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Part | : Thermodynamics & Statistical Mechanics
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Thermodynamics

Thermodynamics is a branch of physics that deals with heat, work, and temperature,
and their relation to energy, entropy, and the physical properties of matter and
radiation. The behavior of these quantities is governed by the four laws of
thermodynamics, which convey a quantitative description using measurable
macroscopic physical quantities but may be explained in terms of microscopic
constituents by statistical mechanics. Thermodynamics applies to various topics in
science and engineering, especially physical chemistry, biochemistry, chemical

engineering, and mechanical engineering, as well as other complex fields such as
meteorology.

~ Macroscopic N / Microscopic \
Temperature (T), Pressure (P),
Internal Energy (U), Enthalpy (H), @ @ @
Helmholtz Free Energy (F), /‘ ‘
Gibbs Free Energy (G), @

Chemical Potential (&), N
Heat Capacity (CY), H= sz + Uine (£™) +ZVext r;)
Isothermal Compressibility (k1) - <M S—~—

N — Interactions \Z
K(pN) ext(r )
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Thermodynamics + Statistical Mechanics
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A measure of "hotness’ or "coldness’ that
can be measured with a thermometer

________________

iWhere f is kinetic degree of freedom

The force exerted by a system on its surroundings per

Pressure . :
unit area, which can be measured by a barometer

____________________________________

____________________________________

where Fj is the force acting on particle 1

D i exp(—BE;(V,N))
p==(Gv) =t (%57) - ( zerm?anv,Ni =
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Statistical Mechanics

Partition Function

Microcanonical

Canonical

Grandcanonical
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Counts purely how many distinct microstates exist at exactly a
given energy, for an isolated system with fixed energy, volume,
and particle number.

1

AN, V,E) = / arNapV 5 (H (e, pN) — B)

Adds up every microstate’s contribution weighted by its thermal
likelihood at a fixed temperature, for a system that can
exchange heat (but not particles) with a reservoir.

1
Z(N,V,T) = IV /dr3Ndp3N exp [—BH(T?’N,p3N)]

Extends that idea by summing over both microstates and
particle numbers, weighting each by its energy and chemical
potential, for a system that can exchange both heat and
particles with its surroundings.

= 1
2w, Vo T) = Z B3N N /dTBNdpgN CXp [_5 (H(TgNaPSN) - MN)]
N=0 '




Statistical Mechanics

Now we can express more thermodynamic variables!
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Isothermal I 1 /op - _oF 1 09z
Compressibility Tmv\ov),.y PTTav T Bzov

___________________________________________
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All information is encoded in partition function!
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Part |l : Classical Density Functional Theory (cDFT)
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Classical Density Functional Theory

©@

=(p, V,T) Z 3NN' /dr3Ndp3N exp [—5 (H(r3N,p3N) — ,LLN)]
N=0

Problem : Direct calculation of = is intractable for almost any interacting
system due to the high dimensional integrals and sum over N

~1 Hohenberg—Kohn—Mermin Theorem

~

Instead of focusing on the positions of all N particles, can we describe the entire
system’s equilibrium properties using only its one-body density profile, p(1)?

o

J

a N-particle description N\ - One-body density T\

w(r17r27’r37”'7rN) p(’l")
or > _ | | |
3N 3N A function of just 3. spatial variables
Pr™,p™) Much Simpler!

\ % \




Classical Density Functional Theory

One-body density

N
p(r) = <Z d(r — rz)> : Fundamental variable of cDFT
i=1

Grand Potential Free energy like physical quantity

Qup, V,T) = —kgTIn=(u, V,T)

Hohenberg—Kohn—Mermin Theorem states

Existence of a Universal Functional

/ I

There exists a universal functional of the density, Fi,+[p], called intrinsic Helmholtz
free-energy functional.

Given any trial density p(7), one defines the corresponding grand-potential
functional by

\_

Q] = Fualo] + / drp(r) (Vaxs(r) — 1)

/
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Classical Density Functional Theory

One-body density

N
p(r) = <Z d(r — rz)> : Fundamental variable of cDFT
i=1

Grand Potential Free energy like physical quantity

Qup, V,T) = —kgTIn=(u, V,T)

Hohenberg—Kohn—Mermin Theorem states

Variational Principle

The true equilibrium density profile, po(7), is the specific density function that
minimizes the grand potential function

082 p]

\_ miin Q=4 go) Y.
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Classical Density Functional Theory

[ |deal part is easy! ]
BFiea = [ drp(r) [1n (p(r)A%(T)) ~ 1

The collection of all “interesting physics” arising from
Fexcess|p; T

Ent [,07 T] — Fideal + Fexcess [/07 T]

interparticle interaction!

. r 5Edeal[p] 5Fexcess[p] r) — r) —
sl = [ ar | S+ S Vte)— ] dote) =

0Fideal|p] | 0Fexcess|p)]
= +
HT o) 5p(r)

‘|‘ V:ext (I‘)

One-body direct correlation function

D O Foxcoss|p] measures the reversible work
e (r; lpl) = =B 5o(r) required to insert a “test’
particle particle at a position, r

Self-consistent equation to solve!

+p(r) = AP exp | Bt = Bexs () + V(13 )]
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Ornstein-Zernike (OZ) equation

Two—body direct correlation function

52Fexcess [ﬂ]
op(r1)dp(ra) 1

0(2) (’I"l,’l"g) — _6

/ Ornstein—Zernike equation \ Indirect source

/
The total correlation A(r) can be written as /

A2 (r1,73) = @ (r, 7)) + /dTBC(Q)("“l,T?))ﬂ(TB)h(Q) (73,72)

With uniform and isotropm\
Direct source

B(r) = c(r) + pb / ar'c(|r — /) h(r)

- /

h(r) = g(r) — 1 where the g(r) is the radial distribution function

v
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Ornstein-Zernike (OZ) equation

* We have a single equation, but we have two unknowns
We need closures to close the system

Percus-Yevick (PY) closure < works for hard-core-like systems
» lack of long-range description

cpy(r) = g(r) (1 - 65”(”) = (h(r) +1) (1 - eﬁv@“))

Hypernetted-Chain (HNC) closure « works for soft, long-range potentials
» underestimates the structuring from

exclude-volume effects
cunc(r) = h(r) —Ing(r) — Bu(r)

Mean Spherical Approximation (MSA) closure

« works for low density ionic/Yukawa fluid
g(r)=0, r<o .

cMsa(r) = —Bvai(r), r>o0

poor for short range structure
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Ornstein-Zernike (OZ) equation

< However, no single closure performs  «+ With simulation you can measure c()
reliably in every situation

20
« The appropriate choice must instead be Lennard Jones fluid
guided by the specific characteristics of . P=080 17=081
the system under study 0
T e
= —
v ~20
% Strong motivation for
neural density functional theory
~40
3

r/o

p(r) = A exp [ B = BVes (1) + V(s )]
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Part Ill : Neural Density Functional Theory (nDFT)
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Neural Density Functional Theory

Neural Density Functional Theory

c1(xo; [p], T) = fo(p(x — x¢), ...p(x + ), T, L71)

* Neural network itself is a simple MLP

» Grand Canonical Monte Carlo (GCMC) i
simulation data is used as a training a
data (# of data : 750-880) =

—T<ple<4
1 < kT/e<?2
r. = 3.50 and Az = 0.01o

3 ule =—0.17
o i 1 L1

Nales
2V

-7-6-5-4-3-2-101 2 3 4 L L
0 5 10
wle z/o

kBT/E

« Random external potential is applied

Florian Sammduller, Matthias Schmidt, and Robert Evans PRX (2025)
Florian Sammuller et al. PNAS (2023)
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Neural Density Functional Theory

Neural Density Functional Theory

c1(xo; [p], T) = fo(p(x — x¢), ...p(x + ), T, L71)

0% Fexcess|F]
. Recalling that @ (ry,ry) = — oo
J (1 2) 550(7“1)5,0("“2)
der(ri; [p)) ‘
(2) _ 1\7"1
e (r1,m2) dp(r2) ‘1 z

* We can obtain this simply by

differentiating the network’s output J[rmesapipk | s S\ TS )
at r; with respect to its input density Tmengal el | o |
at r, (via automatic differentiation)

kBT/E

Nales
2V

-7-6-5-4-3-2-10 1 2 3 4 L L
0 5 10
/e z/o

Florian Sammduller, Matthias Schmidt, and Robert Evans PRX (2025)
Florian Sammuller et al. PNAS (2023)
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Neural Density Functional Theory

Neural Density Functional Theory

c1(xo; [p], T) = fo(p(x — x¢), ...p(x + ), T, L71)

----- Percus-Yevick
=== Simulations by Groot et al.

—— Neural functional

 PY closure overestimates
repulsion at high density

« Simulation and nDFT have
r/o ! a good agreement

1 1
0.00 0.25 0.50 0.75 1.00 1.25 1.50
x/o

Florian Sammduller, Matthias Schmidt, and Robert Evans PRX (2025)
Florian Sammuller et al. PNAS (2023)
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Neural Density Functional Theory

Neural Density Functional Theory

c1(xo; [p], T) = fo(p(x — x¢), ...p(x + ), T, L71)

« By initializing with a steplike density profile and minimizing the grand
potential, one recovers the equilibrium liquid-gas density distribution.

« The critical point predicted by neural DFT remains reliable even
when the sampled temperature range does not include its vicinity.

Full training Supercritical training only

kpT./e = 1.1883 (b) keT./e = 1.1925
pcog =0.3222 pcaz =0.3296| —A— Wilding (1995)
ac” = 0.1532 ac” = 0.0834 L . .
® Wilding (1995), critical point
X
—T—

bo® = 0.5216 bo® = 0.4830
B = 0.3305 Evans, Stewart, Wilding (2017)

13®

§ Mean field
Surld 200000 & |r1E&E 9900 & | Lowest training temperature
O Neural
10 .............................. Used for ﬁt
----- Binodal from fit
‘ ' . < e  Critical point from fit
0'90.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
pbo° pbo°

Florian Sammduller, Matthias Schmidt, and Robert Evans PRX (2025)
Florian Sammuller et al. PNAS (2023)
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Neural Density Functional Theory

Neural Density Functional Theory

c1(xo; [p], T) = fo(p(x — x¢), ...p(x + ), T, L71)

Ap = pi — py

O [(or = pg)a®)? T.—T

O o = pg)a’]? T = —//
p TC

In mean-field picture, Ap ~ 77MF

0.5

04F

0.3}
kpT,/c = 1.1895
0.2 F

where 5MF =0.5

« The nDFT, however, shows a
£ =0.33

which indicates non-mean-field

exponent.

« This value is very close to

g = 0.326

Florian Sammduller, Matthias Schmidt, and Robert Evans PRX (2025)
Florian Sammuller et al. PNAS (2023)
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Neural Density Functional Theory

Metadensity Functional Theory
for inverse problem

lonic System

-== cDFT sim

0.6} 060000 O 0

Cl(.fU; [IO7 5¢])

Anna T. Bui and Stephen J. Cox PRL (2025) Stefanie M. Kampa et al. PRL (2025)
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Neural Metadensity Functional Theory

Vv

[ Radial distribution function «———» Potential function]

Pb0O .
0.0 0.2 0.4 0.6 0.8 1.0 Stefanie M. Kampa et al. PRL (2025)
3 - - »
2.0.5 [ E
2 i 0520 2 T
Bu
1 - = =
0 1 1 1 1
0 0 1 2 3 4 5 0
x/o x/o
o /%:) = c1(r;[p, 9, B9]) + B — Infpyg(r)]
Percus test particle limit @ @ Henderson inversion
pvg(r) = exp {c1(r; [ppg,|Bo]) — Bo(r) + Bu}
T ] i ]
g | ' | ' ' |
i i [ I
4r t - | - ’ - |
| | N \
2F ‘ B I B \I_ B \
| '—w \
0F  SENSm—— E | — = S ——— = \ P
1 1 1 1 1 1 1 I\"f
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
r/o r/o r/o r/o
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Neural Metadensity Functional Theory

[ Density profile « » Potential function ]
Bu Stefanie M. Kampa et al. PRL (2025)
-20 -15 -10 -05 00 05 1.0
| ) - L]
1.5 F - - -
o 10 T B B
SE
0.5F C | i
00 1 1 1 1
0 5 0 1 2 3 4 5 0 5
x/o
Inhomogeneous prediction Inverse design
p(r) = exp {c1(r;[p, BP]) — BVext + Bu}
Z 7 e smmn e o e _.; b mn - _.% - - e -y
N | 1
61 : | . [ |
| ] H‘."& i
4r ! - ! - \ - !I
- : : 1 \
Y i f NG \
2r ; i L | | i \
I -y . |
- Bas- mis wieo . L-a-f- - T—— Y - \
0 o .
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
r/o r/o r/o r/o
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Future Outlook

spectrogram with
video FECO fringes

diffra
ction grating 'spectomete slit

psm

@ viewing port
9/,, N eyepiece

fl;\:

\Q\prism
microscope

friction sensing device I objective

=
curved mica sheets ‘7\?; - A :'ghh:e
55 nm silver layers 7 ’ source
crossed silica discs y 2
cantilever spring ' @
)
pigzoelect ic \\9:/’ f: Ils:;at "9
trips
bimorph
slider
J. Israelachvili et al, Rep. Prog. Phys. (2010) Bruno Zappone & Marina Ruths, Lig. Cryst. (2024)

* |t uses interferometric techniques to precisely
Surface Force Apparatus measure the separation between two surfaces

(S FA) « A calibrated differential force spring measures the
force exerted between the surfaces
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Future Outlook

10
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Surface Separation, D (nm)

« Without depending on the chemical identity of charge carrier (Either salt or ionic liquid), one can observe
systematic underscreeining at long-range separation

A. M. Smith, A. A. Lee, and S. Perkin, JPCL (2016)
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Future Outlook

16
i NaCl solution in water (this work @ | literature 4 ) Debye-Hiickel Theory, ¢, = 80.1

14 lonic liquid solution in propylene carbonate # s Debye-Hiickel Theory, ¢, = 64

_12ff

e L
= 3

e 107
< k
%, 8 H Normal DH ??? E
o ] prediction -
-

>

©

(6]

[}
(]

¥ [)
s 2
0.0 0.5 .10 15 2.0 25

(Concentration, c)”2 (Mm)
A. M. Smith, A. A. Lee, and S. Perkin, JPCL (2016)

» Without depending on the chemical identity of charge carrier (Either salt or ionic liquid), one can observe
systematic underscreeining at long-range separation

)\D:< GrEOkBT )1/2

52 2
Zi Poo,i€” 25
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Future Outlook

0
-0.2
x
o 04}
-0.6 + ¢
— Direct measurement
Prediction using measured
screening length
0.8 : : :
0 2 4 6
Concentration / M
A. A. Lee et al., Faraday Discussions (2017)
A.A. Lee et al., PRL (2017)
ks(T —T.)/e
0.0001 0.001 0.005 0.01 0.02
0.05
0.04 '
0.03
I 10°

102 |

10!

0.01 e svanll ot
1074 1073 1072
0.0 ' St VR
70.00 0.02 0.04 0.06 0.08
k%02

« Excess chemical potential can be
directly estimated from

fex = —kpTc ([pp])

Hex 1 lB

kT~ 2l +a

« Correlation length can be explicitly
extracted from

|
S(k) =
. 1— iy (k)
S(0
S +£(%)zk2

£6z = R2S(0)
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Future Outlook

Neural DFT is more than just fitting data

-

o0

o0

o0

It's about learning a fundamental physical relationship.

The mapping from a system’s configuration (density, interaction

potential) to its correlations and free energy.

Not just predicting properties of a given material, but designing
the material (i.e., the Iinterparticle potential ¢(r)) to achieve

desired properties or structures.

Known Limitations

o

Long-range interaction
Formulation of complex molecular structure
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Neural Density Functional Theory

Thank you!
Q&A
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