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Quantization of Neural networks
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Background and motivation

Quantization of neural networks

Quantization
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Background and motivation (€] ization of Neural k

Quantization of neural networks

@ Simulated quantization (fake quantization)
- quantizing weights only

o Integer-only quantization (fixed-point quantization) - quantizing weights and
operations (integer arithmetic)

FP32 Weight  FP32 Activation INT4 Weight  INT4 Activation INT4 Weight  INT4 Activation
FP32
[ Multiplication (FP32) ] [ Multiplication (FP32) ] [ Multiplication (INT4) ]
4 FP32 o FP3z 1 s
[ Accumutation fp32) | [ Accumuation (fp32) | [ Accumulation (INT32) }
‘ FP32 l INT32
( Requantize ] ( Requantize )
v ¥ )
FP32 Activation INT4 Activation INT4 Activation 1

1Gholami, Amir, et al. " A survey of quantization methods for efficient neural network inference.” Low-power
computer vision. Chapman and Hall/CRC, 2022. 291-326.
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Background and motivation

Performance of quantization

Relative Energy Cost Relative Area Cost

Operation: Energy(pJ): :
8b Add 0.03

16b Add 0.05

32b Add 0.1

16b FP Add 04

32b FP Add 0.9

8b Mult 0.2

32b Mult 3.1

16b FP Mult 11

32b FP Mult 3.7

32b SRAM Read (8kb]5.0

32b DRAM Read 640

1 10 100 1000 10000 1 10 100 1000

2Gholami, Amir, et al. "A survey of quantization methods for efficient neural network inference.” Low-power
computer vision. Chapman and Hall/CRC, 2022. 291-326. o F = = =
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Bitnet : binary LLM

BitNet: Scaling 1-bit Transformers for i
Large Language Models The Era of 1-bit LLMs:
All Large Language Models arc in 1.58 Bits

Hongyu Wang 1 Shuming Ma*! L Dong! Shaohan Husng!

Huaijie Wang! Lingiao Mal Fan Yang! Ruiping Wang! i Wa' Furu Weil* ‘Shuming Ma' Hongyu Wang: Lingsian Ma_Lei Wang Wenhui Wang

+ Microsoft Research  * University of Chinese Academy of Sciences ! Tsinghua University ‘Shaohan Huang LiDong Ruiping Wang _Jilong Xue Furu Wei®
Vemsdiaka mfGeneral Wik mafGeneril
¥ =W, X) Model W ® nputx = Output ¥
0.2561 -0.0495 -0.0924 -0.4765 x 0.2961x, — 0.0495x, — 0.0924x; — 0. 476513
o
00413 03397 02812 0.2403 0
x o
FP16 ® ! - N & GPU
01808 01304 0.4322 01771 . P
2 20
o
01741 R

-0.4809 0.3244 03853 = o J

1 -1 EY 1 To Xo— Xy —Xz+X3

] 1 a1 a *1 \'\w“\

N (2
1(.58)-bit o = . o\"“‘“ New
1 ° 1 a = o0 Hardware
o™
pod
-1 1 1 o I3

3Ma, Shuming, et al. " The era of 1-bit lIms: All large language models are in 1.58 bits.” arXiv preprint
arXiv:2402.17764 1 (2024).
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Floating-point and fixed-point arithmetic
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Background and motivation

Motivation

ﬂ &irbib&ﬁo B5420)

18 [1)]

@ What is the right answer? 9 or 9.07
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0.1+0.2=0.3?7

In [1]: 01401 == 0.2
out[1]: True

In [2]: |0.140.2 == 0.3

out[2]: False

In [3]: print{0.140.1)
print{0.1+0.

ro

02
0.30000000000000004
e 0.14+0.1=0.27

0 0.1+0.2#0.3?

o Why does this happen?
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CECIEILITL RN N AEEGII  Floating-point and fixed-point arithmetic

Floating point number

Scientific notation:

exgtnt
12.345 = 12345 x 1073
~——  ~

significand  base

Binary notation:

-1
(Z bit,, x 2*") x 2¢

n=0
=20 +1x27 4 0x 22 40x2 p1x 27 4o+ 1x 27 2!
~ 1.5707964 x 2
~ 3.1415928

o Floating point number : approximately express real numbers using binary notation.

@ +# Fixed point number : express exact real number.
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CECIEILITL RN N AEEGII  Floating-point and fixed-point arithmetic

IEEE754 Floating number standard

32-bit floating number (single precision):

sign exponent (8 bits) fraction (23 bits)
I T ]

[o]o[]1]1]1]1]o[o]o]1]0]o[o[o]o]o]o]o[o[o]o]o] o] o[o[o] o] o]o]o]o] = 0.15625

31 30 2332 (bit index) 5 4

value = (71)’]31 X 2(b30'"b23)27127 X (1.b22 .. .b())z

23
_ (_1)sign % 2E—127 % (1 + Zb23—i2_i)
=1

64-bit floating number (double precision):

exponent fraction
sign (11 bit) (52 bit)

|j||I|I||I|Iollll|||I|I|I||||||III|I|I||||||IIIIII||||||I|IIIII||||

o
52 0 5

“https://en.wikipedia.org/wiki/Single-precision-floating-point-format
5https://en.wikipedia.c:rg/wiki/Double-precision—floating—point—format
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CECIEILITL RN N AEEGII  Floating-point and fixed-point arithmetic

Floating point arithmetic rule : Rounding

Rounding Rule:
@ Round to nearest, ties to even
@ Round to nearest, ties away from zero
Example of rounding to integers using the IEEE 754 rules
Example value
Mode
+11.5| +12.5 | —-11.5 | —-12.5
to nearest, ties to even +12.0 | +12.0 | =120 | —-12.0

to nearest, ties away from zero | +12.0 | +13.0 | =120 | —13.0

toward O +11.0 | +120 | -11.0 | —12.0
toward +co +12.0 | +13.0 | —=11.0 | =12.0
toward —co +11.0 | +120 | =12.0 | =13.0

6h‘ctps://en.Wikipedia.c:rg/wiki/IEEE754
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Floating point arithmetic rule
@ []: Rounding operation.
Basic rule:
roy=[z+yl, z@y=/[rxy]
Multiple operations:

rBYdz=(0y)Pz=[[z+y]+z]

21D D =((21DT2) D Dan) =[...[[z1+ 2] +... ] +20].
In general, floating point addition/multiplication is not associative:
(@YD F#2d (yP2).

In [1]: print{ {0.1+0.2)+0.3 )
print{ 0.14(0.240.3) )
0.6000000000000001
0.6

In [2]: print ( (1.00000000000000001 = 1)+0.00000000000000001 )
print (1.00000000000000001 + (= 1+0.00000000000000001) )
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ackground and motivation

GNU C Library (libc)

D Files

¥ master
Q Gotofile

DO _sinc
D _sindfc
DO _sinlc
D _tanc
D _tandic
D _tanic
[ acosc
O acosfc
D acoshc
D acoshtc
D acoshl.c
O acoslc
D asinc
D asinf.c
D asinh.c

ulysses-libc / src / math / exp.c

| code \ Blame

double
{

135 Lines (128 loc) - 4.09 KB

exp(double x)

double hi, lo, c, xx;
int k, sign;
uint32_t hx;

GET_HIGH WORD(hx, );
sign = ho>31;
hx &= OXTFFFEFFE; [ high word of [x| %/

/% special cases */
iF (v >= 0xa0862ea2) { /% i [x] >= 709.78... %/
i (isnan()
return x;
$F (hx = Ox7FF00000 B& sign) /* -inf %/
return 0;
$F (x > 709.782712893383973096) {
/* overflow 1f xl=inf */
STRICT ASSIGli(double, x, Ox1p1023 * x);

return x;

SF (x < -745.13321910194110842) {
/% underflou */
STRICT_ASSIGH(double, x, Ox1p-1000 * @x1p-1000);

return x;

DA
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Background and motivation

Fixed-point arithmetic

o p-bit fixed-point arithmetic : [0,2° — 1]z — [, A]r.

k
w:a-i—(ﬁ—a)m, ke[0,2" — 1]z
@ Quantization:
. . _ b_
— (%J, 5= % z €R.

Quant(z) = a + g €la, B, kel0,2° 1]
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ckground and motivation

Fixed-point arithmetic

@ Rounding rule : "away from zero".

@ accumulation in high-precision.

inline void FullyConnected (const vintd® input_data, const Dims<$>d input_dins,
nt32 input_offest, const uinta® Filter data,

const Dimscdrd filter_dims, int32 filter offsst,
for (int b= 8 b < batches; ++b) {

for (in out_c = 9 out_c < output_depth; ++out_c) {

int22 se
for (int d = 8 d ¢ accum_depth; ++d) {

ints2 dnput_val = input_data(b * accum_depth + d];

int32 Filter_ual = Filter_dstsfout_c * sccum_depth + d];

acc += (Filter_val + filter_offset) * (input_val + input_offset);
¥
iF (biss_dats) {

ace += bias_data[Offset(bias_dins, out_e, 8, 0, 9)1;

const ine32 biss dats, const Dimscérh biss_sins,

nt32 output_offset, int32 output_multiplier,

int output_shift, int32 output_activation_min,
nt32 output_activation max, wint8* output_data,
const Dims<d>8 output_dims,
gemlonp: GennContaxt® gasn_contaxt) {
(uoid)gemn_context; // only used in oprimized code.
TFLLTE_DCHECK_LE (output_activation_nin, output_activation max);
// TODO(benoitjacob): This really should be
Arraysize(output_dins, 1);

/1 const dnt batches

£/ but the current --variable_batch hack consists in overwriting the 3rd
acc = Multd t output_multiplier,

output_shife):

£/ dinension with the runtime batch size, as we don't keep track for each

£/ array of which dimension is the batch dimension in it
. cc 4= output_offset;

const int batches = ArraySize(output_dins, 1) * ArraySize(output_dims, 2)
Arrays max(ace, output_activation min);

izs(output_dims, 3);
Gonst LNt output_depth = MatchingArraysize(filter_dims, 1, output_dins, 0);
comst int accun_depth = Arraysize(filter_dins, ©);

:imin(ace, output_activation max);
output_datafout_c + output_depth * b] = static_castcuintss(ace);

TFLITE_DCHECK (LsPackedw thoutstrides (input_gims
TFLETE_DCHECK (EsPackedwithoutstrides(#ilten_dins)); }

"https://github. com/tensorﬂow/tensorflow/blob/4952f981be07b8bf508f8226f83c10cdafa3f0c4/
tensorflow/contrib/lite/kernels/internal /reference/reference_ops.h o =
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ackground and motivation

Motivation : Rounding error

\ I the corresponding real value

the original FP32 value ~ quantization Int 8 after guamim(ion

2230|110 | -0.10 [N [-1.05 | -018]

Quantization converts continuous floating-point data
into discrete integers, which brings accuracy loss.
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Background and motivation

Motivation : Rounding error

Two-layer network f : R?57 — R defined as

129 257
fx) =2 (ReLU (FZ wlyimij)> + ReLU (FZ wzyia:ij>
i=1 i=1

129 65
+3 (—1 X ReLU (rz w31iwij>> +2 (—1 X ReLU (rz w4’izij>> .
i=1 i=1

1 1
(wy,1,wy 2, w13, .., wy 129) = (1, ——,. 4',77) ,
256 256

1 1
(wo 1, Ws 9, W 5, ..., wo o ):(_1—.“—)
sl ,20 ,30 ’ ,257 iy " os6 /)’

1 1
(W3’1,w312,w3y3,.4.,w3Y129)=(—1,—,...,—),

128 128

1 1
(W4 1, W4 2, Wa 3+ W4 65) = —1—.“—)‘
10 W42, W43, -0 o W65 "2 Ta8

f(=1)=-1, f1)=1,

FlG-1 =1, [flQ)=-1.
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Universal approximation theorem

Sejong University Expressive Power an



Universal approximation theorem

Universal approximation theorem under real opeartions
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h under real opeartions

Universal approximation theorem Uni pp!

Expressive power of neural networks

o Neural network represent real-world unknown target function

idden layers

output

layer

Cat

‘ Dog

Cat

Expressive Power and Universal Approximation Prope
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Universal approximation theorem VT pproximation th under real opeartions

Expressive power of neural networks

@ Real-world unknown target function?
— No mathematical definition!
— just continuous function.

=EET - EEEZS 4
= EuiaBES .
i;il RES ¥R

SRl L 4
it [
EEESETSANE
ANELONEEEE 4+
(=[S .- P
dELREESOsEn
Classification Regression Data generation
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Universal approximation theorem VT pproximation th under real opeartions

Expressive power of neural networks

@ Expressive ability:
How much can neural network approximate given target function

@ Universal approximation:
Neural network can approximate any continuous functions.
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Universal approximation theorem VT pproximation th under real opeartions

8

Universal approximation theorem

Theorem (Cybenko (1989), universal approximation for sigmoid activation)

Let 0 € C(R) be sigmoid function. Then for any continuous function f € C([0,1]",R),
€ > 0 such that there exists a 2-layer network NN (x) such that

[ f(z) = NN(z)|| <e
where NN (z) = Wao(Wiz + b1) + ba.

8Cybenko, George. " Approximation by superpositions of a sigmoidal function.” Mathematics of control,
signals and systems 2.4 (1989): 303-314.
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Universal approximation theorem VT pproximation th under real opeartions

Universal approximation theorem®

Theorem (Leshno (1993), universal approximation for non-polynomial activation)

Let o € C(R) and assume o is non-polynomial. Then for any compact set K € N¢,
continuous function f € C(K,R™), € > 0 such that there exists a 2-layer network
NN (z) such that

[f(z) = NN(z)|| <€

where NN (x) = Wao(Wiz + by) + ba.

gLeshno, Moshe, et al. " Multilayer feedforward networks with a nonpolynomial activation function can
approximate any function.” Neural networks 6.6 (1993): 861-867.
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Universal approximation theorem VT imation th under real opeartions

Expressive power of ReLU Network °

Theorem (Yarotsky (2017), Expressive power of ReLU Network)

Let o € C(R) be RelU. Then for continuous function f € C([0,1]%,R), € > 0 such that

there exists a ReLU network NN (z) which has O(log(1) + 1) depth O(e™“*(log(%) + 1))
parameters such that

If(z) = NN(z)|| <.

Oyarotsky, Dmitry. " Error bounds for approximations with deep RelLU networks.” Neural Networks 94
(2017): 103-114.
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Universal approximation theorem

Universal approximation theorem under fixed-point arithmetic
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Universal approximation theorem VT pproximation th under fixed-point arithmetic

Setup

@ (p+ 1)-bit symmetric quantization.
o [-(20—1),2 — 1]z — [FEFL, 2

.

For an activation function 0 : R — R and Q, s,
o [o](z) = max[o|(Qyp,s) for all z € Qp s such that x > z,
o [o](z) < max[o|(Qyp,s) for all x € Qp s such that x < z.
If o : R — R is monotone and [o] is non-constant on Qp s, then o and Q, s satisfy the
condition. )

tq€[-2P+1,2" —1]NZ} ifp< oo, (1)
iqe} if p = oo.

»lQ » e

Furthermore, popular non-monotone activation functions such as GELU, SiLU, and Mish
also satisfy the condtion for all Q, 5.
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Universal approximation theorem

First step: gap indicator function

@ (max = max Qp .

¢@%=(—wum—a+zn+wu%my—wuﬂm+ﬂ+4»+wu%ﬂﬂ.

o if z € [a, 8],
¢(w)—{>0 if z[av, ]

o) = =} (1 X e % 60) + 2= 1) + [ ()

o) (@m) = [o) (= 1) ifa o)
0 if z[a, O]
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Universal approximation theorem

First step: gap indicator function

For any g € Qp,s, let my be an integer satisfying

1
ot (To () = 11 (3= 1) ) > 2o
Then we have

F(z) = [o] ([q+ mq (qmax x g(2))]) = [o] (q),

[ To) (@) ~ o) (@) iz € [, ],
0 if z[a, B].

gho|2t, Sejong University Expressive Power and Universal Approximation Prope



Universal approximation theorem VT pproximation th under fixed-point arithmetic

Second step: universal approximator

Vop,s ={[0](z) = [o](y) : 2,y € Qps}, (2)

85 pisb = {b + szxz :n € No,w; € Qp,s, i € Vop,s Vi € [n]} , 3)
i—1

Sop.sp = {[zJ 1z € Sﬁ,p,s,b}. 4)

If o is differentiable on (0,2), 1 < o’(z) <1 and |o(z)] < 2L forx € (0, 2),

S

ReLU, ELU, SiLU, Mish, and GELU

() - ()]s
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Universal approximation theorem VT pproximation th under fixed-point arithmetic

Third step: universal approximation

Let 0 : R — R and p, s € N. Suppose that o : R — R and Q,, s satisfy Condition 1. If
there exists b € Qoo s such that

ops.b = Qp,s, (5)

then o quantized networks under Qs can universally approximate.

Theorem (universal approximation under fixed-point arithmetic with unbounded

exponent)

Foranyp € N, d € [27], f* € C([0,1]%,R), and € > 0, there exists a o-quantized
network f(+;Qp.s): Q% . — Qp,s of 3 layers such that

[F(xQp.s) = f7 I < [£7 (%) = [f7 ()], | +e.

gho|2t, Sejong University Expressive Power and Universal Approximation Prope 36/37



Universal approximation theorem

Thank you
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