Generating function

0,G,(x,1) = LIGy(x,1) — A(0) = % = 0: largest eigenvalue of L,

—p

We have to obtain G (not easy in general)

AT(AW — G) + (hW — G)TA = 2(hW — G)TD(AW — G)
A(h) = tr{D(=G + hW))

We are interested in small h: 0,4(h)| =0 0%1/1(h) o

expansion — G = Gh + Gyh? + O(h)
AT(MW-G) + ("W—G)TA = 2(hlW—-G)ID(MW—-G) <« G = G/ + G,h?
Ohy: A"W-G)+W-G)TA=0

Oh?) : AN(=G,) + (-Gy)TA =2(W = G)'D(W - G))

(@) = 040 |,y = tr{DW — G)}

D = Ph)|,_, = —2t{DGy) T (ey
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