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renormalization = selective integration
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textbook renormalization = selective integration + truncation
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renormalization = selective path-integral



the momentum shell integration, more standard in 
quantum field theory textbook, is merely one special case
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functional determinant and functional trace



log of determinant = trace of log





log of functional determinant of operator 
= functional trace of log of operator

UV cut-off



is there a way to incorporate the momentum shell integration, 
or at least some partial integration in the same spirit, as well ?



cut off the momentum integral smoothly 
by cutting off the integral range of the “proper-time”

IR cut-off

the integral is independent of small 
eigenvalues below the IR cut-off, so
their potential contribution to the 
trace is effectively removed



heat kernel expansion
Schwinger proper time method, 
or Schwinger-de Witt method
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heat kernel expansion:    power counting

1. each        

2. each x-integral 

3. each s-integral 

4. each derivative 

5. each x            

 at each iteration

each iteration induces 
at least one factor of 



heat kernel expansion



heat kernel expansion



heat kernel expansion

we must now decide what is the most useful decomposition of

 we will eventually take              for determinant, 
so Q should be expanded around this position  
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heat kernel expansion, again, toward the 2nd order



heat kernel expansion, again, toward the 2nd order



gauge coupling renormalization &
continuum field theory



U(1) gauge theory with massive charged field



U(1) gauge theory with massive charged field



renormalization is selective path-integral



integrating out heavy modes will invariably imply integrating out the massive scalar 
first, and this renormalizes the coupling



usual textbook renormalization is
selective path-integral + truncation



heat kernel expansion for U(1) R.G.

if derivative of 
field strength 
can be ignored 
or is irrelevant 



so for scalar fields charged under U(1), 1st order suffices

the sole contribution to              at logarithmic level



so for scalar fields charged under U(1), 1st order suffices



U(1) gauge theory with massive charged field

vacuum energy
renormalization

tadpole
cancellation

coupling constant 
(also wavefunction-)

renormalization

finite terms 



U(1) gauge theory with massive charged field



U(1) gauge theory with massive charged field



heat kernel expansion for a unit-charged massive dirac spinor 

is necessary for the reality of 
the action in the Lorentzian signature

more generally, complex mass
can be introduced as                

which merely shifts                          



heat kernel expansion for a unit-charged massive dirac spinor
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heat kernel expansion for a unit-charged massive dirac spinor

vs



U(1) gauge theory with massive charged fields



U(1) gauge theory with massive charged fields

more generally we may wish to integrate out partially, say, 
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more generally we may wish to integrate out partially, say, 



U(1) gauge theory with massive charged fields



Yang-Mills theories



Yang-Mills theory renormalization & asymptotic freedom



Yang-Mills theory

what types of matrices are preserved under the commutator ? 
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what types of matrices are preserved under the commutator ? 



Yang-Mills theory

a canonical example



Yang-Mills theory

more generally
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Yang-Mills theory

what types of matrices are preserved under the commutator ? 



Yang-Mills theory



Yang-Mills theory with matter fields

for example



Yang-Mills theory with matter fields



Yang-Mills theory with matter fields



heat kernel expansion for U(1) R.G.



heat kernel expansion for Yang-Mills R.G.



heat kernel expansion

38



Yang-Mills theory with matter fields
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Yang-Mills theory with Dirac spinor

for example



heat kernel expansion for a unit-charged massive dirac spinor 

is necessary for the reality of 
the action in the Lorentzian signature

more generally, complex mass
can be introduced as                

which merely shifts                          



exactly the same thing happens in Yang-Mills
except the spinor now has one more index

is necessary for the reality of 
the action in the Lorentzian signature

more generally, complex mass
can be introduced as                

which merely shifts                          



heat kernel expansion for a unit-charged dirac spinor 
with a chiral mass

vs



Yang-Mills theory with matter fields



Yang-Mills theory with matter fields



Yang-Mills theory with matter fields

Yang-Mills fields interact among themselves, 
so there are additional contribution from the gauge fields



Yang-Mills theory

Yang-Mills fields interact among themselves, 
so there are additional contribution



Yang-Mills theory

cubic and higher pieces of      ignored and 
linear pieces removed by equation of motion 



Yang-Mills theory

Fadeev-Popov gauge fixing in the background gauge adds a term



heat kernel expansion for the gauge field fluctuation



heat kernel expansion for the gauge field fluctuation

vs



Yang-Mills theory with matter fields

gauge-fixing introduces further contribution from Faddeev-Popov ghost, 
which is like minus of a single complex scalar in the adjoint representation



the ghost is a complex scalar with wrong statistics, contributing 
that of one complex adjoint scalar with the sign flipped

vs

a complex scalar contribution Fadeev-Popov ghost contribution



Yang-Mills theory with matter fields



Yang-Mills theory with matter fields



Yang-Mills theory with small number of (massive) matter fields

asymptotic 
freedom !!!



Banks-Zachs fixed points:  Yang-Mills-Matter in a conformal window



N=1 SUSY Yang-Mills theory with matter fields in Chirals



N=2 SUSY Yang-Mills theory with matter fields in Hypers



N=2 Seiberg-Witten with massive matters

asymptotic 
freedom !!!
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