Analytic and numerical methods for active

matter research

Jae Dong Noh

January 6, 2025



Preface

t x, ” 2025D 10 69| UH Postech | @ X APCTPD 6° 22( pA<- "
Winter School on Statistical Physics)X 50 U= XD 8 x P-...Ea .

¥U <\ AAt” <"\ 11 active matter systemsbB \ p A<= | X 81 ” Vicsek, Czirék, Ben-
Jacob, Cohen, Shochett 1995DB \ \ Physical Review Letters| 8 [VCJT95]D Do EpE4 .t | 8@
<" X¥U x Ul (motilityt 4~ ANe AX&6,1D° X" ui xiYDou \a& PEDUaA
"HEA & Xt Aeg\  °0 | 610" toymodel@J, A& \ a S NEa.s XX~ D
PL "~ X Vicsekii X © @€+ EA \ A 30Dt Ae$S " LAA pA<- 381 «DEE\" 81 B \

D i< ma " uE4d .pA<- 81 +a@t 81| pt 9@Y< a@,| @X US| pt

¥U x “U1t 1U” E\" UiY <EAU,DE A t,topological defects, pattern formations fi D
\ " 81 Xa " pEa .

t X”&a ‘\ mlD " activematters ~ p polarorder m1D " AXDE A t 1 Daea

Y P (22th KIAS-APCTP

5

"WEA .t U | .o 0 81 DPOgt " Vicsek i X © U active Brownian particles™ D pt aéo
f ..E& .GPU| \ ©\ molecular dynamicsO+ @ ... 0 ~ AXA t]| ae” %)\ X ol )e
Ea .\ Boltzmann) Y U Smoluchowski) Y@ ... 0 ~ A| ii At x &l ) D ©°

5

A pn

continuum) Y<\ 0 ° "Et Ea . X| upt «+8" B ° P ) t active matters
Pl DE| ax &8l ,|p A\ © "~ 80 i Ea .
ag D bX” ,abD t CUDA\ ‘ 1 molecular dynamic simulation \ @~ G python3\ ‘ 1  anima-

ii


http://events.kias.re.kr/h/winter2025/
http://events.kias.re.kr/h/winter2025/

ton \g " D& X upnE& .CIDA \g" D-©XO0 t ” C9@C+,D \ AYt D” Xp Nvidia
X gpu D” i E4 [8 a:https://sites.google.com/view /jdnoh-tcp/cuda-gpu]. Animation \ g~ D - ©X
0 t " python3@C/C++compiler D” i Ea& .$, 11| pt ta ° «DD U "7 X%D g -
E(t “8 « Ea.

t X x,"” 11 reviewpapers] 8 p Xi * 1° LD ™E&  [MJRT13, PBGC14, Cha20].

1ii


https://sites.google.com/view/jdnoh-tcp/cuda-gpu

=

1.2

NepUD \ pA<=081 P, .. ... .. ... ... ...

Vicsek model

2.1
2.2
2.3
24

X
3.1

3.2

Vicsekmodel . . ... ... ... ... . ... . ... . 0 .
Mermin-Wagner theorem . . .. .. ... ... ...........
Toner-Tut = . ... ... .. ... .
8 A tx T8 A tX 2.

o)

Self-propelled particle™ . ... ... ... .. oo L,
311 Vicsek-type™ ... o oo
3.1.2 Active Brownian Particle (ABP) ~ . . ... ... .....
Molecular dynamicsL a -1 ... ... ... ... .........
321 Celllinked-list . ........................
322 A8 ©Y >0 .. ... ..

iv

Contents



3.3

34
3.5
3.6

4.1

4.2

51
52
53
54

Contents

GPU| \ ©\ N, A e 18
331 GPUX | p @ UD= oo, 18
332 CUDA kernel . . . . . e 19
CUDA| \ ©\ , « Ui Y N, A° pseudocode . . . . ..o oot v i, 20
Python<\ ~ ETt X ..o 22
B A o | e 22
o) 24
Boltzmann ) Y . ... e 24
411 Timeevolution . . . . . . . . . . e e 25
412 Angular Fourier mode expansion . . .. ... ... ... ... . o o e 27
413 a| \ 4E AU .., 28
414 a| \ flockingorderedstate . . . ... .. ... ... ... ... L 29
415 Hydrodynamicequation. . . . .. . ... .. ... . . e 31
Smoluchowski) Y . . . ... e 33
34

Beyond mean field theory . . . . ... ... . . 34
Discrete symmetry flocking . . . . . ... ... . L L 35
Chirality . . . . . . e 36
Multi-species system . . . . . . .. e 38



Bibliography

Contents

vi

41



1.1 Active matter2t?

a x & A | 1X” ..oX UiYDY toe.a% AD .X "U@° °~ x U) YD
Ox&a.A 0 x 9@D06 x x€ X% A8' ©Xa ~at ...X ~U@U" x 1 D A Langevin
) Y<\ O a. | a” (A Tt a damping coefficient 1/ux ~ D Brown ...’ x % DaA
AED I 1X” ..«a0X 4" x © X ¥D "a .Overdamped limitD Brown ... iX X r;

&4 LX stochastic Langevin) YD 0 X &:

7 = pwF +v/2Dn;(t)  [diffusion constant D = pukgT, {1i(t)) = 0, (i (t)77;(t)) = 6ijo(t — )] . (1.1)

N 9

I '} Brown ...e 3X X€ X¥%<\ €0 D Al a Xi t| iY B A\ X° at , ...
stochasticnoise 7D X\< U x ~UD Tt e ta¥uU x UD" "E 4.¥U  UX e %D v,

Y¥Deé j0mn “TA't .eX “U) Y@

i = Von(t) + uF; + /2D (1) (1.2)



X4D E p,vp@n \ « XUiYD E 4&.- X ~ Ul (motility)D ” ..\ |1 1 <ED
¥ U< E (active matter)t | € x & .

¥U<Et DI %" PA ...4a@  U1D E ~4.~ & \ Brown..» @ \ x tp,DE

LAT YD T aeé” driven lattice gas systems i U AAt ” ..o\ t & 8 "~ &.Motility@ mobility|
DEZ | ~7 |1 ,D Uxo0” “5Al, =~ <\ ¥U<E@persistence-1 t™ " e\ |1

Al Am\ &.

¥YU<EX " «+8A,1" Y<YAD } E&>D "~ 4.81 ~ X activecytoskeletonE 0 D&E” ED
tt” Y<Y x ¥U<EA” YTY D A| motilityX B\ %"a .At\ TY p 1D " ‘ t <\
t & A Janus particle,» O ¥< \ | U ” Quinckeroller, 0 B A\ I U "\ #A@x06 <\ il

¥U<EX \ 4agdlP\O a’"a.

1.2 NSHHED )\ pA<g 8 R PE

pUAX NepUD \ pA<-dI XP,Deé& Tt O toe. pu X pA<aYX 4 ” ©¢ (lat-
tice) 4.0« D a T pT ©e At ] tUX” e 9@ @aXA t@UIY ™ AP \
81 \ XEA% Ea,s °0 \ 8 X (D, mil,6teY At pUANepUX®d,1D° X~
"\ "ED LE Ea&.

i d°Y " ™A 5°YX -@uA<-YX 4 | T+ U¥U04&a.6j 8°YXxU b
a 9@AlI | pt " UX” .+ @e@abD-0©t a'\ 8l A% Ea,ti\ UA” pA<-YX
U] 6Y/x8 /-G, | X6i ADLA a.



¥U<EA” ..« 9@e@X € AU@T"" XLAUiY x A a” D uA<-Y 3l X
E\" (14, \ e=ja  4.¥U<EAD " ..sX 0 Xe A@u@fiX €+ A X E
i " a.t ba$ AIX XE\ " . XX°i @QuA<-Ydl - DET @81 U | X8u a " a.



Vicsek model

2.1 Vicsek model

Vicsekn @E 4 - X %AL AD $..X0 t !“self-driven particles\ t & A~ A| A..Xa Monte

Carlo simulationd | |  %Xi» @E\ "~ . XX A t| 6aX & [VCJT95.tu | 8X - 5.t

Al ,a81D g it | 8D U\ " D Viesek” t| €t &.Vicsek™ Xt OD -t ds.

e L2l OX2( DEt B N=pN? X .\ |1

e .« iIXAU” X ri(t)@° A 'vi(t) :Vo(COSQi(t),Sinei(t))\ t Aa,’ %@\vi] = Vp\ | Xa.
ly,A” 8E” U<®D \ artificial life” @ 1986DD ° U Y ox Craig Reynolds A ...\ " & . Boid = B(irds) + (andr)oid\
...... (N (1" https://www.red3d.com/cwr/boidsB  Ux "~ " &.
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2 Vicsek model

e AMt=1XU © UH" " a ..X X@+A UUDPADpt a.

D oifi (1)

jeN

ri(t+1) = 7i(t) +vi(t), 6(t+1) = Arg +Gi(t) (2.1)

Nii.o i@Xp- rp=1048 ‘@.... &aXx Ni

¢i(t): uncorrelated random noise uniformly distributed in the interval [—7 : 17/2]
e 7 caAXeeA)¥DU .oX Ea U)¥u , Xae-\a.

e A L AB'O@ \ p-rg=1"H 1 * ©X" shortrange interactiont & .

«A , A8 0@ A)¥ A9 XX Agl|] TX” 0@ —-0+¢)8 x & AXD t

m t a.

e .oX motility] XxXt ..eX «A)¥ A" <1 XY™ U0 @ milD "a .ti\ t \
Vicsek © X ...e | flying XY spin, Vicsek™ D active XY~ t | a €t 0A\ &.

«1e D " alignmentA8' ©@ " a ... @) ¥<\ AAt” YAL (flocking) Né p UD
< = ~&a. ~ ..X Ea-+A” WAL AX order parameteri * D\ &.
1 N
Va = Gy i;vi|>s (2.2)

1995D X | 8 B c 4@ ... A p@ aligning interactionD ) tX " LX | 0 7] O p XA°D
%X1 aLu @°  D»E &.



2 Vicsek model

e A ®aijLX 10 p B A" vy =0x disordered (gas) phaseD " & .

e A "a X 10 ‘@ b A" mlte. <\ h A v, # 0x ordered (flocking) phase
b~ a.
* gas phase@ flocking phase =t D” order-disorder 8 « A t | =~ cea.
Va ~ |16 — 7|0455007 L o — pg|0-3540.06 (2.3)
t °0 " aa€| €D X p active matters pA<- , | X " dl U4 \ €AX"p ° x AO
Ea.

2.2 Mermin-Wagner theorem

Mermin-Wagner (9 @ Hohenberg-Mermin-Wagner) -” G p- A8‘ ©Xa 8+ mlt~ " 6E AD
t aLo t 0¥\ &:“Continuous symmetries cannot be spontaneously broken at finite temperature in
systems with sufficiently short-range interactions in dimension d < 2" [Hoh67, MW66].
d D ©« B X XY Dut =XXg| ttt 6. .XY " Xt EH@

H=-J Z cos(0j —6j) [ferromagnetic coupling constant J > 0] (24)

t 4.t t E H @ nearest neighbor interactionl D1 hX a ~a s @ A| XX Ao E t UX”
8« AXD t "Ax U(l) mlD a " 4.



2 Vicsek model
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2 Vicsek model

XY™ X ground state” “~a o @t| |\ , (9?:90) «1 AU,%U(1) mlte <\ hA
AUta. «1 AU 6 "UDP D""A|] ~~60 t pU xp=-LBbBxb =@ A 21|

spin wave excitation 0; = Gig +27x;/LD a$t 6« .Lt p %° spin wave excitationX B A"

AE ~ % D6 - 6;)% ~ Ja?L% 2 (2.5)
)

ta.d<?2 Lt @0\ 4Xp~ \ <\ 4\&a.0] (A o DEt 6 U<\ Y1
U°  spin wave excitationst 1 E | 4\ &4a.%AD "~ " d=2(D@! A\ %°Dtu ~, long
range ferromagnetic order” 4 Al o @uw @A A h powerlaw| Ot ” quasilong range ordered
AU  ¥Xa JKKN77].

N T g @ t Viesseskt @XYT 0 @ mlD 7 active XYT DBt o\ &.Vicsek® b

- flocking phase” Mermin-Wagner - B Xt 60E AD " t =" A@E\ " <E AUx fta.
Mermin-Wagner - X \ Dha de+ x E mlte <\ «4 7" 0D@4C| L?

Tasaki” Mermin-Wagner -| flocking”™ <\ U¥ X$” UA| " & [Tas20]. X 7j,* A X «1 D
"N X..»o t t L>XxX2P0d Db~a.AXt EH@

N
H= > e(lvj]) + Y ulrr) | = D I m) e (2.6)
=1 j#k j=k 5] [vkl
t & (u: hard core repulsion, J > 0: short-range alignment interaction kernel), + A ) ¥ D XX A\ &
X" 8+ AXD t ~Ax mlD "4 .Tasaki” McBryan-Spencer bound| ” Y LI ED-©Xi



2 Vicsek model

(A 1/Bx 6E AUD p- 1| " AP ..oX «A-AA A h 1 gX” €AY
1 UJ Uk —BH I 1
Ci( )::—JdeV . ) ePH < (— (2.7)
P)=2(p) o] o 20
D»E a @ ‘XA )t °u ” .oX ~Ult 8« ml1DD8 <\ «4UnA” J& [fDXg\a.
TasakiX °0 " flocking order| " Viesek” X °U @' % ‘D L?

2.3 Toner-Tut =

Vicsek ™ | 8t \ t D Toner@Tu” A" x¥ ) YD UXa renormalization group (RG), D
%X1 2( BDb long range flocking order t -~ LD 0¥ X a [TT95, TT98]. ...eX A p(r, )@
o A v(r,t) fieldD \ Toner-Tu) Y@&aLu a&.

oo+ V- (pv) =0 (2.8)
o 4+ A1 (v-V)v+ A(V -v)v + A3V|v> =
{(x - ﬁ|v|2} v — VP + DgV20 + D1V(V ) + Da(v - V)20 + . (2.9)
a>0 Lt ) Y@ homogeneous ordered stateD t U X" t p(r) = pg, v = Voex| "a . Toner-Tu”

| ( X G-] pt homogeneous ordered state\ €0 X " U p = pg+dp, v = (Vo +0v|)ex +dv X A A

h anisotropic power law scalingD 0, D 6 a.

C(R):=(vi(r+Rt) v (rt))= RiXFV <|I:—g|,) (2.10)
1



2 Vicsek model

\ RGA° D ut 2( DD roughness exponent Y@ anisotropy exponent (X U\ DI " &a.

1 3
— 2 7=z 2.11
x=-5 &=% @1

Roughness exponent LX D 0P«AX"U@p- @ E ] T A4d.%,” Ut flocking ordered

state] 4 ° ALDX @\ &.Toner-TuX °0 ” Mermin-Wagner -| 0t ” 6E AD @'i - active
matterD 8¢ mlte <\ <4 LDt <\ 8ax\ XA <\ 0 a~”a.
g1~ , Toner-TuXt * @A~ XE A° tal’” x"° ATX A -, .Xaeé Da "a.

Tp&a~ Toner” 2012DD e \ | 8D TonerTu” H a$XAJIJ@E\ D mD"” \ A.Xt
Toner-Tu RGA° X A 1t -| DD 6 & [Tonl2]. 0 | Toner-TuX t °~ @ Mermin-Wagner - @ @
A\t <)\ Dat 0oéa u- xt = <\ Dat” ft AluXa.

2( B Viesek © X ordered phase D X <\ A°\ A Ah 7 Y (210)i @ anisotropic
power law scalingD 0 x & [MGC19].e,, AA X @yx=-0.31(2), =0.952)t p Toner-TuX U } X

(t] 6x4a.

248 A tx 7} 8 A tx 7§?

. e ml e+ 4@T" "  flocking A tX -1 \ | €ED"1 |< 04a.Vicsekgu @1995D X | 8
t “\ flockingA t &« A t]au¥X & (Y 23)8p).gi~,pl 0D 4 U UH % X
A° @ flocking A t ~ &« A tD 01 UE&d.egmE&A (pp,7) Et D X AE g¥%@a’ -0’
A t] a” ~XAE @g%i -X&a [Cha20].
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2 Vicsek model

* homogeneous disordered (gas) phase (va =0): A @+ AX A A A h <\ @& a.

¢ polar ordered/homogeneous ordered/flocking (liquid) phase (va > 0): ...e &t Ne <\ \ ) ¥<)\
“U\a...ea@AD al| XE&, i XAl ..o A XE"” U\ a (giant number fluctuation). %o,
t t 2 B 1h e | ngl * L,..o X, ( power law scaling {(6nz)*) ~ (ng*D
Ot p2(BPD , AA " a=8/5(Toner-Tu), 1.67 (simulation)t & [MGC19].

* band (coexistence) phase: 0° AU@ a” AU\ A, - (microphase separation) | ~ oed. A, -
a”” i<\ ¥%DPA  (bands)” ‘* <\ 0" AU| 0%<\ "U\lad.a” "Xiu© @ X 4a.
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3.1 Self-propelled particle &2

... 0 X active matter ~ “p ¥ \ x ft self-propelled particles (SPP)" 't &. ...X AU”"
Xio@«Aj0oX (rv)<\ G  Aa,ta@” AX11D Xi p-@« AD 9@h@ X
t X” A ©Dua <p U DO|] ATV&....X «%@T A v\ & Xa,s AX) ¥ @ polar
angle —t <O <m\ \ U\ &.%, v=von(0)t a n(d) = (cosh,sinfh)” « A) ¥X & {0t a.

3.1.1 Vicsek-type &2

o discrete time t = n x At, continuum space r € R?

13



eép-<A , A8 oDi N “U) Y

ri(t+1) = ri(t) + von(6i(t)) (3.1)
Oi(t+1)=Arg | e‘9j<t>] + Gi(t) (3.2)
jeNi(ro)
Ni(rg)” ..o N €0X p= rptXx... a NiD A a,gt)y | [-1:1]-tba|XE

,iXaA A & |ID "A, a.

3.1.2 Active Brownian Particle (ABP) &

e continuous time, continuum space r € R?

eep- A8 ©i P\ Wi«A , A8 ©Dih "“U) Y

% = von(6;) — VW + 1/2De(i (1)

do, o |
e _mjej\%ro)sm(ﬁ. 0;) + /2D (t)

(3.3)

o .+ ntDeép- ™pt' OXa A , A8 ©t AD L (J =0), ABP" @ motility-induced
phase separation (MIPS) AD|< ~ & [FM12].
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3.2 Molecular dynamics L 112|&

.0 " B \ ,eUiYLa-iDLD6.SPPX " U) YD X , L ¥ $ |@ ép-
A8 ©X 1 0] A°X” fta.l} LoX A8' ©Y Ni(rg)DI X0 t " a ...Xx X| €\a
t @€ U© AtUHD %t | X” A°* @ ~ .o/ X ANPD@ fta.t A°D" ( <\
%X” ft ,eUi YA°Xui G ta.
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3.2.1 Cell linked-list

Cell linked list 9 @ cell listf - ©Xt Gup- A8 © A° B D"\ A°* D O(N)<\ «0 <\ |
~Aa lgw32X2(D | 6p celllinked-listjfI U” & D~ " 0+ .

1.4x4X2(D8 B8 X..o ,1Xa" 4.

2. 7 8 Drgxrgl 0X cella\ ,\ &a.rp=1x %° 16 X @t Y4 4&.

3. X @UE A°\&a @O .. -100 @1 ... -4 @..).

4. .o 4D @uEO <\ sortingXa,..Xx qa| @uE \ =% \a.

5. @b i h ..oX 8- "8@, - " 8] ¥\a (1" @ab” 0~0 ..»,.,100 @b” 4~5
.e,.).D""" @X8-"8@, -~ 8" NULL\ $ \ &.

t U DEXt (i) ..o” “as< D6t\ D\ xqgual a (i) @@+ abih ..+aX 0]
8-"8@, -~ 8 -t )D E 4.

322 A8 © Y > 7

Cell linked listf = ©t ..» iX A8* © YD >" )» DLD 6 .i Ug¥%32X2(D | put $..X &.

IDe ” celllistb 0 \ , « Ui YO+ D2012D 1030 ® 20 3] UH POSTECHP 6° 9( pA<-"_,YPD 0aa.
%Xa ©\ XA°e+DLS$Ua KISTIX a -~@AI <\ aXx-Aa| ,°a
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3 X 81 )

Figure 3.2: Cell linked-list| 4 0 .
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3 X 81 )

o .o i o\ celli UX Xiga“ " cll 9 | a$\a.(i=2tt {0,1,24,56389,10})

@D ¥ ..oX 8-,,-"8 08| -OXi 9 @ih “a.X Ni A I\a.(=2
ttt A=1{0,1,245)

e ADe\ ..o “p . i@Xp- AB8'© %rdad ‘@... &>DN(r)D ¥\a.(i=2t
Na(ro) = {1})
\ .09 X@ih ..+@Xp-l DDPXO0 L 8D typical caseD A° E@O(N)t &.

3.3 GPUE \ ©\ N3 A

GPU" " a ...Xe A UUD1a "’ (parallelupdate), « Ui Y A°DN, " =X"p\ T &°¥

Xt a.GPU A A° ¥%D 100 <, \ ©X$t gpuX hardware ‘' UP-H \ J@tt D" XAl,

D 6 -0X..¥ D t” a°  ~$ |t a.t Xb ” Nvidiam X GPUDP CUDA (Compute Unified

Device Architecture)] - ©t N, A° D %X” p D”\ \ & X 61 D“Ds t &€X" )Y<\"$..
fta?2

3.3.1 GPUX Fp @' =D 2

e GPU” LED" EO\ D ° "~ 4."EO0OX grid® (mnE&a =@t i~ 8 " i ,Nvidia-n X GPU
D" 8°D % ~aa X grid® (mn9@(,mnDA ° ~” e X cuda cores
24t . https://sites.google.com/view/jdnoh/lecturesD  tutorialD - © cuda@ python source code] &~ \ 0 T a.
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i~ 818" a.
eg”"= 06 U At" EOX=@ ® D 0 rgbha8| UUD e%Xit  cuda cores” « aX
g-U@E D8pXph A°DA% <\ UUD % &.

e SPP ..o | cudacoreDb QU it , e« UiY A°DNRN)\ %o’ -

3.3.2 CUDA kernel

cuda kernel@ cuda cores % ‘ AD X\h 9@ 0D AmM\ 4.28( DX P j 0 a bX i
c=a+bD| X$t ,cuda kernel@D~ @ @) Y<\ XXa

__global__ void a plus_b_equal _c(int *a, int *b, Int *c)

{
unsigned int tid = threadldx.x + blockldx.x*blockDim.x;
c[tid] = a[tid] + b[tid];

}

aLX ) Y<\ 8 &.

int nBlock = 1024, nThread = 256;

a_plus_b_equal _c<<<nBlock, nThread>>>(a, b, c);

A -©\ D | -©Xi $..Dt "~ 0&-.

19



3 X 81 )

o <<<1024, 256>>>" 1024x256 X =@@o-U| A A " EO| Y1X|” AU  &.(1grid=1024
blocks, 1 block = 256 threads)

e cuda kernelt 8 ae t =@ (cuda corey@+*aXxX g-U @ D- D$ \ )Y<\ AXt
A “ AD %\ & . (threadldx.x =0, ..., 255, blockldx.x = 0, ..., 1023, blockDim.x = 256)

e blockDim.x( ] \ Dih & UX/ ) 32X 0 \!

3.4 CUDAE\ ©\ , » Zi Y N&A° pseudo code

pseudo code

# Vicsek Config.cu or Vicsek Tseries.cu

initialize()

fort=0, ..., T
Xupdate<<<nBlock, nThread>>>()
linked_cell()
PolarAngleUpdat<<<nBlock, nThread>>>()
Vupdata<<nBlock, nThread>>>()
write_order_parameter()

20



write_config()

finalize()
package
Ue | vicsek turorial.tgz « B

Vicsek _Config.cu (configurationD ©e%X” T X \'g" )
Vicsek Tseries.cu (order parameter UAO D ®%X” Tx \ @~ )
VicsekKernel.cu (cuda kernel)

VicsekModel.cu (class X))

compile and run (CUDA Version 11.6)

nvcc -02 Vicsek Config.cu -o Vicsek Config.exe -Im -lcurand_static -lculibos

--extended-lambda

Vicsek _Config.exe {Ix} {ly} {rho} {vO0} {eta} {seed} {tmax} {ic=gas or liq}
= | ,e%Vicsek Config_from {ic} state Lx{Ix}Ly{ly}Rho{rho}Eta{eta}V{v0}.dat

Vicsek _Tseries.exe {Ix} {ly} {rho} {vO0} {eta} {seed} {tmax} {ic=gas or liqg}
=> | e%Vicsek Tseries_from_{ic} state Lx{Ix}Ly{ly}Rho{rho}Eta{eta}V{v0}.dat
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3.5 Python< & ° L|O{jt X

PythonX matplotlib.pyplot package] \ ©X1i Vicsek™ X Ui Y D animation<\ Ux ° " &a .PythonX

¥ @€,1\ 81D~ Al ,loopA°t AAXEes -&a.t| t°X” i1 A) t° Al ,De” ui

loop|] C/C++\ “1Xat] 6 | Xa |t i-\ AX\ ApythonD "1 8” )» D-0OXa " 4.
e package: Ue | VicsekPython.pgze« D

anim.py, model.py: Vicsek ™ U > ETt X
sub_local_field.c: ...eX velocity angleD Apt , X” A° D 6u X" C subroutine
SConstruct: C \ g" Do | Xi |t i=-\1TU"pD”"\ al ¥, |

"scons' software toolD $ X\ A ,scons...9 " | ..%Xt SConstructa| %, |t AUX” \ sub_local field.c
| 6 | \A|t 1 -Y1lt &.

* a %o python3 anim.py

3.6 81 =

e CUDAGY H™ t A https://developer.nvidia.com/cuda-zone

CUDA quick start guide, tutorial, CUDA C/C++ programming guide, ...

¢ Thrust https://developer.nvidia.com/thrust
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3 X 81 )

GPUD ©\ utilitiesX " L :sort_by key, fill, reduce, ...

e CuPyH™ t A https://cupy.dev/
CUDA with python
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57 )e

e 0 X7 P \ 1 xtt] t A <ADUD \ ¥ "DOGE€t 6 . ¥ ° @ scalar field
A o(r,t) = 3. 6(r —ri(t))@ vector fieldx polarization p(r,t) = —1= . v?(t)lé(r -ri(t)), 9@  UE
A (magnetic systemD D t T A| mXO0A\&)m=ppD \ 8« ) YD AX" f<\

X

U ‘

\ a.

4.1 Boltzmann) Y

i

D

1)

pt O

Y@ ... AX 1 ED one-particle distribution function

N
f(r,0,t) = <2 O(r —mri(t))o(0 — 6 (t))> (rj, 0; : position and polar angle of the ith ptl. ) 4.1)
i=1
\ & [BDG09]. {())@U" x " U»%\ B \ EabDXg\a.fh

leJﬂdef( o,t) =N _ 4.2)
VVT_H r,o, —V—po .
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4 € ol )e
DI g\ & (normalizationp t ).
4.1.1 Time evolution

StX UH fh X AT 6f = f(r,0,t +6t) — f(r,0,t)] 7 t O« .

¢ self-propulsion: r — 7 + Vongdt

of| f(r —vonyot,0,t) — f(r,6,t) — vy Vf . 43)
ot St
e AMSX U\ | 7" T U AX 4° x U° (self diffusion): 8 2% 9+¢ta ¢x U, i h ~
P,(0)t a (Ea@0,, ° @7?).
5f & / / /
s.d. —7T
7T
:A[_f(r,e,t)+ J 40’ (1,0, 1)P, (0 — 0') (4.5)
—7T
* binary collision: A ®&at Kt AX..» UUP ©I Xi A8' ©X” -t D 40" “a. v
A (61,00)x P ..o ©It «A |, AB* ©OD2E&daa X+ .«A , DAP,, 1| Ot " jLt
O\ at LeX U A
o, 2O 0 (0 —01) + 0, (4.6)
0, 20 o W6, —01) + 4.7)
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4€ B8l )

t a H(@=6-6)" D \ «A ,t] ~-aDLX°€ At a.Vicsek-typeX %° D"
H(¢):§, (4.8)

K(¢)” A(t ¢x P ...eX total scatteringrate] X @\ &....X A8' ©p- rta A «AX

| 0 Volny—mno| =2vpsin|$/2l,D a$Xt 4LD »D " &.

K(9) = rvako9)( Kal) = sin %) 49)
o| ,
5f / / /
- = —4rpvy | d6 K0(9 -0 )fz(’l", 0;r,0 ) (410)
ot coll
+ 4r0v0 J]f d91d92d§K0(92 — 91) fz(’l", 91,’ r, 92)P;7(€)(527-[(9 - (91 +H (02 - 91) + @)) (411)
= —4r0VOJd9/K0(9 - Gl)fz(’l‘, 0;r, 9/) (4.12)
T 4rovo J 46,06,K (62 — 61) o (r, 617, 62) P, (6 — 61 — H(62 — 61)). (4.13)
X Y@ two-particles distribution function fp(rq,61;72,62;t)D 1 hX & = & .| <\ n-particles dis-
tribution functionX ~ U) Y @ (n+ 1)-particles distribution functionD i hXx a ~ =~ , 7 ) Y@
4\ 1T @,ih at A5 <\ °| Bogoliubov—Born-Green—Kirkwood—-Yvon (BBGKY) hierarchy
l p| " .t . Dt X0 t Ea¥ - 9@ molecular chaos DDYXe .
fo(r1, 01,12, 00;t) = T(71,01,t)F(1rp, 02, 1) (4.14)

26



L€ 51 )
A ®a ...o-. A Al 40° s Dut » @Boltzmann) Y@D™ @ 4.
otf(r,0,t) +vong - VI(r,0,t) =A [f(r,@,t)—l—fr do’f (r, 0", t)P, (6 — 6')
.
— 4rov, [f(r, 0,1) J 40'Ko (6 — @) (r, 0/, 1)
+J 46:1d6,Ko(62 — 01)F(r, 01, 1) f (v, 0,8))Py (0 — 01 — H(02— 61))| . (4.15)

WMAAX t > t/A, r—> 2r, fopfDpt U0 A @ Al 4(DA \ \UXt Y (415D
A=vg=1 “D ~ayY (@2D Ap=1\ “D "&4a.4(D) YD Y (49X total scattering rate
h 7 K(¢)=2mxKo(p)t a,+A , A8 ©X 80" 4(DP°i A x tAa.

2I’0V0p0
= 4.1
K - (4.16)

4.1.2 Angular Fourier mode expansion
®@ AP Ea¥ i-| ¢ LPA " | Xa Boltzmann) Y@i ~ 8 Xa.t > x 0D t
one-particle distribution functionX moments, 9 @ Fourier modes| a $ X .

7T

o0
fu(r,t) = J dof(r,0,t)e*? < f(fr,(),t):% > Al t)e (4.17)

- k=—c0

A

Fourier modesX 1 1 D -t 6 .

o fy(r,t)=f(r1)
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Re f G <
e op(r,t) = ( }) :" UE A (... A x polarization) = local flocking order parameter

A

1 Re fA2 Im fAz 3 A X LN - . .
* 0Q =5 N : nematic tensorial field " UE A X Di) 1)
Im fz —Re f2

Fourier D\ convolution - (C(#) = (d6’A(6—6')B(6')X Fourier modes” Cy = AiBy)| \ ©Xt 6
& D X Boltzmann) Y (4.15)D Fourier™ U =tX °i ) Y<\ «}E A "~ &l

1 _ 1 : c
Ot fk(r, t) + E(ﬁx + |0“y)fk,1 + E(ﬁx — |5y)fk+1 = —(1 — Pk)fk + K 2 Jui fk,|(’l“, t) f|(’l°, t),where (4.18)

l=—o0
P, — dePq(C)eikg I T A Jn 40K (060 — T u : integer 419
- m, u : half-integer
413 | \ 4E AU
al\ 4E AU9@0 AUPtux” AU
fu(r, t) = fex := ko (4.20)

I$t X1 A /D %° Fourier modes|] XgX” 08| YuX &.
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4€ B8l )

U 1) Y@1eyx Oy AAUtta.tt al\ -U

fu(r,t) = fox +ex(t) (lex| « 1) (4.21)

D t H \ A" 6 (linear stability analysis). i-D k#0x -Um@  U) Y
e = e +0(e%) (= —(1 = P)x(Tio + JTi)) (4.22)
D O0x a.” a Fourier modes \ A2, D L " & .Order parameterb t U X" k=1" UXHp t
up = —(1+8«x/3)+ (1+4x)Pp <0<\ €0 a|]\ 4E AU "H tA” jL 80X..A DI°
T a.
1+8x/3
N - 4.2
() ¢ 2105 (75 .29

4.1.4 #| \ flocking ordered state

@ A9@‘@iL (7 < ne(x)) D aj\ 0" AU” "H tAa.D” X eA| D pal\
0"AU DI ® XAE ogw%uDItos.

Lal\ (k=d=0a AUbtuX” AAU (=00t f(rt)="Ff =0 8%) Y
(1=P)fL =% FafreafL (4.24)
|

D€ 1 \Va. X <\”" x=D " U| |k<kx <\ \ A iteration)e <\ | ° T a.
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Po
Figure 4.1: Boltzmann) Y X AE @ % ([Mah18]D I h.g%X pp@88 X x—~t B” pg=rmxkX A
" al)
22a|\ a” AUf D wavevector g= (Ox,0y)x ~ax\ Et " UX linear stability] p -\ &.
fie(r,t) = fLy + 0fi o (t)e'TT (4.25)
i-b "UX " U) Y@
d
gt Ofka) = M@ (0fiq) (4.26)

t a, H 1D° X" %, @

M(q)) = —(1=P)o(1—Py) — % ((ax +iay)dk 11 + (ax —iay)dki—1) + & (Tt + Tik—1) fie—t  (4.27)

t a.
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3. XgD H 1 % M(@Xa X| | Xa,ae , X D " a X t=-X"Apa\

a."agb "aa XXa . L x B ,al\ a AU H X t a.l}, a
“ xa X X"|At-\at,g b al\ a” AU” "H Xa.

gYs41D ET\ "tAE€ @ \ gX”UDb Xt al\ a AU "H tA” ita. ¥ H
1t ' @” UX wave vector” g # 0,t L& [Mahl8.ETt “t A i AX ..o polarization
X i “al hD i Xa " a.t ib Boltzmann ) Y (415D X , Xt j <\ ~~ [
X band A%X” fD Ux’ "4 [Mahl8].t A<\ ° =" Boltzmann) Y<\ €0 a|\ 0~

AU (disordered phase), a| \ a” AU (flocking phase), ~ a| \ &t AU (bands phase)\ | 1 AE
o Ys (41)D »E &.Vicsek™ X AE g% (22)-tX -10(t DUxto68 €a.

4.1.5 Hydrodynamic equation

Boltzmann) Y<\ €0 AE %X 1 x 1Dt ¢t <~,i t X U ) DA~ XEX
tXa~ A t TAE Dt tX 0 ~54&.t X uD t €T 0 \ DA.Xs.%al\
6t AUD 0" AU % %A (Y (423)<\ & ] fiei(r, )X 10 " <\ ‘DEfta. \ ¥
A <\ & ] AXDiA) 1t “afta.ti\ o0 | \ X1~ Fouriermodes ~p k=0

"U (.. A),k=1" U (polarlization)] “0a “~8A " Ua D" i <\ p\ hydrodyanmic) YD
At 6« [BDG09L. fo=p, fi =p(px+ipy),D AOXe .
Y (418D k = 0,1,2| .. X1 hydrodynamic field p, p@ leading correction term® \ ~ U) YD
't 6.
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4€ B8l )

* particle density (k = 0)

% 10
Gpt+ S+ f)+ S (-f) =0 = ap+V-(op) =0. (428)

¢ polarization (k = 1)

0 i0
orfy + ?X(fo + f2) + Ty(fo —f) =1 -P)f1+x(J10+ T11)fof1 +x(T12+ J1,-1) 2 f 1 + O(fj=3)
(4.29)

* nematic order parameter (k = 2)

Ox + 10
ocfr + X y

fi=—(1-P)f2+x <jzo fafo + o1 7 + Tz fo fz) +O(f=3) (4.30)

f,” hydrodynamic fieldsd & timescalet ¢ D mA quasi-steady stateD U t ~ & a Xt Y (430)D

otfomD 0<\ “D " a,fy fu fth \ | ° Ta.t E&IlI\ fpl Y 429D .. Xa Xt ...

A@ UE Aw=pp\t AEE U) YD»D "~ &. U\ 4X " U) Y@8as8li ([BDG0Y]
XY 27-32)P Ux X0\ Xa, ¥ "\ i DX”" ml "~~~ 6.

dow + y(w - V)w = {y(p) — {;’(p)'wz} w + additional terms (4.31)

%@ E<\ \ U\m @ vector order parameter| " AX Landau-Ginzburgt = B A¥ X" mt 4a.¢ >0

X Landau-Ginzburgt = B , reduced temperaturei ~ D 6u X" u tL b * \ Ahb 0| A

disordered phase (w = 0)@ ordered phase (w # 0) =t ® A t| 274 .0E AX Landau-Ginzburg
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4€ B8l )

t " UX (t @ effective reduced temperature y  local densityD Xt \ &” t a. %o
H(p(r)) = 4t (e‘”z/ 2 - %) - (1 —e T/ 2) : (4.32)
00 3
Lo X  AD'@ " Ut YXt p(r)>px 10 p(r)<px it~ XE a. A ' DA ib
uot e dat Ne <\ \ )¥<\ AAta 0| ..oX localdensity” T+ T ' DAA&.
t D X ® " u tL 0 ~ .eat Eljt \ AAtp UAD a " local density” T

+ T ®DA&. ... AD Xt X" effective reduced temperature Vicsek-type © B ~ A~ " bandsD
X\ microphase separationX Tt E~ ,D L " & .Hydrodynamic equationb \ ¢ 8Xa A \ A° @
[BDG09ID 8 a X| .

4.2 Smoluchowski ) Y

Bolzmann ) Yt coarse-grain Vicsek-type = X ¥ ) YD i\ t B,Y (3.3) @8- U

U) YDOt” ABPO ~ X¥ ) Y@ Smoluchowski) Yt iX &.t )» @ LangevinUi YD
Ot”a ~AX¥) YD A\ DeanXt ° [Dea99]D ABP"~ B ©X” ft & [GRBSG14]. 4~ AX
U Ah B et i Y molecular chaos D A..Xt , one-particle distribution functiont 1 g X

Smoluchowski) YD A" " &.Boltzmann) YU X 1 - Smoluchowski ) Y @ multiplicative

A

stochastic noisemD 1 hX a ~ &a.
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5.1 Beyond mean field theory

Boltzmann ) Y U Smoluchowski) Y, @-a @\ €0 A hydrodynamic) Y& @ ~ P molecular

chaos| \ Ea¥t "ta.Ea¥t ~ <\ Vicsektype ~ D YX” 4E 0  A,%AL a’ A,
6t At t - AE w@o%,@-a AUDP X <1Dt t "4a.AE e¥%bIit DE| , A AX
6.1D t " Ea¥t "Ddé” "t x Ut D” Xa.

\' 77" A8 ©ODPXX"¥ U...Xx A, - A (MIPS, motility-induced phase separation)A hydro-
dynamic) YD put \ "~ 81 a~a.6eE AP | """ 0 -a’” A, - A@model BX " U\

X " a|| ¥) Y<\ 0 & [HH77]
étp =~V (J+V2DMA)

5F . b , K
J = MV = -MV with Flg] = J{gcpz + 490+ E|ch|2}

X YD « B Am<\€0 A AJ” mD” h<\ho6E t D¥U<EA\ U¥" a.

(5.1)
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| &’
J/M=-V a—F+A|V¢| + (V) Ve (5.2)
\ U¥\ t  x active model B+ (AMB+) "~ & [TNCI8]. X YD L mDO<\ “ @Ea¥t 1 <\ A
a° eg\” A, - ADOxa.Ea¥t "D ~ iL mX "4 “ P a$ stochastic field theory

b \ ol D"\ U ta.

5.2 Discrete symmetry flocking

Vicsek-type ABP" X ~ € ¢ ADtUX” «A)¥ A G 8+AX 0 —>0+¢)D t m t a.
d m1DDT\ "8+« AX mlD "¥ U<EAX NeéepuU@t > <\ a° eg\’ &l 0 ta.
cA)¥i0 n=(coshsind)X ) ¥ A p X "8+ x
2
9:%5, (s=0,1,--,p—1) (5.3)
<\ \ active p-state clock modelD Y t &+ [CMR22, SCTT22]. Vicsek™ @p=ox U\ Dt uXp,

¥ e\ p=2x %° " active Ising model (AIM)D t u\ & [ST13].

\'t° x eg| ’ AIM@ flockingA t 0" -a” A t@ @ A, D U%X"p?°
x 01| ~ & ]|[SCT15].861 " ,\ UDPEmME \ &1 °0 ” *ac@U UHDP % ” XU% 0P
»@°U @Ea¥t 0 D hydrodynamic ) YP »@°i YWE™ @} Al T A

01 0a” & [BGR'23, WN24]. AIMX 81 X P, D &~ -t 0.

1. AIMX A ¥< \ flockingA tX 0" A -86tA -a” A tt ~ X % E& [SCT15].
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2. Droplet excitationt EmME - ~ ¥p- E | " a” AU metastable AU| ” ft La.
t\ xt 0" -a” A tt > Xup -] La [BGR™23].

3. Motility-induced interface pinning (MIIP) At EmE - E&a.MIP\ xt jLX 80 ‘D L
AX AU a” AU DI disordered pinned state a [WN24].

4.t ft 1t DEa .

I Y]

o (1.0,6) o 512

<102
= N[ ] ‘
Figure 5.1: Band, droplet, and MIIP in the AIM ( [SCT15, BGR"23, WN24]D ).
5.3 Chirality
Y<AX&a' 1@<-Y*DEJ, At E\~ D 6 Xa " &.Paenibacillusvortex L-D Né @A

X %A | 0| Pt ” edgecurrent|]l & a [LCS*24], molecular motor assayD , $ A microtublesti [SNS™12]
, "V AAt” " U L - D Serratiamarcescens@ p U x | 0 (O(1lmm))X vortex array] Y 1 Xa [SNS*12,
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5 Y

XW24], A ' @E.coli” \ X UDUOTt B U UDI
~7 ,«A , A8' Ot Vicsektype ™ 04&4

aa [CLST17].t a A| té” ...a@
\

chirality] a U ADO6x4A.

Speed (ims”)

Figure 5.2: vortices in bacteria ( [SNSt12, CLS"17, XW24]D ).
Vortex array ( 4 D $ ..X0 t Suminofi @...U x chirality] i h\ =~ A| UX a [SNS'12]
ri = Vony
. «
0 = wj + AR Z Sil’l(@j —9i)
i (ro)| jeNi(ro) ©4)

wi = _%(Wi —wp) + Gi(t)

Chirality] ..U <\ A.” 0 L8Dt "~ t vortexarray( 4D 61 0” f@€| |t DE&a .\, Xu
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@QWu gaXa@gd°i | aLx » <\ = ° “&dab6ax a:

T = V()]/li fi’ng =+ 2Drwir,i

. kg
0i = Wi+ 77— Z sin(6j — 6;) + /2DgCg,i
Ni(ro)l ;7 (5.5)
) k _
Wi= -2 0N (W) — w;) + sign(wi)e 10 4 4/2DE,i(t)
T [Ni(r)| .~
jeN;(ro)

we —wX mlt A a ..U x chirality] A..XA JX L DA vortex cellt | ¥ f@A8' ©b
Xt w+ —wX mlte <\ «4 ELDX @)\ &.Chiral active ...*X pattern formation@ e @\ °

31 i fta.

5.4 Multi-species system

i1 X ¥U ... <i A” activematter 81 X E\ ~ ¥D 6a ~a4.A BP .<\ té AADP
Lo atX « A, AB' ©X ¢l D 2x2%, Jg\ A"+ (x,p=AB).

OChatterjee@ﬁUél-é@JAA:JBB>0taJAB:JBA<OX Y%2° , %0 @ ...... ’|—|” ‘Al @
) ¥<\ XA AX ... o | = ) ¥<\ . X" %°| 81 X a4 [CMWT23L.P ..X ..e

" antiparallel flocking state@ parallel flocking state| 1Xp \| 0O™X$” AB8‘©D\ 0O 9@
E<X ” ) Y<\ Né pUDd6xa.

* Jag # JaX %° P ... -tX A8' ©@ nonreciprocal 1 ED < p [FHLV21],* "~ Jag x Jga < O
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Figure 5.3: Two-species Vicsek ™

(a)

ety —, - -
po=tp .-1".\'9; T

e Tl

.-\.I‘.#vv
g« e " vt

brrymegse < NIRRT T R

X antiparallel flocking and parallel flocking states (([CMW 231D
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cluster B

—25 0 25
gap(= —gpa)

Figure 5.4: Non-reciprocal Vicsek model ( [KK24]D ).

X %° ,..* 4t \ 0a O0p chiralAU 9@ ~ i 0 AU, clusteringii eg\ ~ Ui Y AU]|
0 x & [MSA™23, MCNR24, KK24].
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