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Additivity question for C(Φ)
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Theorem (Hastings, 2009)
There exist two quantum channels Φ and Ψ such that

χ(Φ⊗Ψ) > χ(Φ) + χ(Ψ)

where χ(·) is the Holevo information.

▶ Holevo’s result implies that the classical capacity

C(Φ) = lim
n→∞

χ(Φ⊗n)

n

is very hard to compute.
▶ Holevo’s counterexample uses random unitary matrices.
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For any quantum channels Φ and Ψ, we have

C(Φ⊗Ψ) ≥ C(Φ) + C(Ψ)

where C(·) is the classical capacity.

Question
Do there exist Φ and Ψ such that

C(Φ⊗Ψ) > C(Φ) + C(Ψ)?
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Entanglement under (quantum)
group symmetry
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▶ Quantifying quantum entanglement is a crucial problem in QIT.

▶ The so-called Schmidt number SN(ρ) is a natural measure of
entanglement of a quantum state ρ.

If ρ ∈Mn(C), then SN(ρ) is one of 1, 2, · · · ,n.

▶ In particular, SN(ρ) = 1⇐⇒ ρ is separable.
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▶ A linear map Φ : Md(C)→Md′(C) is called k-positive (1 ≤ k ≤ d)
if the following map

idk ⊗ Φ : Mk(C)⊗Md(C)→Mk(C)⊗Md′(C) is positive.

▶ There is a general machinery to transfer k-positivity to
quantification of quantum entanglement, namely

k-positivity of general linear maps

⇝ Schmidt numbers of general quantum states.

▶ HOWEVER, (1-)positivity is already NP-hard to check.
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Question
Can we compute SN(ρ

(d)
a,b ) for all quantum states of the form

ρ
(d)
a,b =

1− a− b
d2 Id ⊗ Id + a|Ωd⟩⟨Ωd|+

b
d

Fd?

Here,

{
|Ωd⟩⟨Ωd| = 1

d

∑d
i,j=1 |ii⟩⟨jj| =

1
d

∑d
i,j=1 eij ⊗ eij

1
d Fd = 1

d

∑d
i,j=1 |ij⟩⟨ji| =

1
d

∑d
i,j=1 eij ⊗ eji

.
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Theorem (Park and Y., 2024)
Under compact group symmetries,

k-positivity of (πA, πB)-covariant linear maps

←→ Schmidt numbers of πA ⊗ πB-invariant quantum states.

Example

k-positivity of L(d)
p,q = (1− p− q)

Tr(X)

d
Idd + pX + qXt

←→ Schmidt numbers of ρ(d)
a,b =

1− a− b
d2 Id ⊗ Id + a|Ωd⟩⟨Ωd|+

b
d

Fd.
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From now on, let us focus on linear maps of the form

L(d)
p,q(X) = (1− p− q)

Tr(X)

d
Idd + pX + qXt.

Example (Tomiyama, 1985)
▶ L(d)

p,0(X) is k-positive⇔ − 1
kd−1 ≤ p ≤ 1.

▶

{
L(d)

0,q(X) is 1-positive ⇔ − 1
d−1 ≤ q ≤ 1.

L(d)
0,q(X) is k-positive (2 ≤ k ≤ d) ⇔ − 1

d−1 ≤ q ≤ 1
d+1
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Theorem (Park and Y., 2024)
A complete characterization of k-positivity of linear maps

L(d)
p,q(X) = (1− p− q)

Tr(X)

d
Idd + pX + qXt

is given by

Figure: The regions of k-positive maps L(d)
p,q for d = 3, 4
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Theorem (Park and Y., 2024)
We have a complete characterization for the Schmidt numbers
SN(ρ

(d)
a,b ) of all quantum states of the form

ρ
(d)
a,b =

1− a− b
d2 Id ⊗ Id + a|Ωd⟩⟨Ωd|+

b
d

Fd.

with explicit algebraic descriptions.

Figure: Regions of ρ(d)
a,b with SN(ρ

(d)
a,b ) = k for d = 3, 4
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Thank you very much for
your attention.
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