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Planck 우주배경복사 지도 (2018)

5° 짢 퐪첺욯 Planck 힮않 (퉏퉇) + 뺗 (튦) �않
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Planck 결과 
• Planck 2018: ��짦 줂쯚 

(1807.06209) 

• Corner plot: 
{Ωbh2, Ωch2, θMC, 𝜏, ns, H0, 𝜎8} 

• �: T (쒆붇: 쇐뿆튦) 

• �퉇: TT+TE+EE+lowE  
(쒆붇: 푪튦)



Planck 청서 (blue book, 2006)
• 쫾퉏 + 븆� contour:  

WMAP 4yr 힎�� 

• 켏� contour:  
Planck 1yr 힎��



Planck 청서 (blue book, 2006)
• 쫾퉏 + 븆� contour:  

WMAP 4yr 힎�� 

• 켏� contour:  
Planck 1yr 힎�� 

• [�첾 1] 휺읁븒 뺆�� 푢�않 � 훐훞쐚쓶, 
줂쯚 ��� �않쬂 힎�  펞 ��뿒? 

• [�첾 2] � contour왪� 휺윪 �쵾쬂 붜쐚붆? 

• [�첾 3] 2�� contourퟆ 1�� 뽾줞 툲�흖
쐚 휺윪 뺆빊붆 �쐚붆?
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천문 관측과 확률
• ퟢ 쫦��붆? 

• 뾶칾�� (��, 뺗�)쬂 �� 뺆�뾶뾶� 쫦� 튷 

• CCD: electron count (quantum efficiency) 

• Discrete particle counts: X-ray, gamma-ray, neutrinos 

• �첾� 쭔� 퉇왪� 쫦뺂� (Stochastic process): 

• 칊/� 퉣튷: 숢쫞, �뾶� 왷� sub-grid physics, feedback 왷 

• 쿡� � 잖 빃짢퉇흖튢 춯�, 펞, 툶줆왷�  춞칻쐚 쫦뺂�



천문 관측과 확률
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우주론 관측과 확률
• ퟢ 쫦��붆? 

• 뺆�붆쐫 ��쐚 욷 숞. 

• �쬲붆 뺆� ��춶빃칻툲� 쿊왷춯튷� 휃 450휻뺗싊 춞�쬊 �뻲흖 욷 숞. 

• 잗붟� 붇붇� �퉏�앟 (잖쐚 �� 푢붊)흖 욷 �� 숞� �켊. 

• ��춶빃칻툲� 뺆�븶뺂, ��뷶쒆뻲�쬂 쭒왦 �뾶�� 춆않튳앟� 켊쐚 �뽢켊짢 
쭪� �븒 뾂툲 펞 �� 

• �뷺, �푲뽿�쬲붆 훊쑎빦, 3�펞쬂  ��튢 숞힮 븶짦.
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얼마나 잘 정규분포를 따르나?
• 뻳팒(Local) 쿊�뽢튷� 빃�: 

• �뾶 웒첾흖, 95% C.L. �쒆�쬂 �� 빃�흖 

• 2�� 1�흖 쿊 0.01%, 

• 3�� 1�흖 쿊 10-10�않� �� ��쭒 �.

ϕG ≃ ΔT/T ≃ 10−5

fX
NL

<latexit sha1_base64="If6K9oJA3nI35sQg8g29U32xCB4="></latexit>

� = �G + f local
NL (�2

G �
⌦
�2
G

↵
) + glocalNL �3

G + · · ·

glocal
NL = (−5.8 ± 6.5) × 104



초기섭동이 정규분포일 때
• � ��짦흖튢 CMB� 힮않 쿊왷춯튷뺂 뺗� 찮엖 �� �뾶� �즎�틞 �흖 휗

��앟� �튦 출�짢 숞붆쯺튢 퉣븮숲쑪쐚븒 �튪. 

• 쭒휃 �즎�틞 앟훎 �쬲 ��붆 쑮 숞� � 쭤�� 푢빊흖 � 뾶펦얦 펞 �빦, 휗�
�앟 잖 뽾 푢빊� 쵾튾 ��쭒� �쐚 흳� 쑪쯺 (single-clock inflation), 뽾쬲
빦 휗��앟� �빻퉇흖튢 퉣븮숲쑪쯺, �뾶튳앟� �뽢켊쬂 욶줂휂 쑪.



비정규성(non-Gaussianity) 관측의 중요성
• � ��짦흖튢 CMB� 힮않 쿊왷춯튷뺂 뺗� 찮엖 �� �뾶� �즎�틞 �흖 휗

��앟� �튦 출�짢 숞붆쯺튢 퉣븮숲쑪쐚븒 �튪. 

• 쭒휃 �즎�틞 앟훎 �쬲 ��붆 쑮 숞� � 쭤�� 푢빊흖 � 뾶펦얦 펞 �빦, 휗�
�앟 잖 뽾 푢빊� 쵾튾 ��쭒� �쐚 흳� 쑪쯺 (single-clock inflation), 뽾쬲
빦 휗��앟� �빻퉇흖튢 퉣븮숲쑪쯺, �뾶튳앟� �뽢켊쬂 욶줂휂 쑪. 

• 뽾쥲쑎뿒, �򰪎뾶� 쿊�뽢튷� 뺆�얢쑪쯺 single-clock inflation찮� 즾쑪쐚 
뺆�� �뷶붆 얢쑪! 

• � 찋�쐚 �줂(inflaton)� �앟 (kinetic term), 틢 (potential)뺂 퉇뺆
흌� ��.



은하에서의 비정규성 (non-Gaussianity)
•  퐪�짢 붎펞짣 �쐚 (scale-dependent) � 춚�휺퐪 (galaxy bias)쬂 튢 

CMB칺쑪 � �� 펞 ��. 

• �뾶흖 뻳팒 쿊�뽢튷 (local primordial non-Gaussianity)� ��쯺: 
�즫 틢� 쓞 (�훞쓞) 빹� 춆않 � 퐪즂� 뾶 (�뾶) 웒첾흖, �붆 
쓚 쭔� (�븒) 켊휂쑪. 

• SPHEREx (NASA, �첾흶뻲� 왷)� 찯 �않쐚 !  
(Heinrich, Dore, Krause, 2311.13082) 

• 쳂짦, � �않 �않흖튢쐚 �춞퉇쒆튷�짦 뺂 왷 쑪쫾 흲쥲붆� 뺂않 쁞 빦즪
�휂 .

σfNL
= 0.5



비정규성(non-Gaussianity)의 효과
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Dalal et al. (2008)



비정규성(non-Gaussianity)의 효과

fNL =-5000

fNL =-500
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Dalal et al. (2008) Nishimichi et al. (2010)



은하에서의 비정규도 (non-Gaussianity)
•  퐪�짢 붎펞짣 �쐚 (scale-dependent) � 춚�휺퐪 (galaxy bias)쬂 튢 

CMB칺쑪 � �� 펞 ��. 

• �뾶흖 뻳팒 쿊�뽢튷 (local primordial non-Gaussianity)� ��쯺: 
�즫 틢� 쓞 (�훞쓞) 빹� 춆않 � 퐪즂� 뾶 (�뾶) 웒첾흖, �붆 
쓚 쭔� (�븒) 켊휂쑪. 

• SPHEREx (NASA, �첾흶뻲� 왷)� 찯 �않쐚 !  
(Heinrich, Dore, Krause, 2311.13082) 

• 쳂짦, � �않 �않흖튢쐚 �춞퉇쒆튷�짦 뺂 왷 쑪쫾 흲쥲붆� 뺂않 쁞 빦즪
�휂 .

σfNL
= 0.5



우주론 관측과 확률
• ퟢ 쫦��붆? 

• 뺆�붆쐫 ��쐚 욷 숞. 

• �쬲붆 뺆� ��춶빃칻툲� 쿊왷춯튷� 휃 450휻뺗싊 춞�쬊 �뻲흖 욷 숞. 

• 붇붇� �퉏�앟 (잖쐚 �� 푢붊)흖 욷 �� 숞� �켊. 

• � 빊붆 춚짢 Cosmic Variance. 

• ��춶빃칻툲� 뺆�븶뺂, ��뷶쒆뻲�쬂 쭒왦 �뾶�� 춆않튳앟� 켊쐚 �뽢켊짢 
쭪� �븒 뾂툲 펞 �� 

• �쬲 튪찋� �, 붊쑮 힮않 쿊왷춯튷� 힎푢짢 툲� (E/B않 뾂칾� 붟�)



우주의 아기사진: 우주배경복사 지도 T( ̂n)

9싊� WMAP ILC (Internal-Linear-Combination) �않 Planck 2018 ��않 (Maximum Likelihood) �않



구면조화함수 Yℓm( ̂n)10 20 30
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i33

𝓵≈π/Δθ



온도섭동의 파워 스펙트럼
• 힮않튳앟� 뻲쯺�펞 ( ; spherical harmonics)짢 �붢튢 켊튣: 

• 힮않 � 퐪즂: 빊��짢 왷춯 �� 흖튢쐚 � 퐪즂� 쒆붇 얞휺��. 

• �뾶튳앟� �뽢켊쬂 욶쫺쯺, �뾶튳앟� 튦칆� 힮않튳앟 잖 �뽢켊쬂 욶쫺
븒 얞빦, 2�펞붆 (잖쐚, � 퐪즂�) 뽾 켊� 찮왦 븉� 븶�.

Yℓm( ̂n)

<latexit sha1_base64="XvnwTUc5ICJnAMYnJlx/OV+Jbb8="></latexit>D
aT`maT`0m0

⇤E
= CTT

` �``0�mm0

<latexit sha1_base64="eN8wIUQc2/G093kc+W9zvkRffkA="></latexit>

T (n̂) =
1X

`=0

X̀

m=�`

aT`mY`m(n̂)



alm: 조화공간의 온도섭동
• �빻붊흖튢 힮않튳앟� ��붢 빊펞 {alm}짢 얮: 

• alm� 튷: 

• ensemble 뽦� <T>δl0δm0: . 

• alm = (-1)ma*l-m. ퟢ쉖쯺, 

• 붇붇� alm � 앋쭃��짢 켊툶� Cl� �뽢켊쬂 욶쬊. 

⟨T( ̂n)⟩ = T̄

<latexit sha1_base64="qNrEnGkhmCPZ7+CrNG7R6TCg1Zk=">AAACKHicbVBbSwJBGJ21m9ltq8dehiSwHmRXwoKIhF58NPAW7iqz46iDs7PLzGwgiz+nl/5KLxFF+NovadRFSjswcDjnfMz3HS9kVCrLmhiptfWNza30dmZnd2//wDw8qssgEpjUcMAC0fSQJIxyUlNUMdIMBUG+x0jDG95P/cYTEZIGvKpGIXF91Oe0RzFSWuqYd6gTO4Qx6I/hLXQoV7DbLjgDpGI+dm5gNZfwc/jYvlhkF2rHzFp5awa4SuyEZEGCSsd8d7oBjnzCFWZIypZthcqNkVAUMzLOOJEkIcJD1CctTTnyiXTj2aFjeKaVLuwFQj+96Uz9PREjX8qR7+mkj9RALntT8T+vFanetRtTHkaKcDz/qBcxqAI4bQ12qSBYsZEmCAuqd4V4gATCSneb0SXYyyevknohbxfzxYfLbKmc1JEGJ+AU5IANrkAJlEEF1AAGz+AVfIBP48V4M76MyTyaMpKZY/AHxvcPFPulcA==</latexit>

aωm =

∫
d2n̂ T (n̂)Y →

ωm(n̂)

<latexit sha1_base64="aL6Ol6UAGLP9gy7McH0kHeAa+1E="></latexit>

a→ωm =

∫
d2n̂ T (n̂)Yωm(n̂) = (→1)m

∫
d2n̂ T (n̂)Y →

ω↑m(n̂) = (→1)maω↑m



alm의 확률밀도함수
• 붇붇� alm � 앋쭃��짢 켊툶� Cl� �뽢켊쬂 욶쫾쑪: 

 
 

• 붇붇� alm � 앋쭃툲뷺�쵆짢, 񲨺 힮않쿊왷춯튷 �않� 쫦춆않펞쐚

<latexit sha1_base64="kIgjopdXYRVJVYY9ZhD8p+obON8="></latexit>

P (aωm) =
1→
2ωCω

e→
|aωm|2

2Cω



{alm}의 확률밀도함수
• 붇붇� alm � 앋쭃��짢 켊툶� Cl� �뽢켊쬂 욶쫾쑪: 

 
 

• 붇붇� alm � 앋쭃툲뷺�쵆짢, 񲨺 힮않쿊왷춯튷 �않� 쫦춆않펞쐚

<latexit sha1_base64="kIgjopdXYRVJVYY9ZhD8p+obON8="></latexit>

P (aωm) =
1→
2ωCω

e→
|aωm|2

2Cω

<latexit sha1_base64="To03TOF8iRAiDSKlF84wRo5Q+QE="></latexit>

P ({aωm}) =
∏

ω,m

1→
2ωCω

e→
|aωm|2

2Cω



우주론 모수들은 어떻게 측정하나?
• ��춶빃칻툲� 쫦춆않펞쬂 훒븒 얞흎쑪. 

• �짢켆 �쬲붆 �쭖짢 훒빦 푼�븉� ��짦� 찮펞(parameter)왪
 흖 쒆 빊�칺. 

• �뾎 �� ��춶빃칻툲 �않흖 켆쐚 ��짦 찮펞쬂 훒빦 푼� 븉. �, �쬲붆 �
쐚 븉� �쑪.

⃗θ = {Ωbh2, Ωch2,100θMC, τ, As, ns, ⋯}

p( ⃗θ | ⃗a)

<latexit sha1_base64="To03TOF8iRAiDSKlF84wRo5Q+QE="></latexit>

P ({aωm}) =
∏

ω,m

1→
2ωCω

e→
|aωm|2

2Cω



베이즈 정리 (Bayes’ theorem)

• �뷺켆 쫦� ��짢 켆: 

• 븶 쫦� �뷺켆 쫦짢 �� 펞 �빦, 

• 옪� 엖 푣� � 칆쯺, 츦�� �쬲쬂 흁쐚쑪:

<latexit sha1_base64="pDiXX+ZEDjvKAjkV8DCVFFYGqnw=">AAACCXicbVDLSgMxFL3js9bXqEs3wSK0mzIjUt0ItSK4rGAf0BlKJs20oZkHSUYoY7du/BU3LhRx6x+4829M21lo64GEk3Pu5eYeL+ZMKsv6NpaWV1bX1nMb+c2t7Z1dc2+/KaNEENogEY9E28OSchbShmKK03YsKA48Tlve8Grit+6pkCwK79Qopm6A+yHzGcFKS10T1YuXD7USukCOLzBJ9dMhOEa10lhzfXfNglW2pkCLxM5IATLUu+aX04tIEtBQEY6l7NhWrNwUC8UIp+O8k0gaYzLEfdrRNMQBlW463WSMjrXSQ34k9AkVmqq/O1IcSDkKPF0ZYDWQ895E/M/rJMo/d1MWxomiIZkN8hOOVIQmsaAeE5QoPtIEE8H0XxEZYJ2I0uHldQj2/MqLpHlStivlyu1poXqdxZGDQziCIthwBlW4gTo0gMAjPMMrvBlPxovxbnzMSpeMrOcA/sD4/AF+YZe1</latexit>

P (A|B) =
P (A \B)

P (B)
<latexit sha1_base64="0TONXoFzZnQmaJnrJkS8lz9FCtE=">AAACDXicbVDLSgMxFM3UV62vUZduglVoN2VGpLoR2orgcgT7gHYomTTThmYyQ5IRyrQ/4MZfceNCEbfu3fk3pu0stPVC4Dzu5eYeL2JUKsv6NjIrq2vrG9nN3Nb2zu6euX/QkGEsMKnjkIWi5SFJGOWkrqhipBUJggKPkaY3vJ76zQciJA35vRpFxA1Qn1OfYqS01DVPnEK1g1EEa0V4BTUZ14pOISW1cVWTarFr5q2SNSu4DOwU5EFaTtf86vRCHAeEK8yQlG3bipSbIKEoZmSS68SSRAgPUZ+0NeQoINJNZtdM4KlWetAPhX5cwZn6eyJBgZSjwNOdAVIDuehNxf+8dqz8SzehPIoV4Xi+yI8ZVCGcRgN7VBCs2EgDhAXVf4V4gATCSgeY0yHYiycvg8ZZyS6Xynfn+cpNGkcWHIFjUAA2uAAVcAscUAcYPIJn8ArejCfjxXg3PuatGSOdOQR/yvj8AcC2lvQ=</latexit>

P (A \B) = P (A|B)P (B) = P (B|A)P (A)

<latexit sha1_base64="SeIn4cN7bWzEuBnJ7fXtx2yp8+Y=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJSHUjtBXBZQR7gTaUyXTSDp1cmJkIJc3Wja/ixoUibn0Dd76NkzYLbf1h4OM/53Dm/G7EqJCm+a2trK6tb2wWtorbO7t7+/rBYUuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03fF1Vm8/EC5oGNzLSUQcHw0D6lGMpLL6OrTL9WnDgFew53GEE7vcmNYNZRppxkba10tmxZwJLoOVQwnksvv6V28Q4tgngcQMCdG1zEg6CeKSYkbSYi8WJEJ4jIakqzBAPhFOMrskhafKGUAv5OoFEs7c3xMJ8oWY+K7q9JEcicVaZv5X68bSu3QSGkSxJAGeL/JiBmUIs1jggHKCJZsoQJhT9VeIR0glIlV4RRWCtXjyMrTOKla1Ur07L9Vu8jgK4BicgDKwwAWogVtggybA4BE8g1fwpj1pL9q79jFvXdHymSPwR9rnD/64l2M=</latexit>

P (A|B) =
P (B|A)P (A)

P (B)



베이즈 정리 (Bayes’ theorem)
• 츦�� �쬲: 

• P(B)쐚 쫦� �� 1� 븉� �� �뽢 펞 ��쵆짢, 칊짢 ��� 훐빦, 칺
� �즍븒 홺쑪: 
 

<latexit sha1_base64="SeIn4cN7bWzEuBnJ7fXtx2yp8+Y=">AAACCXicbZDLSsNAFIYnXmu9RV26GSxCsymJSHUjtBXBZQR7gTaUyXTSDp1cmJkIJc3Wja/ixoUibn0Dd76NkzYLbf1h4OM/53Dm/G7EqJCm+a2trK6tb2wWtorbO7t7+/rBYUuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03fF1Vm8/EC5oGNzLSUQcHw0D6lGMpLL6OrTL9WnDgFew53GEE7vcmNYNZRppxkba10tmxZwJLoOVQwnksvv6V28Q4tgngcQMCdG1zEg6CeKSYkbSYi8WJEJ4jIakqzBAPhFOMrskhafKGUAv5OoFEs7c3xMJ8oWY+K7q9JEcicVaZv5X68bSu3QSGkSxJAGeL/JiBmUIs1jggHKCJZsoQJhT9VeIR0glIlV4RRWCtXjyMrTOKla1Ur07L9Vu8jgK4BicgDKwwAWogVtggybA4BE8g1fwpj1pL9q79jFvXdHymSPwR9rnD/64l2M=</latexit>

P (A|B) =
P (B|A)P (A)

P (B)

<latexit sha1_base64="hjc0DlmoWRf4gZQAX+/rSOvvC3s=">AAACCXicbVDLSgMxFM34rPU16tJNsAjtpsyIVJdtRXDhooJ9QGcomTRtQzPJkGSEMu3Wjb/ixoUibv0Dd/6NaTsLbT0QOJxzLzfnBBGjSjvOt7Wyura+sZnZym7v7O7t2weHDSViiUkdCyZkK0CKMMpJXVPNSCuSBIUBI81geDX1mw9EKir4vR5FxA9Rn9MexUgbqWPDWr4yrhagF0kRaQETDyMGbyf56rhSMF6hY+ecojMDXCZuSnIgRa1jf3ldgeOQcI0ZUqrtOpH2EyQ1xYxMsl6sSITwEPVJ21COQqL8ZJZkAk+N0oU9Ic3jGs7U3xsJCpUahYGZDJEeqEVvKv7ntWPdu/QTyqNYE47nh3oxgybytBbYpZJgzUaGICyp+SvEAyQR1qa8rCnBXYy8TBpnRbdULN2d58rXaR0ZcAxOQB644AKUwQ2ogTrA4BE8g1fwZj1ZL9a79TEfXbHSnSPwB9bnD/cOl/s=</latexit>

P (A|B) / L(B|A)P (A)

사후확률 (posterior distribution) = 우도 (likelihood) x 사전확률 (prior distribution)



베이즈 정리 (Bayes’ theorem)
• ��춶빃칻툲 쓶�흖 ��쯺, 

• �않펞 (likelihood function)쐚 훤튢 뻲 CMB 힮않튳앟� 쫦춆않펞짢 켆, 

• 툲�쫦� 뽾 줂쯚흖 쒆 �쬲붆 훒빦 �쐚 툲� �푣� 춞힇빦 ��.

<latexit sha1_base64="voSJfCJOVUVpU1kpuBDtuuEaw0E=">AAACNnicbVDLSgMxFM34tr6qLt0Ei9BuyoyIuhREcKFQwVahU8qd9NYGMw+SO0IZ56vc+B3u3LhQxK2fYNrOwteBwMk595DcEyRKGnLdZ2dqemZ2bn5hsbS0vLK6Vl7faJk41QKbIlaxvg7AoJIRNkmSwutEI4SBwqvg9njkX92hNjKOLmmYYCeEm0j2pQCyUrd83qj6dygynwZIkN+PL5DXuJ/oOKGYZ74Axc/yauHcfx+v/UzXuuWKW3fH4H+JV5AKK9Dolp/8XizSECMSCoxpe25CnQw0SaEwL/mpwQTELdxg29IIQjSdbLx2znes0uP9WNsTER+r3xMZhMYMw8BOhkAD89sbif957ZT6h51MRklKGInJQ/1UcVvHqEPekxoFqaElILS0f+ViABoE2aZLtgTv98p/SWu37u3X9y/2KkcnRR0LbIttsyrz2AE7YqeswZpMsAf2zF7Zm/PovDjvzsdkdMopMpvsB5zPLyO0rWg=</latexit>

P (~✓|~a) / L(~a|~✓)P (~✓)

<latexit sha1_base64="B2dFU+06y+duU07omxZ9U4rtdSo="></latexit>

L({aωm}|ωε) =
∏

ω,m

1√
2ϑCω(ωε)

exp

[
→ |aωm|2

2Cω(ωε)

]



우주배경복사에서의 우주론 모수 추정
• 찮펞츧  흖 쒆 툲쫦 

• � 푣� ��짦 찮펞��� 뾶칾푣�쯶, 툲쫦 빊툶� � � 븉� 

• 툲�쫦 (�흖 � ��짦� 뺆�븶뺂, �쬲� 춅�: m𝜈>0, 왷) 

• �않펞, �쬂 � 쬂 훒훊휂  [CAMB, CLASS 왷� ��]

⃗θ

Cℓ( ⃗θ)

<latexit sha1_base64="tVU/nahM2Mp8I5H2kjjPJoKTeCM="></latexit>

P (ωε|{aωm}) → L({aωm}|ωε)P (ωε) =
∏

ω,m

1√
2ϑCω(ωε)

exp

[
↑ |aωm|2

2Cω(ωε)

]



다양한 모수 추정방법: 평균, 최우도



최우도 추정의 예시: C𝓁

• 찮펞 흖 쒆 1�� 툲쫦� 퉣붇�. 툲�쫦 P(C𝓁)� flat 

• 쑪쫾 𝓁� C𝓁 ��흖 뾶흲� 훐��짢 첺푢. ��않 ��(MLE)� 칺�:

θ = Cℓ
<latexit sha1_base64="6KqddSXPiEfFP5XjP1wan3tw8eM="></latexit>

P (Cω|{aωm}) → L({aωm}|Cω)P (Cω) =
∏

m

1↑
2ωCω

exp

[
↓ |aωm|2

2Cω

]

<latexit sha1_base64="PShka0SCvlOwrvIQz7wJM0sX7TI="></latexit>

logL(Cω|{aωm}) = →2ω+ 1

2
logCω →

1

2Cω

ω∑

m=→ω

|aωm|2 + const



최우도 추정의 예시: C𝓁

• 찮펞 흖 쒆 1�� 툲쫦� 퉣붇�. 툲�쫦 P(C𝓁)� flat 

• 쑪쫾 𝓁� C𝓁 ��흖 뾶흲� 훐��짢 첺푢. ��않 ��(MLE)� 칺�:

θ = Cℓ
<latexit sha1_base64="6KqddSXPiEfFP5XjP1wan3tw8eM="></latexit>

P (Cω|{aωm}) → L({aωm}|Cω)P (Cω) =
∏

m

1↑
2ωCω

exp

[
↓ |aωm|2

2Cω

]

<latexit sha1_base64="PShka0SCvlOwrvIQz7wJM0sX7TI="></latexit>

logL(Cω|{aωm}) = →2ω+ 1

2
logCω →

1

2Cω

ω∑

m=→ω

|aωm|2 + const

<latexit sha1_base64="/9uU0xS/VaN+45sX0gab0Y8vXrU="></latexit>

d

dCω
logL(Cω) = →2ω+ 1

2Cω
+

1

2C2
ω

∑

m

|aωm|2 = 0



최우도 추정의 예시: C𝓁

• 찮펞 흖 쒆 1�� 툲쫦� 퉣붇�. 툲�쫦 P(C𝓁)� flat 

• 쑪쫾 𝓁� C𝓁 ��흖 뾶흲� 훐��짢 첺푢. ��않 ��(MLE)� 칺�:

θ = Cℓ
<latexit sha1_base64="6KqddSXPiEfFP5XjP1wan3tw8eM="></latexit>

P (Cω|{aωm}) → L({aωm}|Cω)P (Cω) =
∏

m

1↑
2ωCω

exp

[
↓ |aωm|2

2Cω

]

<latexit sha1_base64="PShka0SCvlOwrvIQz7wJM0sX7TI="></latexit>

logL(Cω|{aωm}) = →2ω+ 1

2
logCω →

1

2Cω

ω∑

m=→ω

|aωm|2 + const

<latexit sha1_base64="/9uU0xS/VaN+45sX0gab0Y8vXrU="></latexit>

d

dCω
logL(Cω) = →2ω+ 1

2Cω
+

1

2C2
ω

∑

m

|aωm|2 = 0

<latexit sha1_base64="5pMwgA86a36WKxht1jQPWsqOtM8="></latexit>

Ĉω =
1

2ω+ 1

∑

m

|aωm|2



최우도 추정한 C𝓁의 분산
• 찮펞 흖 쒆 1�� 툲쫦� ��않 �񶿞짢 쑪푢 홶쯺, 

• � pdf쐚 chi-square켊�빦 (쑿흶!!),                                        . 

• chi-square켊 � 켊툶� 2k. 

• ��않 �񶿞� 켊툶�: 

θ = Cℓ

χ2
k

<latexit sha1_base64="hEwgqZZZHFMf0Qiv3FMaqXXsJOI="></latexit>

P (Cω|{aωm}) →
∏

m

1↑
2ωCω

exp

[
↓ |aωm|2

2Cω

]
→

(
1

Cω

)(2ω+1)/2

exp

[
↓ (2ε+ 1)Ĉω

2Cω

]

<latexit sha1_base64="vxSeQ7Q51l6Xs6Yk0z2K0ASq/rw=">AAACMHicbVDLSgMxFM34rPU16tJNsAiCUGaKVJeCC7usYKvQqUMmc6cNzTxI7ihl6Ce58VN0o6CIW7/CtFbwdSC5h3PuJbknyKTQ6DhP1szs3PzCYmmpvLyyurZub2y2dZorDi2eylRdBkyDFAm0UKCEy0wBiwMJF8HgZOxfXIPSIk3OcZhBN2a9RESCMzSSb596NyKEPsPixPdAyhH1tIipFynGv6SiNi50n7rG5WGK5u6Lq5r/zfDtilN1JqB/iTslFTJF07fvvTDleQwJcsm07rhOht2CKRRcwqjs5RoyxgesBx1DExaD7haThUd01yghjVJlToJ0on6fKFis9TAOTGfMsK9/e2PxP6+TY3TULUSS5QgJ/3woyiXFlI7To6FQwFEODWFcCfNXyvvMZIUm47IJwf298l/SrlXderV+dlA5bkzjKJFtskP2iEsOyTFpkCZpEU5uyQN5Ji/WnfVovVpvn60z1nRmi/yA9f4BaVCoig==</latexit>

Ĉω →
Cω

2ω+ 1
· ε2

2ω+1

<latexit sha1_base64="1WgFrzVznEq+Nc3Vl6Ze6QiXT6g="></latexit>

Var[Ĉω] =

(
Cω

2ω+ 1

)2

2(2ω+ 1) =
2

2ω+ 1
C2

ω



Cosmic Variance
• 빊��짢, �쬲� CMB흖튢 �� 붘뺂 푪� 붘� ��쐚 

• ퟢ쉖쯺, � ��뾶 �, 붇 -찮왢흖 쒆 붢� 쬂 ��힆�
쵆짢, 뽾 �않쐚 �� -찮왢� 붢펞흖 욶줂 쐞휺숢쑪. 

• �쬲붆 뺆� 펞 �쐚 ��쐚 욷 숞� 񲨢 ��춶빃칻툲 �뾶 웒첾흖, � 붘� �쬲붆 
 펞 �쐚 �튦. 뽾줞튢, � 켊툶 붘� 춚짢 훤흖튢 칾 Cosmic Variance!

Cℓ Cℓ

Cℓ ℓ (2ℓ + 1)/2 |aℓm |2

ℓ

<latexit sha1_base64="XzSP66YH3Ibz3jUXDNOgI9lJ/As="></latexit>s⌧⇣
�cC`

⌘2
�

=

r
2

2`+ 1
C`



다차원 모수공간에서 최우도 추정
• 힎푢쐚 1�� 찮펞빻붊�흎�쭒, 쑪�� 찮펞빻붊흖튢 ��않쬂 ��뾶�튢쐚 쑪휗

 �� 춯츛� ��: 

• �뾂� AI흖튢쐚 훊� 빦(춷쭒!)��흖튢 빃툲붛츛(Gradient Decent)� ��:  

• 쭔� 홶쐚 훒빦쬲�: (��: 쵾�켊� 훊쑞! ε→0 뽿� 훊� 훎 �� 빃�붆 쭔�.)  
Stochastic Gradient Decent, Adaptive Moment Estimate (ADAM)

<latexit sha1_base64="L5T5IASLvI7TqZ6USEzi6jQwPOA="></latexit>

→ωε logL =
ω logL
ωεi

ε̂i = 0

<latexit sha1_base64="oMFbMHNCGBibdGNBCIAHmXUOgNY="></latexit>

ω(t+1) = ω(t) → ε↑(→ logL(ω(t)))



다차원 모수공간에서 최우도 추정



피셔 행렬 (Fisher matrix)
• 틚 �칺 즲 (Fisher Information Matrix)� �� 

• 틚 즲� 찮펞빻붊� MLE�흖 튢튢 칾 Hessian (빧쫦즲)� 숞쉊.  
�, MLE흖 튢튢 붇붇 쑪쫾 줂쯚 춯�짢 흂쭎숞 쿦쫺븒 �않펞붆 칆쐚붆쬂 숞
숺쐚 �않.  

• 뽾 춯�짢 Fisher matrix붆 쯺 �않펞� 빧쫦� 붆쫺빦 (��흖쥲붆 �빦), �
�쯺 ퟊쭒 (��흖쥲붆 ).

<latexit sha1_base64="cpN0BICEBUaSGbRKVHE9Id9s0yI="></latexit>

Fij = →
〈
ω2 logL
ωεiωεj

〉



다차원 모수공간에서 피셔 행렬



피셔 행렬 (Fisher matrix) 계산
• 틚 �칺 즲 (Fisher Information Matrix)� ��흖 욶줂,

<latexit sha1_base64="7hpChsrh6ajg5bcHusX0ZoH6Llg="></latexit>

logL(ωε|{aωm}) = →
∑

ω

2ϑ+ 1

2
logCω →

1

2Cω

∑

ωm

|aωm|2 + const

<latexit sha1_base64="ckAZbAgI3iBj7MJnX2N90rLrcBY="></latexit>

ω logL(εϑ)
ωϑi

= →
∑

ω

2ϖ+ 1

2

Cω,i

Cω
+
∑

ω

Cω,i

2C2
ω

ω∑

m=→ω

|aωm|2

<latexit sha1_base64="IhRw8dk1w0aViFmYdgzeYTWAcoQ="></latexit>

ω log2 L(εϑ)
ωϑiωϑj

= →
∑

ω

(
2ϖ+ 1

2

)[
Cω,ij

Cω
→ Cω,iCω,j

C2
ω

]
+

∑

ω

(
Cω,ij

2C2
ω

→ Cω,iCω,j

C3
ω

) ω∑

m=→ω

|aωm|2



피셔 행렬 (Fisher matrix) 계산
• 틚 �칺 즲 (Fisher Information Matrix)� ��흖 욶줂,

<latexit sha1_base64="7hpChsrh6ajg5bcHusX0ZoH6Llg="></latexit>

logL(ωε|{aωm}) = →
∑

ω

2ϑ+ 1

2
logCω →

1

2Cω

∑

ωm

|aωm|2 + const

<latexit sha1_base64="ckAZbAgI3iBj7MJnX2N90rLrcBY="></latexit>

ω logL(εϑ)
ωϑi

= →
∑

ω

2ϖ+ 1

2

Cω,i

Cω
+
∑

ω

Cω,i

2C2
ω

ω∑

m=→ω

|aωm|2

<latexit sha1_base64="IhRw8dk1w0aViFmYdgzeYTWAcoQ="></latexit>

ω log2 L(εϑ)
ωϑiωϑj

= →
∑

ω

(
2ϖ+ 1

2

)[
Cω,ij

Cω
→ Cω,iCω,j

C2
ω

]
+

∑

ω

(
Cω,ij

2C2
ω

→ Cω,iCω,j

C3
ω

) ω∑

m=→ω

|aωm|2

<latexit sha1_base64="MJ0Q67xdTNzjSuseI+lBbNdsF5U="></latexit>

Fij = →
〈
ω log2 L
ωεiωεj

〉
=

∑

ω

(
2ϑ+ 1

2

)[
Cω,iCω,j

C2
ω

]



피셔 행렬 (Fisher matrix)
• CMB흖튢� 틚 �칺 즲 (Fisher Information Matrix) 

• MLE�� 뾂�흖튢 �않펞� 2�뾂툲쬂 �. 

• 푲�휺 쓶�붆 흌휺않, C𝓁(θ)쭒 훒쯺 빊툶 펞 ��! 

• 񲨢� CMB뺆�� 훊쑒 빃�흖쐚 (2𝓁+1)쬂 (2𝓁+1)fsky짢 춚셚튢 앟� 푣 툲� 붆쐫. 

• Cramer-Rao: Var(θ) ͘ (F-1)θθ

<latexit sha1_base64="wqQA3XMfVZT+N94h6mVqYPqQulw="></latexit>

Fij = →
〈
ω log2 L
ωεiωεj

〉
=

∑

ω

(
2ϑ+ 1

2

)
ω logCω

ωεi

ω logCω

ωεj



C𝓁의 피셔 행렬 (Fisher matrix)
• �쐚 찮펞붆 � 빃�, 틚 �칺 즲 (Fisher Information Matrix)� 

• 훤흖튢 뻲 1�� ��� 켊툶� Cramar-Rao 켆왷푣� 쭒�: 

• � 빃�, �팒 켊툶 켎 ��쥏 (minimum-variance-unbiased estimator) 줂빦 !

θ = Cℓ
<latexit sha1_base64="W9kpu11Yy57Rgvulpq8YS+tc4FQ="></latexit>

FCωCω =
∑

ω→

(
2ω→ + 1

2

)
ε logCω→

εCω

ε logCω→

εCω
=

2ω+ 1

2C2
ω

<latexit sha1_base64="4wMwvxZaI/2ePnuG3Elo4Z9lqEE="></latexit>

Var[Ĉω] =
2

2ω+ 1
C2

ω =
1

FCωCω



피셔 행렬은 국소적: 외삽할 수 없음!



•  빦��� 찮펞빻붊흖튢 ��쬂 휂. 

• 힎: 줗 �튷 �쩒켊튣� 빃�: 94붢� 찮펞 

• 엖 붢� 찮펞 θ1, θ2쭒 숮뾶빦 숞쮾�쐚 �칆: 92�� �켊� �!!!!!

다른 모수의 주변화 (marginalization)

>> wc -l base_plikHM_TTTEEE_lowl_lowE_lensing.paramnames 
      94 base_plikHM_TTTEEE_lowl_lowE_lensing.paramnames

<latexit sha1_base64="QeKHfgmS2l2sJUv06BOtOaBB7fk=">AAACXnicbVFdS8MwFE3r15wfm/oi+BIcgsIYrY6pD8LAlz1OcFNYR0nT1AXTpiS3wij7k76JL/4Us60P+7oQODnn3OTmJEgF1+A4P5a9tb2zu1faLx8cHh1XqienfS0zRVmPSiHVe0A0EzxhPeAg2HuqGIkDwd6Cz+ep/vbFlOYyeYVxyoYx+Uh4xCkBQ/nVrHvtwYgB8d16AW5v8BP2eAI4LJi75W0TezSUoJfZ/LE5wRtOq8/N9QXbjV+tOQ1nVngduAWooaK6fvXbCyXNYpYAFUTrgeukMMyJAk4Fm5S9TLOU0E/ywQYGJiRmepjP4pngK8OEOJLKLDPwjF3syEms9TgOjDMmMNKr2pTcpA0yiB6GOU/SDFhC5xdFmcAg8TRrHHLFKIixAYQqbmbFdEQUoWB+pGxCcFefvA76tw231Wi9NGvtThFHCV2gS3SNXHSP2qiDuqiHKPq1LKtsHVh/9q59ZFfmVtsqes7QUtnn/9vBszY=</latexit>

P (ω1, ω2) =

∫
dω3

∫
dω4 · · ·

∫
dω94P (ω1, ω2, · · · , ω94)



94차원 pdf를 정확히 반영한 샘플이 있다면?
https://wiki.cosmos.esa.int/planck-legacy-archive/index.php/Cosmological_Parameters



• 92�� �켊 쒆푦 숞쮾� 92��� 펱�쬂 뽾쉫 첺푢! 

• 힎: 줗 �튷� MCMC��� 빃�, Omegabh2[3흺]-Omegach2[4흺]

94차원 pdf를 정확히 반영한 샘플이 있다면?

 1:   1.000000E+00    1.397755E+03    2.223634E-02    1.190220E-01    1.040860E+00    5.773151E-02    
3.044784E+00    9.728228E-01    9.994213E-01    4.526123E+01    2.205585E-01    7.089804E+00    
2.557510E+02    4.243939E+01    3.342349E+01 … 
2:   1.000000E+00    1.401902E+03    2.221187E-02    1.190419E-01    1.040930E+00    6.001946E-02    
3.050158E+00    9.710518E-01    9.994618E-01    3.366526E+01    6.638596E-01    6.944407E+00    
2.341132E+02    4.339938E+01    4.416310E+01    1.296760E+02    1.251694E+00    9.926168E+00    
1.383219E+01    2.743546E+01    1.121982E+02    1.348152E-01    8.585275E-02    6.160616E-01    
2.030023E-01    6.915661E-01    2.504823E+00    9.993913E-01    9.972368E-01    6…. 
3:   2.000000E+00    1.394904E+03    2.218835E-02    1.190339E-01    1.040894E+00    6.037516E-02    
3.050733E+00    9.712151E-01    9.994621E-01    3.838740E+01    6.305131E-01    6.452556E+00    
2.647166E+02    5.021033E+01    4.927893E+01    1.307783E+02    7.840395E-01    8.674568E+00    
1.068322E+01    2.088690E+01    9.925467E+01    1.523667E-01    1.183208E-01 … 



• 92�� �켊 쒆푦 숞쮾� 92��� 펱�쬂 뽾쉫 첺푢! 

• 힎: 줗 �튷 �쩒켊튣� 빃�, Omegabh2[3흺]-Omegach2[4흺]

94차원 pdf를 정확히 반영한 샘플이 있다면?

 1:   1.000000E+00    1.397755E+03    2.223634E-02    1.190220E-01    1.040860E+00    5.773151E-02    
3.044784E+00    9.728228E-01    9.994213E-01    4.526123E+01    2.205585E-01    7.089804E+00    
2.557510E+02    4.243939E+01    3.342349E+01 … 
2:   1.000000E+00    1.401902E+03    2.221187E-02    1.190419E-01    1.040930E+00    6.001946E-02    
3.050158E+00    9.710518E-01    9.994618E-01    3.366526E+01    6.638596E-01    6.944407E+00    
2.341132E+02    4.339938E+01    4.416310E+01    1.296760E+02    1.251694E+00    9.926168E+00    
1.383219E+01    2.743546E+01    1.121982E+02    1.348152E-01    8.585275E-02    6.160616E-01    
2.030023E-01    6.915661E-01    2.504823E+00    9.993913E-01    9.972368E-01    6…. 
3:   2.000000E+00    1.394904E+03    2.218835E-02    1.190339E-01    1.040894E+00    6.037516E-02    
3.050733E+00    9.712151E-01    9.994621E-01    3.838740E+01    6.305131E-01    6.452556E+00    
2.647166E+02    5.021033E+01    4.927893E+01    1.307783E+02    7.840395E-01    8.674568E+00    
1.068322E+01    2.088690E+01    9.925467E+01    1.523667E-01    1.183208E-01 … 



• 92�� �켊 쒆푦 숞쮾� 92��� 펱�쬂 뽾쉫 첺푢! 

• 힎: 줗 �튷 �쩒켊튣� 빃�, Omegabh2[3흺]-Omegach2[4흺]

94차원 pdf를 정확히 반영한 샘플이 있다면?

 1:   1.000000E+00    1.397755E+03    2.223634E-02    1.190220E-01    1.040860E+00    5.773151E-02    
3.044784E+00    9.728228E-01    9.994213E-01    4.526123E+01    2.205585E-01    7.089804E+00    
2.557510E+02    4.243939E+01    3.342349E+01 … 
2:   1.000000E+00    1.401902E+03    2.221187E-02    1.190419E-01    1.040930E+00    6.001946E-02    
3.050158E+00    9.710518E-01    9.994618E-01    3.366526E+01    6.638596E-01    6.944407E+00    
2.341132E+02    4.339938E+01    4.416310E+01    1.296760E+02    1.251694E+00    9.926168E+00    
1.383219E+01    2.743546E+01    1.121982E+02    1.348152E-01    8.585275E-02    6.160616E-01    
2.030023E-01    6.915661E-01    2.504823E+00    9.993913E-01    9.972368E-01    6…. 
3:   2.000000E+00    1.394904E+03    2.218835E-02    1.190339E-01    1.040894E+00    6.037516E-02    
3.050733E+00    9.712151E-01    9.994621E-01    3.838740E+01    6.305131E-01    6.452556E+00    
2.647166E+02    5.021033E+01    4.927893E+01    1.307783E+02    7.840395E-01    8.674568E+00    
1.068322E+01    2.088690E+01    9.925467E+01    1.523667E-01    1.183208E-01 … 



• Python package: getdist 

• ��빦 푼�쯺: 쑪쫾 줂쯚쬂 �칆 , 2D �않펞흖튢 𝜒2�� 
 
 
𝜒2 붘� 붆� �� �� 2D� MLE(칊 �쵾쐚 흌�), 뽾쬲빦 Gaussian� 빃� 
 
 
붆 얞쐚 �왪� �쐚 왷빦튦� 1-sigma (68%), 2-sigma (95%), 3-sigma (99.9%) 힇흳.  

• 훊쑎쯺, �� 𝜒2  왷빦튦� 숴�붆쯺튢 68%, 95%, 99.9% 힇흳 �뾶.

2차원 등고선 그림 그리기

<latexit sha1_base64="aW3VNfUV68q5jdaEU+wj/Sc+R5E="></latexit>

!ω2 = ω2(ε1, ε2)→ ω2
min = →2 ln [1→ 0.01p] = 2.30, 6.18, 11.8

<latexit sha1_base64="CIG5CA8Kb9zLSVja83jAjg8G7cg=">AAACCnicbZC7TsMwFIYdrqXcAowshgqJhSqpUGGs1KUDQ5HoRWpC5bhOa9Wxg+1UqqLOLLwKCwMIsfIEbLwNbpsBWn7J0qf/nKPj8wcxo0o7zre1srq2vrGZ28pv7+zu7dsHh00lEolJAwsmZDtAijDKSUNTzUg7lgRFASOtYFid1lsjIhUV/E6PY+JHqM9pSDHSxuraJx4e0PsS9MhDQkewCi8MM9GHqYcRgzcT2LULTtGZCS6Dm0EBZKp37S+vJ3ASEa4xQ0p1XCfWfoqkppiRSd5LFIkRHqI+6RjkKCLKT2enTOCZcXowFNI8ruHM/T2RokipcRSYzgjpgVqsTc3/ap1Eh9d+SnmcaMLxfFGYMKgFnOYCe1QSrNnYAMKSmr9CPEASYW3Sy5sQ3MWTl6FZKrrlYvn2slCpZXHkwDE4BefABVegAmqgDhoAg0fwDF7Bm/VkvVjv1se8dcXKZo7AH1mfPwmPmJw=</latexit>

ω2 → C ↑ 2 logL



2D vs. 1D pdf
• 2�� 왷빦튦흖튢 Δ𝛘2=1� �� �

쒆 �� �칆얢 1�� pdf� 1-
sigma힇흳뺂 붟쑪. 

• 2��� 1-sigma힇흳� Δ𝛘2=2.3�
짢, 1��흖 쿊튢 쓚 슙�.



Markov chain Monte Carlo
• n�� 쫦춆않펞쬂 ���짢 sampling쐚 뾶츛 

• Markov ��: {x1, x2, …, xi, xi+1, …}  

• 흶팓얢 n�� 츧� 흶븶 (��)�쓶, xi+1 � 빊쥏� 힪� xi흖 �튢쭒 븶�얮. 

• �, 뽾 �� 찮왦 뾶휻� ��빦, 뽾 �쑮빊흖쭒 ��쐚 �� 

• Monte-Carlo 

• Random number쬂 �� 쫦뺂�� 찮툲쐚 뾶츛. 

• �� 힎) 빦�� �켊, 쫦춆않펞 sampling



Monte Carlo Integration example



Markov chain Monte Carlo



MCMC기법들
• CosmoMC, mecee, PyMC, Stan (cmdstanpy, Stan.jl) 

• Matropolis-Hastings 

• Gibbs sampling: P(xi | x1,x2,x3,xi-1,xi+1,xn)짢 쭪츎 1��횯 

• Hamiltonian Monte Carlo: 춆 흳빊흖튢 p~e-E � �� 

• �쐚 쫦춆않펞쬂 sampling쐚 븉� �퉇퉇흖튢쭒 붆쐫 

• �뾶흖 빊툶얢 ��왪� 펞줃쫦� 0.234 (MH툶� 빃�), 0.65 - 0.8 (HMC� 빃�) �
않붆 얞않짣 MCMC� 빊펞왪� �빦 �흌훶 (burning phase).



수락률과 MCMC의 성능
너무 작은 step: 
수락률~1 
꼭대기 주변만 탐색

너무 큰 step: 
수락률~0 
효용성이 떨어짐 

적당한 step: 
수락률~0.234 
고전적 확산의 경우에 추천되는 값



Planck 청서 (blue book, 2006)
• 쫾퉏 + 븆� contour:  

WMAP 4yr 힎�� 

• 켏� contour:  
Planck 1yr 힎�� 

• [�첾 1] 휺읁븒 뺆�� 푢�않 � 훐훞쐚쓶, 
줂쯚 ��� �않쬂 힎�  펞 ��뿒? 

• [�첾 2] � contour왪� 휺윪 �쵾쬂 붜쐚붆? 

• [�첾 3] 2�� contourퟆ 1�� 뽾줞 툲�흖
쐚 휺윪 뺆빊붆 �쐚붆?



생각해 볼 문제들
• ퟢ �즍븒 log(Ⅼ)� �� 왷�뿒? 

• ��춶빃칻툲쐚 �뽢켊짢 � 뾂툲 펞 �휺튢 �쥶 likelihood쬂 홾 펞 �쐚쓶, �
켊흖 쒆튢쐚 쿊퐽 ��  펞 �숞? (Tegmark 1997) 

• 흲뾶튢쐚 cosmic variance쭒 슩흎쐚쓶, 뺆� noise쐚 휺읁븒 슩휺�뿒? 

• ��짦 찮펞��흖튢 prior쐚 휺읁븒 �휂숞? 

• ퟢ �뾎뿒�  찮왦 ��짦� 뺆�왪� 쓚 “CMB (TT+TE+EE+lensing) + BAO + SN
�푦튷 + 휃�즫즒� + 붛�즫즒� + 훚쳂�퉏푪 + �쑮 + �즎퐪 + �
숞�” �쥶 찮펞��� 흌�뿒?


