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Fluctuation-dissipation theorem

system

J = 𝖫 ⋅ F

Near equilibrium,

F ⊂ {ΔT, Δμ, ⋯}

(thermodynamic currents) ∝ (thermodynamic forces)

J ⊂ { ·E, ·N, ⋯}

(dissipative) response

system

𝖢 ⊂ {⟨⟨ ·N⟩⟩eq, ⟨⟨ ·E⟩⟩eq, ⟨⟨ ·N, ·E⟩⟩eq, ⋯} fluctuation

𝖢 = 2𝖫 : Fluctuation-Dissipation Theorem (FDT)



Fluctuation-response relations for NESS

(violation of FDT) ∝ (heat dissipation)

fluctuation

responsedissipation

fluctuationresponse

(FDT can be modified in a more general form)
steady-state 
distribution 



Thermodynamic bounds on response

Δμ

|ν − 1 | ≤ tanh(Δμ/4kBT )

Owen/Gingrich/Horowitz, PRX (2020)

…

Ptaszyński/Aslyamov/Esposito, PRL (2024)
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Response TUR (R-TUR)

response

fluctuation

dissipation



Kinetic and entropic perturbations

dpi

dt
= ∑

j(≠i)
(Wij pj − Wjipi)

unique steady state
lim
t→∞

pi = πi

∂
∂Fij

≡
1
2 (Wij

∂
∂Wij

− Wji
∂

∂Wji )
[2] entropic perturbation

∂⟨Θ⟩
∂Fij

≠ 0 in EQ

∂
∂Bij

≡ Wij
∂

∂Wij
+ Wji

∂
∂Wji

EQ

∂Bij
⟨Θ⟩

NEQ

dissipation

[1] kinetic perturbation

{
Wij ↦ Wij(1 + δ)
Wji ↦ Wji(1 + δ) {

Wij ↦ Wij(1 + δ/2)
Wji ↦ Wji(1 − δ/2)



Observables of interest

⟨J⟩ ≡ lim
τ→∞

⟨J(τ)⟩ = ∑
i<j

Λij (Wijπj − Wjiπi)

𝒥ij

= ∑
i<j

Λij𝒥ij, ⟨⟨J⟩⟩ ≡ lim
τ→∞

τVar{J(τ)}

J(τ) ≡
1
τ ∫

τ

0
dt∑

i<j

Λij(
·Nij(t) − ·Nji(t))

t

Nij(t)i

j
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(τ → ∞)

(∂Bij
⟨J⟩)2

τVar{J}
≤

·Σ
2

(∂θ⟨X⟩)2

Var{X}
≤ I(θ)

Cramér-Rao bound



Dynamic perturbation

t

𝖶
⟨J⟩0

0

τ

𝖶′￼

⟨J(τ)⟩

RBij
(τ) = lim

ε→0

ΔJ(τ)
ε

{
Wij ↦ W′￼ij = Wij(1 + ε)
Wji ↦ W′￼ji = Wji(1 + ε)

⟨J⟩0 ↦ ⟨J(τ)⟩ = ⟨J⟩0 + ΔJ(τ)

cf.) lim
τ→∞

RBij
(τ) = lim

ε→0

⟨J(∞)⟩ − ⟨J⟩0

ε
=

∂⟨J⟩
∂Bij

{
Wij ↦ W′￼ij = Wij(1 + δ/2)
Wji ↦ W′￼ji = Wji(1 − δ/2)

RFij
(τ) = lim

δ→0

ΔJ(τ)
δ

kinetic entropic



Fluctuation-response inequalities

∑
α,β

Rθα
(τ)[𝖨−1(τ)]θαθβ

Rθβ
(τ) ≤ Var{J(τ)}

multivariate Cramér-Rao bound

where 𝖨θαθβ
(τ) = − ⟨∂θα

∂θβ
ln 𝒫[{s(t)}τ

t=0]⟩0

𝒫[{s(t)}τ
t=0] = πs0

e(t1−t0)Ws0s0

waiting at s0

Ws1s0
⏟
s0→s1

e(t2−t1)Ws1s1

waiting at s1

Ws2s1
⏟
s1→s2

⋯

sn + 1

sn

{s(t)}τ
t=0 = {(s0, t0) → (s1, t1) → (s2, t2) → ⋯ → (sN, tN) → (sN, τ)}

θα ↦ Fij : 𝖨FijFi′￼j′￼
(τ) =

1
4

τδii′￼δjj′￼aij

∑
i<j

4R2
Fij

(τ)

τaij
≤ Var{J(τ)}

θα ↦ Bij : 𝖨BijBi′￼j′￼
(τ) = τδii′￼δjj′￼aij

∑
i<j

R2
Bij

(τ)

τaij
≤ Var{J(τ)}

( = Wijπj + Wjiπi)



Response uncertainty relations

i

j k

Bij(θ) ∼ θ
Bik(θ) ∼ θ2

Rθ(τ) = ∑
i<j

bijRBij
(τ)

θ ↦ θ + Δθ

Bik ↦ Bik + 2θ⏟
bik

Δθ

Bij ↦ Bij + 1
⏟
bij

Δθ

⋮

τVar{Θ(τ)} ≥ ∑
i<j

R2
Bij

(τ)

aij
= ∑

i<j

b2
ijR2

Bij
(τ)

b2
ijaij

≥
{

Rθ

∑i<j bijRBij
(τ)}2

∑i<j b2
ijaij

≥
R2

θ (τ)
b2

max ∑i<j aij

·A

=
R2

θ (τ)
b2

max
·A

FRI CS ineq. bij ≤ bmax ∀(ij)

(∂θ⟨J⟩)2

⟨⟨J⟩⟩
≥

b2
max

·Σ
2

Response Kinetic Uncertainty Relation (R-KUR) R-TUR

for infinite observation times

R2
θ (τ)

τVar{Θ(τ)}
≤ b2

max
·A

Ptaszyński/Aslyamov/Esposito, PRL (2024)



Response uncertainty relations

R-TKUR for finite observation times

RBij
(τ)

RFij
(τ)

=
2𝒥ij

aij

∑
i<j

4R2
Fij

(τ)

τaij
≤ Var{J(τ)}

∑
i<j

aijR2
Bij

(τ)

τ𝒥2
ij

≤ Var{J(τ)}

τ

cf.) ∑
i<j

R2
Bij

(τ)

τaij
≤ Var{J(τ)}

τVar{Θ(τ)} ≥
R2

θ (τ)
b2

max ∑i<j 𝒥2
ij /aij

≤min{ ·A, ·Σ/2}

R2
θ (τ)

τVar{Θ(τ)}
≤

b2
max

2
min{ ·Σ, 2 ·A}



Open quantum system

1

2 3

4

1

2 3

4

ρ(t)

·ρ(t) = − i[H, ρ(t)] +
K

∑
k=1

(Lkρ(t)L†
k −

1
2

L†
k Lkρ(t) −

1
2

ρ(t)L†
k Lk)

𝒟(Lk)ρ(t)

≡ ℒρ(t)

Lindblad master equation

Lk ↦ Lθk
k = eθk/2Lk

{Mk = dtLk jump of type k
M0 = 1 − iHeffdt no jump

quantum jump unravelling 

*Heff = H − (i /2)∑
k

L†
k Lk

Θ(τ) =
K

∑
k=1

ΛkNk(τ)observables of interest:



Quantum Fisher information

∑
α,β

Rθα
(τ)[𝖨−1(τ)]θαθβ

Rθβ
(τ) ≤ Var{Θ(τ)} where 𝖨θαθβ

(τ) = − ⟨∂θα
∂θβ

ln 𝒫[{s(t)}τ
t=0]⟩0

𝒫[{s(t)}τ
t=0] = tr (ℳαN

⋯ℳα2
ℳα1

ρss) with ℳα ∙ = Mα ∙ M†
α

dependence on POVM

Lindblad equation

jump unraveling
homodyne unraveling
heterodyne unraveling
arbitrary POVM 

𝖨(τ) ≤ 𝖨Q(τ) : quantum Fisher info .

DB(ρθ, ρθ+dθ) ≈
1
4 ∑

i, j

[IQ(θ)]ijdθidθj
DB(ρ, σ) = 2[1 − F(ρ, σ)] where F(ρ, σ) = (tr{ ρσ ρ})2

Bures distance fidelity

≤ 𝖨global
Q (τ)

|ψ; θ⟩ = UtN−1
⋯Ut0 |ψ0

S⟩ ⊗ | init . env.⟩ = ∑
α0,⋯αN

MαN
⋯Mα0

|ψ0
S⟩ ⊗ |measured env.⟩



Quantum fluctuation-response inequality

[𝖨global
Q (τ)]θαθβ

= 4∂1
α∂2

β ln{tr[ρθ1θ2(τ)]}θ1=θ2=θ

·ρθ1θ2
= − i[H, ρ(t)] +

K

∑
k=1

(Lθ1
k

k ρ(t)(Lθ2
k

k )† −
1
2

(Lθ1
k

k )†Lθ1
k

k ρ(t) −
1
2

ρ(t)(Lθ2
k

k )†Lθ2
k

k )
𝒟(Lk)ρ(t)

= ⋯ = ⋯ = ⋯ = ⋯ = τδαβ tr[Lθα
α ρ(Lθα

α )†]

=aα

∑
k

R2
θk

(τ)
τak

≤ Var{Θ(τ)}
1

2 3

4

1

2 3

41

2 3

4

1

2 3

4

θk = θk(ϵ) R2
θϵ

(τ)
Var{Θ(τ)}

≤ τ(Δθmax)2 ·A : quantum R-KUR

A, Lk : random matrices, H = (A + A†)/2



Any relation to dissipation?
Lk

∑
k

R2
θk

(τ)
τak

≤ Var{J(τ)}
L−k = eΔsk/2L†

k

Lk(1 + δ) Lk*(1 + δ) Lk(1 + δ) Lk*(1 − δ)

ln ·Σln ·Σ

R-KUR
CS ineq.

J(τ) = ∑
k>0

Λk{Nk(τ) − N−k(τ)}



Any relation to dissipation?

Lk Lk* = eΔsk/2L†
k

∑
k

akR2
Bk

(τ)
τ𝒥2

k
≤ Var{J(τ)}
?

R-TUR ?

∑
k

R2
Fk

(τ)
τak

≤ Var{J(τ)} R-KUR
CS ineq.

cf . RBk
(τ)/RFk

(τ) = 2𝒥k /ak for CL

CS ineq.

ln ·Σ

Van Vu/Saito, PRL (2022)

Van Vu, PRX Quantum (2025)

quantum TURs 

J(τ) = ∑
k>0

Λk{Nk(τ) − N−k(τ)}



Summary

∑
i<j

4R2
Fij

(τ)

τaij
≤ Var{J(τ)}

∑
i<j

aijR2
Bij

(τ)

τ𝒥2
ij

≤ Var{J(τ)}

Classical systems 
FRIs 

Open quantum systems

∑
k

R2
θk

(τ)
τak

≤ Var{Θ(τ)}

FRI

1

2 3

4

1

2 3

4

R2
ϵ (τ)

Var{Θ(τ)}
≤ τ(Δθmax)2 ·A

R-KUR

R-TKUR 

R2
θ (τ)

Var{J(τ)}
≤

τb2
max

2
min{ ·Σ,2 ·A}
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