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|. Introduction & motivation




Stored energy: Quantity and quality

“Quality” of the charged energy matters.

Even if the charged energy is high, the entire amount may not be
extractable.

|€maxc) ‘ _ | T

O )

|6min>

_ storage work Campaioli et al.,
[ w(Ho) >0 J charging  (relaxation) | extraction ROMP 96, 031001 (2024)

Example: Forisothermal processes in macro. equilibrium sys.

max. extractable work: Wmax = F =E—-TS < E
Wmax is smaller when T, S are larger. .4 i



Work extraction by cyclic unitaries

Work extraction: Usually, highly isolated; through coupling to an
external sys. via control params.

t=20 work extraction process t=rt
0<t<rt

AN

Hiot) =H+V() with V=0 at t=08&
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Work extraction by cyclic unitaries

work extraction process

t=20
O0<<t<rT

Hiot(®) =H+V(®) with V=0 at t=0&

( [
Reasonable scenario

Work extraction by “cyclic unitary” U
with  Hiot(0) = Hyot(r) = H

(mean) extracted work: Wext = Tr|H po| — Tr[H UpoUT|
J
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Il. Passivity & ergotropy




! Passivity & complete passivity

Pusz & Woronowicz, Commun. Math. Phys. 58, 273 (1978)
Lenard, J. Stat. Phys. 19, 575 (1978)

- Passivity
p is passive w.r.t. H

@&=) No work can be extracted from p by any unitary map
defined in the Hilbert space.

i.e., Tr|Hp| < Tr|H UpUT| for vU

Here, Yunitaries defined in the given Hilbert space are
considered. Not limited to unitaries generated by H.
A



» Passivity & complete passivity

local unitaries global unitaries

Niedenzu, Huber, Boukobza,
Quantum 3, 195 (2019)

VvV vV VvV Vv

U: local unitary Uy: global unitary for N copies

QU -} c {0y}



! Passivity & complete passivity

Pusz & Woronowicz, Commun. Math. Phys. 58, 273 (1978)
. Passivity Lenard, J. Stat. Phys. 19, 575 (1978)

p is passive w.r.t. H

@&=) No work can be extracted from p by any unitary map
defined in the Hilbert space.

i.e., Tr|Hp| < Tr|H UpUT| for vU

- Complete passivity
p is completely passive w.r.t. H

a=) (%N s passive for any N.
(passivity for YN copies of the system)

e, Tr[AM™p®N]| < Tr[AM™ T, p®N 0] for vUy,N.
AM =yN A with A, = AQI ®--,

H,=IQHRI® -, ...
Passive even by collective operations in H O, 40



- “active state” = non-passive state

+ For a given H, there are many passive states.

- Each active state p has its own “passive counterpart” p,
accessible via some unitary map from p.

To discuss passive st. for a given H, need to specify p.

“passive state p* corresponding to p”

P

(p*, B, Ppassive » €fC. : passive counterpart of p )

- Gibbs st. (canonical st.) p = e PH /7 is the unique completely

passive state.
.‘\1 i



Gibbs state as a completely passive state

* Gibbs st. oy, = e PH /7 is the unique completely passive state.

Canonical st. (with § > 0) is obtained as a max. entropy st.
for a given internal energy E = (H).

ﬁ Canonical st. (with § > 0) is a min. energy st.
for a given entropy S = —kgTr[p In p].
 S(E) is monotonic

ds -0
dE_ﬁ

Unitary map: von Neumann entropy S unchanged.

For a given p, Gibbs st. gy, with S(py,) = S(P) is the

lowest-energy state associated with p, attainable when all

possible collective unitary operations are allowed. i
12



Energy-entropy diagram

Julia-Farré et al. PRR 2, 023113 (2020)

“thermal boundary”

Consisting of Gibbs st.
with —oo < f < 0.

completely passive completely active
Peh With 8 > 0 Prh With B <0

Any state p is inside the thermal boundary (shaded region). ﬁi



» Ergotropy £: Definition

Allahverdyan, Balian, Nieuwenhuizen, EPL 67, 565 (2004)

4 )
Ergotropy &€(p) : Maximum energy extractable from p via a

unitary map under a given H (cyclic unitary).

E(p) = Tr|Hp| — mﬁin Tr|H UpUT|

= E(p) — Epas(p)

passive energy Epas(p) = m(}n Tr[H UpUT] = E(p*)

- Minimization is performed over all the unitaries defined in H..
- A measure to characterize the “quality” of the charged energy.

- ergotropy = ergo (“work”) + tropy (“transformation”). I
L

- In literatures, ergotropy is denoted by £, W, eftc.



» Ergotropy £: Expression

H & p are diagonalizable. (- Hermitian)
Spectral decomposition:

Zk 15k |€k><€k| with 81 < ET

- (ascending order)

=4 1 |riNri| with i =73 = -+ (descending order)

Key point: Eigenvalues are unchanged under unitary transtf.

{r¢} is common for v UpU".

‘ Min. energy st. achievable V|a unitaries (i.e., p') should be the
state with larger population rk In lower-energy eigenst. |ek)

- N

d
N A
k=1 | 15




» Ergotropy £: Expression

d
passive st. corresponding to p:  p' = z v |etNel]

R‘
|
(=Y

d
unitary U: p — pt is [ = z|51Tc><7”zi|
k=1

(= 00T = Xy el i ) (e [riedmiel) (I Mef [) = Zemic lewc)e| )

4 )
£(p) = Tr|Hp| — Tr|H p']

=%l [(anmﬂe;nz) —ni] = el (o — i)

K J K

with pop. in |&l) : prx = 2 7,];




- When j is pure, p* is the ground st.: p' = |&])(e]]

-E(p) = E(p) ifand only if p is pure.

(Assuming a non-degenerate ground state and &; = 0.)
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Asymptotic freedom

@ 11, A A A-—A-—AAk--A Andolina et al., PRL 122, 047702 (2019)
O ® o- “'——.”_'“,—'
@ [ ""—'_ "
B

%m

2 1/2-
&

z

wm

passive energy: Ep,s =FE — €&

Epass can be interpreted as “locked energy” which cannot be
extracted.

Asymptotic freedom: E,,s/E — 0 (i.e.,, E/E > 1)as N - »in
certain collective charging schemes.

Entire energy becomes “free” in the asymptotic limit of N — oo. I

13



B Bound ergotropy

Niedenzu, Huber, Boukobza, Quantum 3, 105 (2019)
Bound ergotropy: Difference in passive energies (per copy) for
N =1 & oo copies.
N=1: E=E+ Epas (Epas: passive energy for N = 1)

N >1: Ey=NE, but &y=>NE
Equality: For Gibbs st. g, with S(py,) = S(p) when N = co.
(~ P IS the unique completely passive st.)

For N = oo, passive energy per copy is Ey, = E(Pm) < Epas.

Some portion of E,,; becomes extractable.

Define Eyound = Epas — Emn = 0 (bound ergotropy)

1




» Bound ergotropy

Bound ergotropy: Epound = Epas — Eth = 0

N—>o0

Ey = NE = NE+ NEp,s —— NE+ N(Epound t En)

Thus, energy per copy reads: Al,im En/N =&+ Epound T+ Emn

“Total” ergotropy (per copy) for N = oo: Eior = € + Epound

4



Decomposition of the energy per copy

pH)
<< @

bound (,0

lim EN/N 8 + gbound + E

N—->00

Y
Cc:tot

CC:bound = Epas _ Eth = 0 i
A



gtOt — AF fOrN = OO

Noneq. free energy: F(p) = E(p) — TS(p)
= E(ﬁ) + Epas(ﬁ) — TS(ﬁ)
with T for the Gibbs st. p, such that S(py,) = S(p)

Consider free energy Fy for N copies.
lim Fy/N = F(p) = E(p) = TS(P)
= &€+ Epound + Etn — TS(P)

= & + Epound +\Eth B TS(ﬁth)j (+ S(Pwm) = S(P))
Y
F(ptn)

‘ gtot =&+ Cc:bound — F(ﬁ) - F(ﬁth)

with py, such that S(py,) = S(P)
For N = o, total ergotropy is equal to free energy difference. A




I1l. Coherence measure




¥ Decoherence

Quantum coherence: Nonzero off-diag. elements of p (typically
in H-basis).

Originates from superposition of energy eigenst.

Such superposition is easily destroyed by the interaction
with environment.

g Dissipation: Involving energy exchange

with environment.
Decoherence <

Dephasing: Without energy exchange

- with environment.
A




B Dephasing

‘Dephasing: Decay of off-diagonal elements (typically in H-basis). ‘

(Coherence: Nonzero off-diag. elements in H-basis.)

Example: Fora TLS

lY) = %(Ie) + e g)) {le), |lg)} : basis of A
1 —i
p =YXyl =§(li 81 ) . pure st.
Dephasing 1

Loy o _ le) 50%
E(O 1) . statistical mix. {Ig) 50%

(H™) = Tr|p H™| unchanged. i
5



E

Coherence measure: relative entropy of coherence

Baumgratz, Cramer, Plenio, PRL 113, 140401 (2014)

Quantum coherence is well quantified using relative entropy

quantum relative entropy: S(p||6) = Tr[pIn p] — Tr[p In F]

7

Relative entropy of coherence

Coherence measure: C(p) = S(p||8,) = S(8,) — S(p)

Sp = A(p) : diagonal part of p (or, dephased st.).

J

A . dephasing map

Gives a density op. obtained by keeping
only the diagonal elements of a given p.

Example

-

P12
P22

)

2@ =

P11
0

0
P22

)



! Incoherent CPTP map

J:. Set of all diagonal p in some chosen basis.

d
vdensity op. § € 7 are in the form of § = z &; |i)(i]
i=1

{li)}: a set of basis func.

4 N
Incoherent operation/map : An operation/map that keeps

every diagonal state p diagonal.

Incoherent CPTP map : ®cprp(p) = X, M,,p A,TL

with Kraus op. M, JM} c 7 for vn.
\ J

In short, an incoherent operation/map is
the one that does not generate coherence. .




Conditions for coherence measure

Baumgratz, Cramer, Plenio, PRL 113, 140401 (2014)

Coherence measure: No increase under incoherent operations.
“coherence monotone”

Conditions for coherence measure C(p); C(p) = 0 & real
(C1) c¢(8)=0iff 5€3. (C =0 < nocoherence)
(C2) Monotonicity under ®cprp :
C(p) = C(Picprp(p)) for Vdicprp.
(C3) Non-increasing under mixing: Y. p,, C(p,) = C(, Pry Pr)
(convexity)
for vipn}, pn (Xnpon =1)

Mixing: Loss of information about which p,, has been prepared.

mm) Coherence should not increase.
‘)8 i



Constructing a coherence monotone

Consider C(p) = rgi?D(ﬁ, §)  with some distance measure D.
€

Conditions (C1), (C2), and (C3) are satisfied by the above C(p)
if D(p, ) possesses the following properties.

A

(ForC1) Iff p=4, D(p,6) =0.
(For C2) Contracting under VCPTP ®: D(p,8) = D(®(p), P(8)).

(For C3) Jointly convex: ., pnD(Pn, 65) = D(Xn Pnbn s 2in Pnbn)-

px



Properties for distance measure

Consider C(p) = %li?D(fO\, §)  with some distance measure D.
€

Conditions (C1), (C2), and (C3) are satisfied by the above C(p)
if D(p, ) possesses the following properties.

(ForC1) Iff p=4, D(p,6) =0.
> C(ﬁ)E%IinD(ﬁ,S)=O iff peg. (C1)
%

(For C2) Contracting under VCPTP @: D(p,6) = D(®(p), @(8)).

=) C() =D(p,6*)=D (CDICPTP(ﬁ): CDICPTP(S*))
8*: 8 € 7 minimizing D(5,6) > %li? D(®icprp(D),6) = C(Picprp(D))
€
(C2)

(For C3) Jointly convex: X, pnD (Pn, 6n) = D(Xn PnbPn s 2in PnOn)- i

0



Properties for distance measure

(For C3) Jointly convex: ., pnD(Pn, 65) = D(Xn Prbn s 2in Pnbn)-
‘ CQnDn Pn) = D(Zn Pn Pn » S*)

6*: 6 € 7 minimizing D(X,, Pn Pn,d)
— D(Zn Pn Pn » Zn an*)

Introduce &;, : 8, € 7 minimizing D(p,, 8,) for each n.

Since 6* minimizes D (X, Pn Pn, 2nPnd ™), We have

< D(XnPn P> XnPnbs)
< YnpnD (ﬁn; Sﬁ) (~+ joint convexity)
C(Pn)

=) paC(w)  (C3) l
" A




! Quantum relative entropy

( N
Quantum relative entropy S(5||6) : Measure of distinguishability

btwn. two density ops. p & 4.

S(plle) = Tr[pInp] — Tr[pIn 5]

(Quantum counterpart of Kullback-Leibler (KL-) divergence:

D(p@g() = e [p) In (B2)] )

. q(x)
Properties

(1) Klein’sineq.: S(H||6) =0 ; Sp|6) =0 iff p=5. =P (C1)

(2) Contracting under YCPTP @: S(5||6) = S(®(p)||P(6)) mp (C2)
Less distinguishable under information loss.

(3) Joint convexity: ¥, pn S(PnllGn) = S(Xn Pnbn | X PrnGn) =P (C3)

for Vipn}, {Pn} {00}
Remark: (2) & (3) are equivalent. 2




Relative entropy of coherence

7

N
Quantum relative entropy S(5||6) : Measure of distinguishability

btwn. two density ops. p & 4.

S(plle) = Tr[pInp] — Tr[pIn 5]

(Quantum counterpart of Kullback-Leibler (KL-) divergence:

D(p@g() = e [p) In (B2)] )

q(x)

r

\

Coherence monotone can be constructed by using the quantum
relative entropy as:

C(p) = mins(p||8)

“relative entropy of coherence”

4



B Relative entropy of coherence: Closed form

- Y

C(p) = rgei?S(ﬁ”S) m) | Aclosed form without minimization:
C(p) = S(ﬁngp) = S(Sp) - S(P)

Proof

A formula for vp € 7 and Vv € 7 (shown later):
S(p(|6) = s(a@) —S@ +S(Aa@||8).  (A)
Substituting Eq. (A) into the definition of C(p), we obtain:
C(p) = min[S(A(D)) — () + S(A@)||9)]

[+ 1 is minimized when & = A(p).
= S(lA@))

= S(AP)) — S = 5(3,) — S(B). Iid



B Relative entropy of coherence: Closed form

Exercise: Show S(p||§) =S(A®)) —S() + S(AP)|[S)
forvpe H and Vé €7.

Proof

For § € 7: Tr[ﬁ In S] = Tr[A(ﬁ) In S].

+ S(p||6) = Tr[p(In p — In §)] 0
= —S(@) = Tr[pIn 8] + Tr[A(®) InAD)] — Tr[AD) In AD)]
Tr[A(é) Iné|
= —S(p) — Tr[A(p) In 8] + Tr[A(D) In A(D)] — Tr[A(p) In A(p)]
S(a(@)|5)

= —S(P) +S(A(P)||8) + S(a(®) 1
B




Summary & remarks

4 . R
Relative entropy of coherence: A coherence monotone.

C(p) = %161?5('5”8) =5(p]|6,) = 5(8,) — S

C(p) = S(8,) — S(p) can be interpreted as
“entropy of coherence”.

.

Remarks
- For any p, we have C(p) <S(6,) <Ind.

This max. value is attained by maximally coh. st.:
1 .
[Ymasx) = 7= 2ikq10)

* [j-matrix norm ||p — 6||;, = Zi’j|pi’j — 0i,j| can also be used to
construct another coherence monotone:

(2 = inllo =81, = X1y o 1



V. Coherent and incoherent ergotropy

4



@ Coherent & incoherent ergotropy: Definitions
Francica et al., PRL 125, 180603 (2020)

x Hereafter, we consider the coherence in H-basis.

Incoherent ergotropy &;(p)

[ (Def. 1) Maximum extractable work from p by cyclic unitaries

- that preserve the coherence of p.

| (Def. 2) Maximum extractable work from A(p) by cyclic unitaries.

The two definitions are equivalent (shown later).

N\

&P = £(8)
= E(P) — Epas(8(D)) = E(D) — E(5})

.

Coherent ergotropy £.(p) : The rest of the ergotropy.

Ec(p) = E(p) — &i(D) ‘Si



! Incoherent cyclic unitaries

Incoherent cyclic unitary VV : A cyclic unitary that leaves the
coherence unchanged.

Ugi): A set of all incoherent cyclic unitaries.
veul <mmb For vp, c(VpVt) =C(p).

Thus, V is a reshuffling of the energy basis (up to a phase factor).

(~ c(VpvT)=c@p)forvp = S(A(p))=S (A(?ﬁ?*)) for vp )

V= 2 e k|t el | =T
k

n . Permutation corresponding to a given reshuffling.

. kth element of permutation
Example: d = 4, m({1,2,3,4}) = {3,241} = n; =3, n, =2, n3=4, my, =1 &9



Incoherent ergotropy: Definition 1

(Def. 1)
£:(p) = Tr|Hp| - vrélqifglﬂ Tr[H VpVT| = Tr[Hp]| — min Tr[A V. p0)

Denote optimal 7 by 7, and define 6, as the state obtained by 2%
.l.

6p = VaPVy = Zk,k’e_i(pk|ngc><€7Ifk|ﬁ‘€71fk,><€;/|ei(pk’

pﬁ'kﬁ'k/

’, El(ﬁ) — Tr[ﬁ(ﬁ — 6-,0)] = z gll(pkk - pﬁkﬁk)
k

» i. Rearrange {py} in descending order, pz, %, = Pz, . 7. | ioi




- p & 6, have the same amount of coherence: C(p) = C(5,).

. Al — 2l
p*=6p.

p — 6, Is unitary. = p & 4, have the same spectrum.

4



Incoherent ergotropy: Definition 2

(Def.2) &;(p) = £(A)) = £(6,)
£:(p) = £(8,) = Tr[H(S, — 82)] £(p) = i er(pix — 1ic)

» Both §, & 6 are diagonal in H-basis.
mm) Unitary 5, — &, is reshuffling of H-basis.

» 5, & p has the same population in H-basis: [5p]kk = Drk-

mm) Optimal reshuffling unitary , — 8, is equivalent to V.

Sg has the same population as 4,,, but no coherence.

= | 6 -1, 4




Incoherent ergotropy: Definition 2

Sg = A(ﬁp)

" Tr[H6,] = Tr[HA(6,)] = Tr[HE}
Tr[AA(8,)] = Sk eilel|6,|eh) ) Tr[HG,] |HA(6,)] [A5}]
= Tr|Hé,]

A

. (Def. 2) &(p) = Tr[H(8, — 8,)] = Tr[H(p — 6,)]
Note: (Def. 1) &(p) = Tr[H(p — 6,)]

Therefore, the tow definitions are equivalent!

£i(p) = Tr[H(8, — 85)| = Tr[H(p - 5,)]




» Coherent ergotropy

’ E.(p) : The remaining ergotropy after excluding &;. ]

8C =& — 51'
= {5 - )] - T{AG - 5,)] = TW{A, ~ )] > 0
=Y llorm, ) 3yl acive)
k

Gy =pt & Ec(p)=Tr[H(G,-p")] Wy £c(p) = £(6,)

- If p has no coherence: p =6, W £(p) =£(5,) =£(P)
w E(P)=0
| E-(p) # 0 is due to the presence of coherence in p. |

E. . A part of extractable work which cannot be obtained by
iIncoherent op. A




= £.(p) = 0. (Nonzero if p has coherence.)

= £.is NOT a coherence monotone.

+ Jincoh. op. V; E.(VpVT) > £.(p)

» Upper & lower bounds of £, are related to C.

C(p) — S(p*||pg) < B Ec(D) < C(B) + S(83|5p)

with pg = e PH /7 for V.

Upper bound when: p* = pg.

Lower bound when: §; = pg. '
B



Exercise: Derivation of the bounds of &,

(1) Derive S(pllog) = B Tr[A(p — pp)] — S) + S(pp)
(2) Using the result of (1), derive

BE(5) = C3) +5(83l10g) - S(5*15s).

From this relation, confirm the upper & lower bounds
and their saturation conditions.

(Brief solution)

AN

BE. = PB(E—&) =B Tr|H(6, —p*)| =B Te[H(6; — p*)]

= B Te[A(8 ~ )] - B e[ A(* ~ )
Using the result of (1), we obtain:

= 5(0) —5() +5(55|p5) — S(2*(|2g)- o i




¥ Summaryon &; & &,

Francica et al., PRL 125, 180603 (2020)

B*: inverse temp. satisfying S(pg-) = S(p) I

1
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