renormalization and heat kernel



renormalization as partial integral
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renormalization = selective integration
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textbook renormalization = selective integration + truncation
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textbook renormalization = selective integration + truncation

o0 o0 1.2 1.2 1_.2 2 > 1 2
/ / drdy e 2% ~2Y —2°% Y ~ \/2%/ dy e—2(1Fe)z

e=1 = 4.96145 4.44288
c=01 = 6.02068 5.99078
e=001 = 6.25245 6.25200

e=0.001 = 6.28005 6.28005



renormalization = selective integration
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renormalization = selective integration
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textbook renormalization = selective integration + truncation
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renormalization = selective path-integral

/[d¢]e—f Lrenormatized (¢) — /[ " /[ W o — [ Loare (&)



the momentum shell integration, more standard in .
. . . ¢A — ¢u T ¢u;A
quantum field theory textbook, is merely one special case
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the momentum shell integration, more standard in .
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quantum field theory textbook, is merely one special case
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functional determinant and functional trace
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log of determinant = trace of log

log Det() = Trlog ()
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log of functional determinant of operator
= functional trace of log of operator

log Det() = Trlog ()

= —Tr /OO ds exp [—sQ)]

1/A2 S

:_2/100 ds (Vn|exp [—sQ] |¢n)

/A2

/d.q; /i% (z]exp [—sQ] |z)

|

UV cut-off



is there a way to incorporate the momentum shell integration,
or at least some partial integration in the same spirit, as well ?
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cut off the momentum integral smoothly
by cutting off the integral range of the “proper-time”
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heat kernel expansion

Schwinger proper time method,
or Schwinger-de Witt method



heat kernel
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heat kernel
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion: power counting B
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heat kernel expansion
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heat kernel expansion
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we must now decide what is the most useful decomposition of ()

> we will eventually take G;(x;x) for determinant,
so Q should be expanded around this position
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion
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heat kernel expansion, again, toward the 2" order
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heat kernel expansion, again, toward the 2" order
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gauge coupling renormalization &
continuum field theory



U(l) gauge theory with massive charged field
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U(l) gauge theory with massive charged field
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renormalization is selective path-integral
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integrating out heavy modes will invariably imply integrating out the massive scalar
first, and this renormalizes the coupling
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usual textbook renormalization is
selective path-integral + truncation
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heat kernel expansion for U(l) R.G.
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so for scalar fields charged under U(l), It order suffices
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so for scalar fields charged under U(l), It order suffices
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U(l) gauge theory with massive charged field
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renormalization cancellation (also wavefunction-)

renormalization



U(l) gauge theory with massive charged field
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U(l) gauge theory with massive charged field
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heat kernel expansion for a unit-charged massive dirac spinor
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‘XM is necessary for the reality of
the action in the Lorentzian signature

more generally, complex mass
can be introduced as im + M~®
which merely shifts m? — m? 4 M?



heat kernel expansion for a unit-charged massive dirac spinor
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heat kernel expansion for a unit-charged massive dirac spinor
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heat kernel expansion for a unit-charged massive dirac spinor
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U(l) gauge theory with massive charged fields
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U(l) gauge theory with massive charged fields

more generally we may wish to integrate out partially, say, ;* < p? < A?

- 1 2 v ..
/ dA)[d®)[dD"][ - Je ) Tt
p2<u2

z/ [dA][d®][dD™][- - -] o~ | L5z Fun P 4D, @7 DF o |9 -
p2<A2



U(l) gauge theory with massive charged fields

more generally we may wish to integrate out partially, say, ;* < p? < A?
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U(l) gauge theory with massive charged fields
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Yang-Mills theories



Yang-Mills theory renormalization & asymptotic freedom
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Yang-Mills theory

1 74
/ L= / dz? [@trFﬂyF“ }

F,=0,A, —0,A,—iA, A

what types of matrices are preserved under the commutator ?



Yang-Mills theory

1 74
/ L= / dz? [@trFﬂyF” }

F,=0,A, —0,A,—iA, A

what types of matrices are preserved under the commutator ?

(i[A, B))" = *(AB — BA)" = —i(BT At — ATB") = —i[B, A] = i[A, B]



Yang-Mills theory
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F,=0,A, —0,A,—iA, A

a canonical example
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Yang-Mills theory
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Yang-Mills theory

1 74
/ L= / dz? [@trFﬂyF“ }

F,=0,A, —0,A,—iA, A

what types of matrices are preserved under the commutator ?

A, = Al A, — U'AU+iUOU
F, = F}, F, — UFEU

UecU(N)



Yang-Mills theory
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Yang-Mills theory

1 74
/ L= / dz? [@trFﬂyF“ }

F,=0,A, —0,A,—iA, A

what types of matrices are preserved under the commutator ?
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Yang-Mills theory

1 74
/ L= / dz? [@trFﬂyF“ }

F,=0,A, —0,A,—iA, A

what types of matrices are preserved under the commutator ?

A, = Al A, — U'AU+iUOU
F, = F}, F, — UFEU
AlJ =JA, U € SP(N/2) =USp(N)



Yang-Mills theory

1 74
/ L= / dz? [@trFﬂyF” }

F,=0,A, —0,A,—iA, A

Ay =) AT

Fu, = Z FTe

T T = [0 T Fo, = 8,A% — 0,A% —ifupo AL AL



Yang-Mills theory with matter fields

1 v *
/L — fdx‘l [@trFWF” + D, ®*D'® + m?| P> + - --
D,®" = 0,®" — iAL(t")" 9’

9, kil=1,...,n
[ta,tb] — fabctc

for example SU/(2) = SP(1)

a __ 70
(s) = “Yspin=s

s=0,1/2,1,3/2,...
n=1,234,...



Yang-Mills theory with matter fields

/[dAqu)”d‘I’*] o~ |5z trFu P D, @7 D e m? @) |

= / dAje™ Szt / d0][dD*] e~ J[Pue Drem?|ar]

_ | 1 pv 1
— {144 [ stFLF
/[ le 8 Det(—(0 — tA)? + m?)

AW(F;m, A) = Trp log(—(0 — iA)? + m?)



Yang-Mills theory with matter fields
/AE(F; m, A) = Trp log(—(0 — iA)* + m?)

— —Tr /100 & exp [—s(—(0 —iA)* +m?)]

/A2 S

> ds

_ /1 ds tr/da:4 (2] exp [—s(— (8 — iA)? + m?)] |z)

/Az S

g [ S e
167’(’2 1/A2 83

1 > ds 2
e —m©s % F VFF“/ X T t ..
+ 1927T2 /1/A2 S c : 2( ) +



heat kernel expansion for U(l) R.G.

Qscalar = _(a — 7/14)2 + m?

= (=0 +m?) +20A-0+i(0- A) + A*

(0)
Qscalar Q(l)



heat kernel expansion for Yang-Mills R.G.

Qscalar = _(1?'1,><'na — @A)z + m21n><n

= Lpsn(—0* +m?) +2iA-0+i(0- A) + A?

(0)
Qscalar Q(l)



heat kernel expansion

0
55050 = QGa(z:9) = (QV +QW) Gs(aiy)

Go=GY +6P +aP + ..

s
Gy (a:y) = — / ds f Gy (2:2)QVG D (z:y)
0 z

B S1 Sn—1
:(_1)n/ d81/ dSQ.../ dsnf /
0 0 0 <1 Zn

Gg)_)sl (2;21)QM Gy, sy (215 22) - - QWG (23 y)

38



Yang-Mills theory with matter fields

I

292,

trdeﬁningF’uVF,uz/ 4.

Ly(m; p, A) = /
1

/A?

I4 (mscalar; H, A)7—2 (tscalar>

1/p? ds

_6_
S



Yang-Mills theory with matter fields

tr t9° = 69075 (t)



Yang-Mills theory with Dirac spinor
/ﬁspnior — /dZU4 [\lefy“D’u\;[} 4+ .. ]

D, U* = 0, UF — A5 (1), 0"

(ta)kl? l{’.?l:]-j---

[taa tb] — fabctc

for example SU/(2) = SP(1)

a _ a
(s) — Yspin=s

s=0,1/2,1,3/2,...
n=1,2,3,4,...



heat kernel expansion for a unit-charged massive dirac spinor

/AE(F, m, A) = | ——=|Trp 109; Qspinor

Qspinor = (iy* (0, —iA,) +im) (i (0, —iA,) +im)

(V" (O — idy) —im)(iy"(9y — 1AL) +im)

= —[7"(9u — iAu)]z +m?

‘XM is necessary for the reality of
the action in the Lorentzian signature

more generally, complex mass
can be introduced as im + M~®
which merely shifts m? — m? 4 M?



exactly the same thing happens in Yang-Mills
except the spinor now has one more index

1
/AE(F, m, A) = —5 Trp log Qspinor

Qspinor = (iy* (0, —iA,) +im) (i (0, —iA,) +im)

(V" (O — idy) —im)(iy"(9y — 1AL) +im)

= —[7"(9u — iAu)]z +m?

‘XM is necessary for the reality of
the action in the Lorentzian signature

more generally, complex mass
can be introduced as im + M~®
which merely shifts m? — m? 4 M?



heat kernel expansion for a unit-charged dirac spinor
with a chiral mass

1
/AE(F,m,A) = —5 Tra IOngpinor
L (m/A) teF,, FP v L) Lim/A) teF,, PR
—= : — m rF,,
962 L1 (m/A) trFpu, v 2 19272 1672 ) * p
= 2 L(m/A) teFy, F
— qoop2 AR MR
(1) (2)
GB GB
0 1 7
Qspinor = 12d/2x2d/2QgCLlar + 12d/2x2d/2QgCLlaT + §ij,y,uv

(0) (1)
Qspinor QSPinm"



Yang-Mills theory with matter fields

tr t9° = 69075 (t)



Yang-Mills theory with matter fields

1
Weff p— ..o—l—/2 2 trdeﬁningFuyFuy—l_-..
gren
1 1 L 5
Tdef = def I scalar; by A Lscalar
29%(m, A; (1) ren 2927'2 * 19272 t(Mscatars ) T2 Fscater)

~

+ I4 (mspinor; H, A)7-2 (tspinor)

19272

1/p? ds

L(m; p, A) = / — e
1

/AQ S



Yang-Mills theory with matter fields

Yang-Mills fields interact among themselves,
so there are additional contribution from the gauge fields

/ [dA][dD][dD*][- - -]e= Werr(Ain) =

/ (dA][dP]|[dP*]| e f [%%trFuVFuij...}
p2<A?



Yang-Mills theory

Yang-Mills fields interact among themselves,
so there are additional contribution

1 v
f L= / dx* [@trFWF” ]

A, — A,+a,

1 1 '
/daz4 [@trFﬂyFW] + lz—gztr(DuaV — D,/(JLM)2 — ;—QtrFW[a“,a”]]



Yang-Mills theory

cubic and higher pieces of a,, ignored and
linear pieces removed by equation of motion

1 v
f L= / dx* [@trFWF” ]

A, — A, +a,

D,a, =0,a, —i[A,,a"]

1 1 '
/daz4 [@trFﬂyFW] + lz—gztr(DuaV — D,/(JLM)2 — ;—QtrFW[a“,a”]]



Yang-Mills theory

Fadeev-Popov gauge fixing in the background gauge adds a term

/£ — ... /daj4 %tr(@ua“ — i[AM,a“])Z

9

1
- /d:c4 —tr(a”"D,D"ay |~ a" D, Dya” —ia"[Fy,,a"] + a" D, D,a”)

9
g 1 Z v at o
— — [ dx g_Qtr(a D, D*a,|— 2ia"[F,,,,d"])




heat kernel expansion for the gauge field fluctuation

/AE(F, m, A) = | +=|Trx log Quector

Qvector = _5IU/DMD,LL + QiFESjOin’c

14><4Q(0) +14><4Q(1) +2iFfS‘1fint

scalar scalar

Q(O) Q?()le)ctor

vector



heat kernel expansion for the gauge field fluctuation

1
/AE(F, m, A) = ‘|‘§ Trp log Quector

/

1 1 1 1
I A)tr F ,/FMV — . _ 9. . 1%
19272 a(m/A) tr H VS 9 X (4 19272 167T2> Iy(m/A) traqj £ £
10 )
- = 1927_(_2'14 (m/ )tradj F,uVF'u

(1) (2)
GB GB

Qvector = 14><4Q(0) + 14><4Q(1) + 27:F2;1‘1fint

scalar scalar

1
Qq()(:g)ctor QQ(Je)ctor



Yang-Mills theory with matter fields

gauge-fixing introduces further contribution from Faddeev-Popov ghost,
which is like minus of a single complex scalar in the adjoint representation

Faddeev-Popov ghost

adjoint ta,dj oint

5(1()7*2 (tadj oz’nt)



the ghost is a complex scalar with wrong statistics, contributing
that of one complex adjoint scalar with the sign flipped

/Aﬁ(F, m, A) = | — [Irp log Qscalar

1 1
Li(m/A) tr F,, F" _
Tga,2 la(m/A) tr F v 19272

Iy(m/A) trag; Fou F™

a complex scalar contribution Fadeev-Popov ghost contribution



Yang-Mills theory with matter fields

! v
Weff = -t / 292 trdeﬁningF/JyF'u + -

1 1 1 -

o I scalar 7A tscalar def
292 (m, As 1) pen 29(A2 T 19272 4(Mscatar; 1o A) T2 (tscatar) T

~

+

10

4 e
1927’('2 14(m8pin0r; 'LL? A)7-2 (tspinm“}7—2d f

— oz 1105 15 ) Ta (tadjoint) T3

1

- 1/p° d N
Iy(m; p, A) = / 22 pmm®s
1/A2 S

— o9z 1105 15 M) To (tadjoins) T3



Yang-Mills theory with matter fields

1 v
Weff = ... 4 / 292 trdeﬁningFMyF’u 4.

1 1 1 .

2g%(m, A p)ren  29(A)? 19272

~

i 19272

11
19272

~ 1/p? d ,
Ti(m; p, A) = / ds 2
/A2 S

— + 14(m8calar;H,A)E(tscalar)/f];def
I4(mspinor; M, A)7-2 (tspinor> /7'2def

L4(0; 115 ) To (tadjoint) /T



Yang-Mills theory with small number of (massive) matter fields

Z 7-2(tscala/r) +4 Z E(tspinor) < 1175(tadjoint)

92 (5 m, A) yen

asymptotic
freedom !!!

14

Aconﬁnement



Banks-Zachs fixed points: Yang-Mills-Matter in a conformal window

Z 7-2 (tscalar) + 4 Z E(tspinor) =~ 117-2 (tadjoz'nt)

g (13m0, A ren,

Aconﬁnement



N=1 SUSY Yang-Mills theory with matter fields in Chirals

1 1%
Weff: """/292 trdeﬁningFquu -+ ..

1 1 3 1 -

— — I chirals Wy A tehira def
a2 (m, As ) e g(A)? + 3 3272 a(Mehirats by A) T2 (ten l)/7'2

9 1

5 5521105 155 M) Ta (tadgjoint)/ T

- 1/p° d N
Iy(m; p, A) = / 83 g—m?s
1/A2 S



N=2 SUSY Yang-Mills theory with matter fields in Hypers

1 1%
Weff: """/292 trdeﬁningFquu -+ ..

1 1 6 1 -

— a9 I ers 7A tehira def
92(m7A3M)ren g(A)Q + 3 3272 4(mhyp H )7-2( h l)/7—2

6 1

5 5521105 15 M) Ta(tadgjoint)/ T3

1/p° ds

Iy(m; pu, A) = / 2 emms
1

/A2 S



N=2 Seiberg-Witten with massive matters

Z 7-2 (thyper) < 7-2 (tadjoint)

9 (p5;m, Gy A) en

92(m7¢7A)7”€n .
asymptotic

freedom !!!

14

m <§badj>
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