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L Introduction

Open Systems, Classical and Quantum

m System interacting with Environment (e.
g. heat bath) which has larger degrees of e,

freedom
m How to treat (or integrate out) effect of

H=Hg+ Hg+H

Environment

m Open Classical Systens

[ Langevin: Effective dynamical equation for classical states x(t)
including stochastic elements
[d Fokker-Planck: Corresponding (deterministic) equation for
probability density function P(x,t) = (§(x — x(t)))
m Open Quantum Systems

1 One can set up Quantum Langevin equations for observables é(t)
(in Heisenberg picture)

[d For more complete description, one needs an equation for the density
operator p(t) describing the quantum state.
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Model Hamiltonian for an Open System

m Interaction:
Heat bath as a collection of
Hy = _XZ KnQn harmonic oscillators
n
~—
=B

m Total Hamiltonian

2 2 2
- Pn_ [ MnaWn —_ Fn_ 32
H= 2m+U(x)+; (Zmn + 5 = %) )
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Equations of Motion

m Heisenberg Egs. of motion:

1 System .
ﬂﬂzgﬁﬂm:%?,
B(8) = T [H, p(1)] +Zw Z m}x(t)
1 Bath

a(0) = 1. a(0)] = 240

Bi(t) = L1H, pi(8)] = —milay(e) + mpx(t)



Quantum Master Equations: Methods and Properties
L Caldeira-Leggett Model

Equations of Motion

m Bath egs. of motion are linear: Rewrite the egs. for {q;, pj} as

Q(t) = A-Q(t) +R(t)

where

Qm—(g;:gg ) A—(_n%w; vy ) R(f)‘<n,-x0(t)>

m The solution to this equation is

Q(t) = e* - Q(0) + /Ot ds e*t=9) . R(s)

m We have

1.
q;(t) = q;(0) COS(wjt)+Pj(0)m sin(wjt)+ —
1) 17

/ ds sin(w;j(t—s))x(s)
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L Caldeira-Leggett Model

Equations of Motion

m We need

Janq(t) = E(i)/+; m-iJ- /0 ds sin(w;j(t — s))x(s),

noise

dissipation

where

B(t) = 3 wy(g(0) cos(et) + 2D sin(ust))

- miw:
j 17

h —iw; iwj
- Z“f 2mjwj-(e 1ty + et b])
J
with q;(0) = | /5 (b + b)), pi(0) = —f\ﬁ%(bf ~ b)

= Note that B(t) is B(0) = >_; %;q;(0) at time t in the interaction
picture

B(t) — eiHBt/hB(O)efiHBt/h
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Quantum Langevin Equation

m Plugging this into system eq, of motion, we have

K2 K2t
p(t) = —U'(x) — Z mjiugx(t) + Z mjjwj /0 ds sin(w;(t — s))x(s)
+ B(t)
=—U'(x)— %/0 ds y(t — s)x(s) + B(t)

=—U'(x)— /0 ds y(t — s)x(s) + &(t),

where £(t) = B(t) — v(t)x(0).
m Generalized Langevin equation with dissipation kernel ~(t)
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Spectral Density

m Here, the dissipation kernel is

2
K<
y(t) = Z Tiﬂ cos(w;t), t>0

i
m Properties of the bath are specified by the spectral density

2
n

J(w) = Z 2r:nwn5(w — Wn)

such that one can write

(t) =2 /0 " dw 29 cos(wr)

w
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L Caldeira-Leggett Model

Bath correlation function

m B(t) (or £(t)) plays a role of stochastic force from the bath.
m Bath correlation function is another quantity specifying the bath

C(t) = (B(£)B(0)) = Trp[B(t)Bpy]

where pg = (1/2Z)e PHs with Z = Tre=AHs,
m We have

C(t) = m(t) + 2n(t),

where

v(t) = <{B(t B}) h/ dw J coth( Bhw)cos(wt),

n(t) = <[B( ), B]) = —2h/ dw J(w) sin(wt)

m In the classical I|m|t Bhw < 1,

SUB(1).BY) = ks TA(2)
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L Caldeira-Leggett Model

Connection with classical generalized Langevin equation

m Recall that B(t) = > K {qj(O) cos(wjt) + pJ(O) sm(wjt)}

m Therefore the shifted stochastic force is
&(t) = B(t) — 7(£)x(0)
1
= zj: Kj { (qj(o) - mljwf (0)> cos(wjt) + p;(0) e S'n(wjf)} :

m Noting that gj, p; and x operator on different Hilbert space, we see
that £(t) satisfies the exactly same statistics as B(t) when we use
the shifted bath Hamiltonian, i.e. pj = (1/2')e="Hs, where

iy =30 |2 Tt <q,-(o>— i <o>>

- 2m;
F j
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Classical Markovian vs. Non-Markovian Dynamics

m Classical Markov limit: Ohmic bath
J(w) = yw = 7(t) = 274(¢)
Then .
| dsate =2t = 9x()
m Classical Non-Markovian memory effect: Drude form, for example

Q2
J(w) = ’Ywm = 7(t) = 7Qexp(—Qt)

Then the memory effect for the time scale 7 ~ Q1.

m Quantum Markovian dynamics requires more complicated conditions
as we will see below.
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Dynamical Maps

Dynamical Maps

m Total System+Bath (SB) is a
closed system:

pse(t1) = U(t1, to)pse(to) U (t1, to),
2 psn(t) = ~ilH, psn (1)

where
U(t‘l7 to) = exp[—iH(tl — to)/h]
m Reduced Density Operator

ps(t1) = Trepsp(t1)
m Let TerSB(tO) = ps(to).

Dynamical Map : ps(t1) = Eq.)[ps(to)]

Environment
(Thermal Bath)
It
o

H=Hg+Hg+H,

U(ty, ty)
/]S(IO) ® ﬂB(tq) _— pSB(tl)
Try l l'{‘rB
g(ll-’u)
ps(ty) ps(t)
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Dynamical Maps

Universal Dynamical Map

m If we can write psp(to) = ps(to) ® ps(to) then

ps(t1) = Eu,i)lps(to)] = D Kaltr, to)ps(to) K (11, to),

where Za Kl(tl, tg)Ka(tl, to) =1
0 Write p(to) = >, A |v)(v], then
PS(tl):Z(MU(thtO)PS(to ®Z>\ ) (WU (11, to) | 1)

72 VAl U(t, t0)[v) ps(to) VO (V] U (11, t0) )

%

Kyuw (t1,t0) Ko (t1,t0)

m If not a product initial state,
ps(t) = 2, Kalts, to)ps(to) Ki(t1, to) + dp(t1, to; ps(to))
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Complete Positivity

Complete Positivity

m UDM is necessary and sufficient condition for Completely Positivity
(CP) (Kraus 1983)

’ &
- (t1:10)

0

) %(ll’to) ® Ly

CP: &, ., ® Iy is positive for all W

S20N0
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Complete Positivity

m UDM is positive

(V|5[ps(to)]|V>:%:@IKaPs(to)KiIV):%:WaI ps(to)  |pa)

=lta) =22 Mili) il

=D Ail{uali)? >0

= UDM is CP

VI(E€ @ Iw)[psw(to)]lv) = Z(VKK ® Iw)psw(to) (KT @ Iw)|v)

=|ta)
ol psw(to) |pa) il (peali
= 20l gonel) ) = 2
=3 Ml il

m Every CP map is UDM: Proof is more difficult (Kraus 1983)
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Quantum Markovian Evolution

Divisibility of a Quantum Dynamical Map

m For a quantum map & = &1 ), if E71 exists for all t > 0, one can
define £, 1) = 8,528;1 and have the property

E(1,0) = E(t2,1)E(11,0)
m Then

ps(t + €) = ps(t) =[E(r+e,0) — Et,0)]ps(0)
=[Etre.) — Ut.0)ps(0) = [E(t1e,ry — Llps(t)

and we have time-local QME

dps(t) . Eferen — 1
P50 _ i 40 =L (1) = 24 (0)]
€ €
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Quantum Markovian Evolution

Dynamical Semigroup

m If it further satisfies &4, ) = &,—1,, We have a semigroup:
gt+s - gtgs
Then one can write for a time-independent generator £

go=e W _ e
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Quantum Markovian Evolution

CP divisibility and Quantum Markovianity

UubMm
UDM
+ t \—/l
17 t 1
0 ! Notubm 2
in general

psty) ® pety)  # ps(t) ® pp(t)

m Even if & = &1 4, is CP by construction for all ¢, in general, &, +)
need not be CP (not even positive) since £; ' need not be positive.

m A dynamical map is CP-divisible (Markovian) if £y, +,) is UDM (i.e.
CP) for all t, > t;.

m Classical analogue: Chapman-Kolmogorov equation
p(xs, tslx1, t1) = [ dxa p(xs, ts|x2, t2) p(x2, ta|x1, t1)
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Quantum Markovian Evolution

Gorini-Kossakowski-Sudarshan-Lindblad Equation

m A dynamical map & satisfying the semigroup property is CP iff the
generator £ can be expressed as

dpjft) - _ i[H,ps(t)] + Zk:ryk [Vkps(t)\/,:r - % {V;j Vk;pS(t)}:|

= —i[#, ps(t)] + Dlps(t)]
—_— —\—

unitary dissipator

where H is hermitian and for all k
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Quantum Markovian Evolution

Lindblad Equation with Time-dependent Generator

m A dynamical map is CP-divisible iff the time-dependent generator
L; takes the form

dpjift) = — i[H(t), ps(t)]

#2m(0 [ eV~ 3 { W00, 5(0)

with for all k and t

m Open Problem: What is the condition for £, ) = T exp[ [ L:dl]
to be CP?
[ Sufficient condition: ~«(t) > 0; Necessary condition: unknown

1 3 examples of v, (t) becoming negative for some t, but the resulting
g(tz,ﬁ) is CP
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Open Quantum Systems: Physical Considerations
m Derivation of QME from Hamiltonian
m Projection Operator Formalism
m Perturbative Expansion
m Lowest order contribution
m (Ultra)Weak Coupling Limit
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Derivation of QME from Hamiltonian

Derivation of QME from Hamiltonian

m Interaction Hamiltonian

HI:eZAaQ@Ba

m Total system is closed; (interaction picture: H = Ho + Hi,
Hy = Hs + HB)
d

EﬁSB(t) =i [F/I(t),ﬁSB(t)}

or
t
pin(e) = pn(0) 7 [ ds [Fi(s). psn(s)]
0
m Eq. for reduced density operator (exact)

%ﬁs(t) = —Trp /Ot ds {I-Nll(t), {Fll(t - s),ﬁég(AtN—mi)”

m One can always make

Trg [Hl(t),ﬁSB(O)] —0
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Derivation of QME from Hamiltonian

Born-Markov Approximation and Redfield Equation

m Born-Markov approximation

7 ds Trg[Fi(t), [Ai(t = s), As(t) ® pa]]-

dps(t) /
0

d Weak Coupling (Born): psp(t —s) ~ ps(t — s) ® pp
[d Short bath correlation time (Markov): gs(t — s) =~ ps(t) inside Trg

m Redfield Equation (in interaction picture) (A, (t) = et A, e~ Hst)
dps t = ~
dps(t) _ zz/ ds Cos(5)[Aa(t), Ag(t — 5)7s(t)] +h.c.)
m Bath correlation function (B,(t) = e'stB,e~st)

Cap(s) = Tra[Ba(s)Bspsl
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Projection Operator Formalism

Projection Operator Formalism

Nakajima-Zwanzig Equation

m Let us try more systematic derivation

m Projection operators: for some fixed pg (write pgp as p for
simplicity)

Pp = Tre(p) ® ps, Qp=(1L-P)p
P?p = Trp[Tra(p) ® ps] @ ps = Pp

m Start again from interaction picture equation:
0ep(t) = —i[Fh (). p(t)] = L(2)A(t),

where L(t)e = —i[Hi(t), o].
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Projection Operator Formalism

m Take the P-projection

9:Pp(t) = PL(t)A(t) = PL(t)(P + Q)(t)

A~

= PL(t)Pp(t) + PL(t) Qp(t) (1)
m Take the Q-projection
9:Qp(t) = QL(t)Pp(t) +QL(t) Qp(t) (2)
inhom.

m Solution to homogeneous eq. for Qj
Qf(t) = G(t,0005(0),  G(t,0) = Tels #'QE()

m Solution to full Eq. (2)

Q7(t) = G(1.0)Q70) + | ds G(t.5) QL()Pis)

inhom.
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Projection Operator Formalism

m Insert this into Eq. (1)
O0r Pp(t) = PL(t)P p(t) + PL(t)G(t,0) Qp(0)
A —— ——
() (ii)
t
+ / ds PL(H)G(t, s)QL(s)PH(s)
0 U
m Two simplifications
1 (i) If [He, p] = 0, one can always set
PL(t)YP=0
(1 (ii) For a product initial state p(0) = ps(0) ® ps,
Qp(0) =0

m We have Nakajima-Zwanzig-QME in a time convolution form

0,PA(t) = /0 s PL()G(t,5)QL(s)PH(s) = /O ds K(t, $YPF(s)
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Projection Operator Formalism

m Derivation of (i)
4 For any p

PL(t)Pp = — iTra[Fhi(t), Pp] © pp
= — iTrg[Fi(t), Tre(p) ® pB] @ pB

=— i |Tra(Fh(t)p), Tra(p)| ® pu

(0 Redefine H's such that Hs + Hy = H§ + H{

Hi=H —Trg (Hips) ® 1 = Hi — (Hi)s ® 1
Hs = Hs + Trg (Hipe) ® 1 = Hs + (H)s ® 1
1 Then if [Hs, pB] =0

Top (F(£)m) —Trn(& %10 e 1050 )

iHL t iHg t —iHpt —iHLt
=" " Trg(e" ' Hie  "Bpg)e s
iHL —iHLt iHpt —iHpt
— "8 Trg (Hipg) e” 8" Tre(e" B ppe™ "B

=1
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Projection Operator Formalism

m Derivation of (ii)
4 For a product initial state

p(0) = ps(0) ® ps = 4(0) = p(0)
1 We then have
Pp(0) = Tre(ps(0) ® pB) ® pB = ps(0) ® ps = H(0)

[ Therefore
Q5(0) = 0



Quantum Master Equations: Methods and Properties
L Open Quantum Systems: Physical Considerations

Projection Operator Formalism

Time Convolutionless (TCL) ME

m It is possible to obtain QME in a time local form without convolution

m Recall (We don't assume factorized init. state)

OPp(t) = ePL(t)PH(t) + ePL(t)Qp(t)

S N 2 2

Qj(t) = G(.0)Q(0) + ¢ | ds G(£.5)0L(5)Pis)

m We want p at t not s. Using Liouville eq. for total system+-bath,
can write j(t) = Uy (t,5)p(s) = T4 eJs @ £()5(s) and

p(s) = U_(t,s)p(t) = T_e~ S ¥ £V 5(¢) =U_(t,5)(P + Q)(t)
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Projection Operator Formalism

m Therefore

Qp(t) =G(t,0)Q4(0) + ¢ / ds G(t,5)QL(s)PU (t,5) PA()

0

=3(t)

e / ds G(t, 5)OL(s)PU_(t,5) QA(t)
0

=x(t)
m Solving this
Qp(t) = [1 — (6)] ™" G(£,0)Q(0) + [ — E(1)] " £(£)Pi(t)
m Inserting this into eq. for Pp
DePp(t) =ePL(t) Pi(t) + ePL(t) [1 — Z(¢)] " G(t,0)Q5(0)
+ PLIL - (e)] T E(E)PA(Y)

=ePL(t)[1—X(t)] " G(t,0)Q/(0)
+ePL(H)[1— ()] Pib)
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Projection Operator Formalism

TCL ME

|9:P(t) = Z(£) Q(0) + K(t)P(1)]

where

ePL(t)[1 — (1) G(t,0)Q
ePL()[1— ()] P

)
—_~
~
N—r
I

m For a product initial state Z(t)Qp3(0) =0
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Perturbative Expansion

Time Convolutionless ME

Perturbative Expansion

m Consider the case of product init. state

m Write
[1— ()t Zz cOE(t) =)k (t)
k=1
m We have

K(t) =ePL(t)[1 - £(t)] ' P

=€ePL(t) Z (Z Ty (t) )

n=0



Quantum Master Equations: Methods and Properties

l7Open Quantum Systems: Physical Considerations

Perturbative Expansion

m Collecting coeffs. of €™

Ki(t) =PL(t)P =0

Ka(t) = PL(E)Z1(t)P

Ks3(t) = PL(t) {Z1(t)* + Zo(t)} P

Ka(t) = PL(t) {Z1(t)® + Ta(t)Ta(t) + To(£)T1(t) + T3(t) } P

m Recall X(t) = ¢ [; ds G(t,s)QL(s)PU_(t,s)
G(t,S) =T, e JHdt ocL(t’)
=1+ 6/ dt’ QC / dt; / dt, Qﬁ(tl)Qﬁ(tz) + O(

U_(t,s)=T_e S dt £

21—6/ dt’ L(t /dtl/ dty L(t)L(t1) + O(€3)
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Lowest order contribution

TCL ME

Lowest order contribution

From above expressions, we have
t
() :/ ds QL(s)P
0

S Ka(t) = PL(E)TA ()P = / “ds PL(t) O L()P
0

QL
~—
1-P

= / tds PL(t)L(s)P (. PLP =0)
0

Lowest order TCL ME: 9,Pj(t) = e2Ka(t)Pj(t)

oupste) =~ [ o5 T [Au(0), [Als) i) 0 |

m = Redfield equation (usually Fi(s) — Hi(t — s))
m Non-CP; Obtained usually from Born-Markov approximation
m c. f. Lowest order NZ equation contains js(s) at time s not ¢t
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Weak Coupling Limit

m Note that £ carries a factor of e: L — £
m Note that

G(t,s) = Texp[e/t dt’ QL(t)] = 1+ O(e)

s

m NZ equation becomes
0Pp(t) =€ /O ' ds PL(1)G(t, $)OL(s)PH()
_& /O ds PL(t)OL(s)PH(S) + O()

=¢ / s PLOLE)PHs) + OE) o PL(HP =0
0

T / ds [F(2). [Fa(s). PA(s)]] + O(e)
0
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Weak Coupling Limit

Born-Markov Approximation

m Since Trp(5(t)) = fs(t), we get the Born Approximation
0ups(t) = ~Ton [ 05 [A(0). (). 3s(5)  pul] + O(°)
m Note that
pu(t) = Tewple [ L)) = 7s(s) + 0(0)
= To O(2), we can write
0ups(1) = ~Tra | ds 1A, [A(5). s(0) & pul] + O()

m After changing integration variable s — t — s and sending the upper
limit to co, we get Born-Markov approximation
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Eigenfrequency Expansion

m Let us keep the upper limit at t.

m Expansion in Bohr frequencies (w = E,, — E,;) with eigenvalues E, of
Hs: Define A, (w) such that

A"'a(t) = eiHstAaefiHst — ZAQ(W)67IWt

m “Redfield” Equation (in interaction picture)

I _ 257 5 (1 ()™ AL (), As(@)is(t)] + hic.).

a,B ww!
t .
w)z/o ds €'“*Co(s)

m Redfield equation is not of GKSL form; Known to be not positive.

where
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Ultraweak Coupling Limit / Davies Theory

m Integrating we have
ps(t) = ps(0)
—ey Yy / ds (2,()e AL (). As(w)7s(9)] + hc.).
a,f ww’

m Take € — 0 limit. We only see the effect of the vanishing coupling in
A(t) in the t — oo limit, or in the rescaled time €%t = 7.

2

m Similar rescaling in the integration variable 0 = ¢°s

() = 75(0)
S [ (12l ) AL ). Asle)s(o)] + ).

o, w,w’
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Ultraweak Coupling Limit

m Using

b
H ixt o
lengo/a dt e**f(t)

we find that the terms with w # w’ vanish in the ¢ — 0 limit.

m We have
() = 350 = 5 [ do ()AL, Asw)ps(o)] + e
a,f w

m This is equivalent to the usual rotating wave or secular
approximation.
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Secular (Rotating Wave) Approximation

m Take further approximation on Redfield equation: Take only w = w’
term in

dp(t — T (T (WAL (W), As(w)i(e)] + huc.)

a,B w,w’

O Valid when |w — w'| > t™1. Since t > 73, it means
minjw — w'| > 75!
[ It breaks down When there are energy gaps small than Tgl

m Write ['(w) for [*°(w) for simplicity and define
o) = Tas(w) + a0 = [ ds €5Co()

Saa(w)E%(F 5(w) = Tha(w)) 73/ dw’ yap(w')

o w—w
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Lindblad Equation

m After secular approximation (in Schrodinger picture)

dps(t)
dt

- —i[Hs,ps( )] + ‘Csec[ps(t)] + Egzg[PS( )]

m S-part becomes unitary evolution (Lamb shift term)

LEps()] = —ilHus, ps(D)],  Hus = D> Sap(w)Al(w)As(w)

a,f w

m v-part takes the GKSL form (One can show v,3(w) is positive
definite)

£QAps (O] = 3° D s (@) (As(@)ps (DAL ()

a,f w

_ % {Al(w)Ag(w),PS(t)})'
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L (Uttra)Weak Coupling Limit

Example

Damped Harmonic Oscillator

m Consider a harmonic oscillator

Hs = wpa'a, H;=(a+ a) ng(Ck + c,f)
——

A k

m Only nonvanishing terms are
Alwo) = a, A(—wo) = Af(wp) = a'
m Comment: Another popular coupling
H} =aR" +a'R (R= ngck)
k

7a+aTR+RT+a—aTR—RT
V2 V2 V2 V2

For this interaction, nonsecular terms vanish automatically

= A,B] + AyB}
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Damped Harmonic Oscillator

m After following the procedure above, the Redfield dissipator is given
by

£RUIP0] = ~i(S(u) + S(-o)la'a. p(0)]

#r(-w0) (alp(0)2 ~ Faa' (0} ) + (o) (av(0)al ~ 31al 2,000}

+46@@fsem»(w@afhﬁmunfﬁmaﬁ+1@WMﬂQ
(v(wo +7(—wo)) (ap(t)a— S{2% p(t)} +ap(t)a’ — { T2m(t)})
7 (1) = (=w0)) (= [ p(8)] + [, (1))

~ 2 (S(wo) + 5 m)[£p1+pﬂmn)
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Damped Harmonic Oscillator

m The wavy lines are secular approximated terms: the GKSL form
m With A(w) = 1/(e" — 1), we have

T ety ) 2Rd(@)(A(w) +1), ifw>0
7(w)*/ dre C(t){2hJ(—w)ﬁ(—w), if w < 0

m Lamb shift term (independent of (w))

[1 et e

w—wy Wt wy

dw’
27

S(L&)o) + 5(—&)0) =-P /OOO
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Lindblad equation without secular approximation 1
Universal Lindblad Equation

[Nathan and Rudner, PRB 102, 115109 (2020)]
m Has the same level of accuracy as the Redfield equation.

m Use of a small parameter given in terms of the properties of the bath
valid in the weak-coupling limit.

m ps(t) = —i[Hs, ps(£)] + 2LE) Llps(£)]
a b
ESI)JE = L%JI)_E + [’(UI),E
n £8) Lps(£)] = —ilA, ps(t)] with

A= Z Z faﬁ(w7w/)Aa(w)Aﬁ(wl)v

a,B w,w!

m Dissipator in the GKSL form

L slps(t)] = Z[Laps - *{L Lo, ps(t)}]
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More on ULE

m Here the jump operator is
La=D ) gap(@)As(w), with 7as(w Zgap w)gup(w)-
B w

m Compare with

£ps(0] = 3 3 vas @) (As(@lps (DAL — 5 {AL @A), ps(0)} ).

a,f w

fap(w,w’) is given by
o ©dpl . -
faﬁ(W,w) = —PZ Eagau(w_w)guB(W‘FW )-
Yoo

m Compare with
dw 1
Sap@) =P [ S2 s+ ),

ULE roughly corresponds to taking the square root of the Fourier
transform of the bath correlation function and to distributing it to
the new jump operators.
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m Steady States
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Steady State of QMEs

m Steady state (ps(t) — p5* as t — o0) of dps(t)/dt = L]ps(t)]
L[p*]=0

m If the total system thermalizes, we expect ps — pmsg, mean-force
Gibbs state

o TIB(G_BH)
pmfG - “BH\ "
TrSB(e B )
m Weak coupling limit (H = Hs + Hg + €H)

_ 2 (2) _ e Pfs
PmtG = PG + € P+ PG = 2

m One can calculate p* of various QMEs perturbatively
¥ =p@ 4 2p@ 4 ...

and compare with ppq.
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Perturbative Steady State of QME

m Generic weak coupling QMEs

I8 _ LOps )] + 2LPlps(1)] + O()

with
LOps(1)] = —i[Hs, ps(t)]
m With p* = p(® + 29 4 O(e*), we have

0(): LOPOT =0, 0(): LO[D]+LA[O] =0

m Matrix elements: p,, = (n|p|m) with Hg|n) = E,|n)

—I'A,,mpf,?,), =0 = pf,?,), = for n# m,

—iA,,mpS,Z,,), + (5(2)[p(0)]> =0, where A,,=E,—E,

nm
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Perturbative Steady State of QME

m Oth-order: n=m

<£(2)[p(0)]) -0 = detemines pg,?,) (*)

nn

m 2nd-order coherence: n # m

1
(2 — = (,@f,0
pnm IAnm (‘C [p ])nm (**)
® 2nd order population p£,2,,) is not determined to this order. We need

LW,

m Method of analytic continuation [Thingna et al, J. Chem. Phys. 136,
194110 (2012)]
(2)

— If the limit n — m exists in (%x), we may regard this as pyn



Quantum Master Equations: Methods and Properties
L Properties of QMEs
Steady States

Perturbative Steady States of Various QMEs

cP pO® p?

Redfield No pc  pCL
Secular Approximation Yes pg 0

ULE Yes pg ;épfl)g
TLE Yes #pa # ok

[J. Lee and JY, PRE 106, 054145 (2022)]
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QMEs for a System with Spatial Extent

Hilbert space Has

Hilbert space Hs = Hy, @ Hyy, Hamiltonian Hg

m Only a part of system is coupled to heat bath

m If we try to use the method described above, this Global QME has
support on the entire system Hilbert space. Recall

Aw)= Y |m)(mlAln)(n

m,n,E,—Ep=w

m Local QME uses only the spectrum of the Hilbert space that couples
to the bath.
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Problems of Local QME with Thermalization

Systeml System2

m Oscillator b is in contact with the bath
Hs = waa'a+wgb'b+ A(a+a')(b+ b')

m Local Lindblad equation uses the dissipater D, which involves b and
b only

m One can show that the zeroth order steady state is not the Gibbs
state

—BHs

1
0
Pgt) # pc = fse
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Global Lindblad Equation

To write global Lindblad equation, first diagonalize

Hs =widld, +w_ d d_

Now the system coupling operator b can be written as a function of
dy and d_

Dissipator now involves d; and d_

The zeroth-order steady state is now given by the Gibbs state

But the dissipator which has a support on the entire Hilbert space
seems unnatural.
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Problems of Local QME with Nonequilibrium Transport

Levy and Kosloff, EPL, 107 (2014) 20004

Systeml System2

m Two baths at different temperatures T; and Tg
m Local QME

deps = —i[Hs, ps] + D=[ps] + Df [ps]
m Heat Currents J; and Jg (J. + Jg = 0 at NESS)

d(Hs)
dt

= Tr[Hs D5 [ps]] + Tr[Hs D [ps]

JL JR
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Problems with Local QME

m Using local QME, write the egs. for
d

&

and the same for (b'b), (afb) and (ab")

m At NESS, d(afa)/dt = 0, etc. and we find that (afa), (b'b)s,
(aTh)ss and (ab') ¢ form a closed set of equations that can be solved.

fa) = Tr[% a'a)

m One can express J; ans Jg using these quantities at NESS
JE = (ePron —ePree) 7 (F>0)

m Even if T > Tg, one can have J* <0
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Problems of Global QME with Local Conservation Laws
D. Tupkary, et al. Phys. Rev. A 107, 062216 (2023)

Hilbert space Hs = My, @ Hyy, Hamiltonian Hg

Hs = Hy, + Hu + How,
Any operator Oy acting on H s satisfies

[Om, Hsg] =0
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Problems of Global QME with Local Conservation Laws

m Using [Ow, Hsg] = 0

d . )
— (I ® Om) = Trsg (I ® Omprot) = —iTrsg (It @ Om[H, piot])

dt
=—iTrsg ([lt ® Om, H]psot) = —iTrss ([It ® Om, Hslpsot)
= — iTrs ([IL ® Owm, Hs]ps)
m On the other hand,

d )
E“L ® Oum) =Trs (I ® Omps) = Trs (IL ® Oum (ﬁ(o) [ps] + 625(2)[03]))

=~ iTrs ([l ® Ow, Hslps) + €Trs (I © OuL@ps))

where we have used £(O[p] = —i[Hs, p].
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Problems of Global QME with Local Conservation Laws

m Therefore we require that

Trg (/1_ & OM£(2)[p]) =0

m Global QME with the dissipator having support from global Hilbert
space does not satisfiy this property

m Local QME with the dissipator having support from H, satisfies this
property
m Redfield equation satisfies this property
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Exact Calculations for Thermalization

System1 System2

m System Hamiltonian :

1
“mwi(xE 4 x3) — mAxix

1
5 (PE+P3) + 5

H:
ST om

m Heisenberg equations :

mi(t) = —mwdxi(t) + mixo(t)
mia(t) = —muwixa(t) + mix(t) + Z K2,nGa,n(t) — Z L’gxz(t)

mz ps ,
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Exact Calculations for Thermalization

m Laplace transform of Heisenberg equation

x(z) = GV (2)x(0) + G?(2)x(0) + %é@)(z)é(z)

M(z) =62)(2)

(24w - -
B - 722 + Z9(z) + w?
1(t) = 2[5 dw 24 cos(wt)
m Bath correlation function
({Ba(t), Bo(t')}) = Da(t — ')

— 2h/ dwdh(w coth(ﬂm}
0

> ) cos(wt)
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Exact Calculations

Long-time limit of Covariances (x?(t)

)

KksT=0.01

WFG X33 y=001

= WG xox3 y=0.01
—= W xun y=001

ke T=1
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Exact QME

Hu-Paz-Zhang Equation [PRD 45, 2843 (1992)]

A harmonic oscillator in contact with a heat bath:

Do) =~ L[ 2t Lt 4 A2 ps(0)] — (0 (o (6))

+ ﬁC(f)[X [P, ps(8)]] = -5 D(B)Ix, [x, ps(t)]]

where A(t), B(t), C(t) and D(t) are given in terms of G(!)(t) and

GO(t).
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HPZ Equation

m One can rearrange it into

%ps(t) = —i[Hewr(t), ps(t)]

+ Z Kab(t) [LZPS( )La {L L}, ps(t)}

a,b=1

with L1 = x and L, = p.
m Kyp(t) is not positive all the time.
m But since this is an exact equation, the dynamics is CP.

m Question: What is the steady state of the HPZ equation? If it
exists, is it always eqaual to the MFG state?



Quantum Master Equations: Methods and Properties

L Summary

Summary

Theoretical approaches to open quantum systems
m Mathematical aspects

[ CPTP map

(1 Markovian, CP divisible, semigroup : GKSL (Lindblad) form
Physical approaches for QMEs

[ Systematic projection operator formalism

[ Weak coupling approximation: Born-Markov

[ Secular (rotating wave, ultraweak) approximation to get Lindblad

equation

Steady states of QMEs; Comparison with quantum MFG state
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